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Channel Codes

Channel coding lies at the heart of digital communication and data storage, and
this detailed introduction describes the core theory as well as decoding algorithms,
implementation details, and performance analyses.

Professors Ryan and Lin, known for the clarity of their writing, provide the
latest information on modern channel codes, including turbo and low-density
parity-check (LDPC) codes. They also present detailed coverage of BCH codes,
Reed—Solomon codes, convolutional codes, finite-geometry codes, and product
codes, providing a one-stop resource for both classical and modern coding
techniques.

The opening chapters begin with basic theory to introduce newcomers to the
subject, assuming no prior knowledge in the field of channel coding. Subsequent
chapters cover the encoding and decoding of the most widely used codes and extend
to advanced topics such as code ensemble performance analyses and algebraic code
design. Numerous varied and stimulating end-of-chapter problems, 250 in total,
are also included to test and enhance learning, making this an essential resource
for students and practitioners alike.

William E. Ryan is a Professor in the Department of Electrical and Computer Engi-
neering at the University of Arizona, where he has been a faculty member since
1998. Before moving to academia, he held positions in industry for five years. He
has published over 100 technical papers and his research interests include coding
and signal processing with applications to data storage and data communications.

Shu Lin is an Adjunct Professor in the Department of Electrical and Computer
Engineering, University of California, Davis. He has authored and co-authored
numerous technical papers and several books, including the successful Error Con-
trol Coding (with Daniel J. Costello). He is an IEEE Life Fellow and has received
several awards, including the Alexander von Humboldt Research Prize for US
Senior Scientists (1996) and the IEEE Third-Millenium Medal (2000).
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Preface

The title of this book, Channel Codes: Classical and Modern, was selected to reflect
the fact that this book does indeed cover both classical and modern channel codes.
It includes BCH codes, Reed—Solomon codes, convolutional codes, finite-geometry
codes, turbo codes, low-density parity-check (LDPC) codes, and product codes.
However, the title has a second interpretation. While the majority of this book is
on LDPC codes, these can rightly be considered to be both classical (having been
first discovered in 1961) and modern (having been rediscovered circa 1996). This is
exemplified by David Forney’s statement at his August 1999 IMA talk on codes on
graphs, “It feels like the early days.” As another example of the classical/modern
duality, finite-geometry codes were studied in the 1960s and thus are classical
codes. However, they were rediscovered by Shu Lin et al. circa 2000 as a class of
LDPC codes with very appealing features and are thus modern codes as well. The
classical and modern incarnations of finite-geometry codes are distinguished by
their decoders: one-step hard-decision decoding (classical) versus iterative soft-
decision decoding (modern).

It has been 60 years since the publication in 1948 of Claude Shannon’s celebrated
A Mathematical Theory of Communication, which founded the fields of channel
coding, source coding, and information theory. Shannon proved the existence of
channel codes which ensure reliable communication provided that the information
rate for a given code did not exceed the so-called capacity of the channel. In the first
45 years that followed Shannon’s publication, a large number of very clever and
very effective coding systems had been devised. However, none of these had been
demonstrated, in a practical setting, to closely approach Shannon’s theoretical
limit. The first breakthrough came in 1993 with the discovery of turbo codes,
the first class of codes shown to operate near Shannon’s capacity limit. A second
breakthrough came circa 1996 with the rediscovery of LDPC codes, which were
also shown to have near-capacity performance. (These codes were first invented
in 1961 and mostly ignored thereafter. The state of the technology at that time
made them impractical.) Because it has been over a decade since the discovery of
turbo and LDPC codes, the knowledge base for these codes is now quite mature
and the time is ripe for a new book on channel codes.

This book was written for graduate students in engineering and computer sci-
ence as well as research and development engineers in industry and academia.
We felt compelled to collect all of this information in one source because it has
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Preface

been scattered across many journal and conference papers. With this book, those
entering the field of channel coding, and those wishing to advance their knowledge,
conveniently have a single resource for learning about both classical and modern
channel codes. Further, whereas the archival literature is written for experts, this
textbook is appropriate for both the novice (earlier chapters) and the expert (later
chapters). The book begins slowly and does not presuppose prior knowledge in the
field of channel coding. It then extends to frontiers of the field, as is evident from
the table of contents.

The topics selected for this book, of course, reflect the experiences and interests
of the authors, but they were also selected for their importance in the study of
channel codes — not to mention the fact that additional chapters would make the
book physically unwieldy. Thus, the emphasis of this book is on codes for binary-
input channels, including the binary-input additive white-Gaussian-noise channel,
the binary symmetric channel, and the binary erasure channel. One notable area
of omission is coding for wireless channels, such as MIMO channels. However, this
book is useful for students and researchers in that area as well because many of
the techniques applied to the additive white-Gaussian-noise channel, our main
emphasis, can be extended to wireless channels. Another notable omission is soft-
decision decoding of Reed—Solomon codes. While extremely important, this topic
is not as mature as those in this book.

Several different course outlines are possible with this book. The most obvious
for a first graduate course on channel codes includes selected topics from Chap-
ters 1, 2, 3, 4, 5, and 7. Such a course introduces the student to capacity limits for
several common channels (Chapter 1). It then provides the student with an intro-
duction to just enough algebra (Chapter 2) to understand BCH and Reed—Solomon
codes and their decoders (Chapter 3). Next, this course introduces the student to
convolutional codes and their decoders (Chapter 4). This course next provides the
student with an introduction to LDPC codes and iterative decoding (Chapter 5).
Finally, with the knowledge gained from Chapters 4 and 5 in place, the student
is ready to tackle turbo codes and turbo decoding (Chapter 7). The material con-
tained in Chapters 1, 2, 3, 4, 5, and 7 is too much for a single-semester course and
the instructor will have to select a preferred subset of that material.

For a more advanced course centered on LDPC code design, the instructor could
select topics from Chapters 10, 11, 12, 13, and 14. This course would first intro-
duce the student to LDPC code design using Euclidean geometries and projective
geometries (Chapter 10). Then the student would learn about LDPC code design
using finite fields (Chapter 11) and combinatorics and graphs (Chapter 12). Next,
the student would apply some of the techniques from these earlier chapters to
design codes for the binary erasure channel (Chapter 13). Lastly, the student
would learn design techniques for nonbinary LDPC codes (Chapter 14).

As a final example of a course outline, a course could be centered on computer-
based design of LDPC codes. Such a course would include Chapters 5, 6, 8,
and 9. This course would be for those who have had a course on classical channel
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codes, but who are interested in LDPC codes. The course would begin with an
introduction to LDPC codes and various LDPC decoders (Chapter 5). Then,
the student would learn about various computer-based code-design approaches,
including Gallager codes, MacKay codes, codes based on protographs, and codes
based on accumulators (Chapter 6). Next, the student would learn about assessing
the performance of LDPC code ensembles from a weight-distribution perspective
(Chapter 8). Lastly, the student would learn about assessing the performance of
(long) LDPC codes from a decoding-threshold perspective via the use of density
evolution and EXIT charts (Chapter 9).

All of the chapters contain a good number of problems. The problems are of
various types, including those that require routine calculations or derivations,
those that require computer solution or computer simulation, and those that might
be characterized as a semester project. The authors have selected the problems
to strengthen the student’s knowledge of the material in each chapter (e.g., by
requiring a computer simulation of a decoder) and to extend that knowledge (e.g.,
by requiring the proof of a result not contained in the chapter).

We wish to thank, first of all, Professor Ian Blake, who read an early version
of the entire manuscript and provided many important suggestions that led to a
much improved book.

We also wish to thank the many graduate students who have been a tremendous
help in the preparation of this book. They have helped with typesetting, computer
simulations, proofreading, and figures, and many of their research results can be
found in this book. The students (former and current) who have contributed to
W. Ryan’s portion of the book are Dr. Yang Han, Dr. Yifei Zhang, Dr. Michael
(Sizhen) Yang, Dr. Yan Li, Dr. Gianluigi Liva, Dr. Fei Peng, Shadi Abu-Surra,
Kristin Jagiello (who proofread eight chapters), and Matt Viens. Gratitude is also
due to Li Zhang (S. Lin’s student) who provided valuable feedback on Chapters 6
and 9. Finally, W. Ryan acknowledges Sara Sandberg of Lulea Institute of Tech-
nology for helpful feedback on an early version of Chapter 5. The students who
have contributed to S. Lin’s portion of the book are Dr. Bo Zhou, Qin Huang,
Dr. Ying Y. Tai, Dr. Lan Lan, Dr. Lingqi Zeng, Jingyu Kang, and Li Zhang; Dr.
Bo Zhou and Qin Huang deserve special appreciation for typing S. Lin’s chapters
and overseeing the preparation of the final version of his chapters.

We thank Professor Dan Costello, who sent us reference material for the con-
volutional LDPC code section in Chapter 15, Dr. Marc Fossorier, who provided
comments on Chapter 14, and Professor Ali Ghrayeb, who provided comments on
Chapter 7.

We are grateful to the National Science Foundation, the National Aeronautics
and Space Administration, and the Information Storage Industry Consortium for
their many years of funding support in the area of channel coding. Without their
support, many of the results in this book would not have been possible. We also
thank the University of Arizona and the University of California, Davis for their
support in the writing of this book.
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We also acknowledge the talented Mrs. Linda Wyrgatsch whose painting on the
back cover was created specifically for this book. We note that the paintings on
the front and back covers are classical and modern, respectively.

Finally, we would like to give special thanks to our wives (Stephanie and Ivy),
children, and grandchildren for their continuing love and affection throughout this
project.

William E. Ryan Shu Lin
University of Arizona University of California, Davis
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1.1

Coding and Capacity

Digital Data Communication and Storage

Digital communication systems are ubiquitous in our daily lives. The most obvious
examples include cell phones, digital television via satellite or cable, digital radio,
wireless internet connections via Wi-Fi and WiMax, and wired internet connec-
tion via cable modem. Additional examples include digital data-storage devices,
including magnetic (“hard”) disk drives, magnetic tape drives, optical disk drives
(e.g., CD, DVD, blu-ray), and flash drives. In the case of data-storage, informa-
tion is communicated from one point in time to another rather than one point in
space to another. Each of these examples, while widely different in implementa-
tion details, generally fits into a common digital communication framework first
established by C. Shannon in his 1948 seminal paper, A Mathematical Theory
of Communication [1]. This framework is depicted in Figure 1.1, whose various
components are described as follows.

Source and user (or sink). The information source may be originally in analog
form (e.g., speech or music) and then later digitized, or it may be originally in
digital form (e.g., computer files). We generally think of its output as a sequence
of bits, which follow a probabilistic model. The user of the information may be
a person, a computer, or some other electronic device.

Source encoder and source decoder. The encoder is a processor that converts
the information source bit sequence into an alternative bit sequence with a
more efficient representation of the information, i.e., with fewer bits. Hence, this
operation is often called compression. Depending on the source, the compression
can be lossless (e.g., for computer data files) or lossy (e.g., for video, still images,
or music, where the loss can be made to be imperceptible or acceptable). The
source decoder is the encoder’s counterpart which recovers the source sequence
exactly, in the case of lossless compression, or approximately, in the case of lossy
compression, from the encoder’s output sequence.

Channel encoder and channel decoder. The role of the channel encoder is to
protect the bits to be transmitted over a channel subject to noise, distortion,
and interference. It does so by converting its input into an alternate sequence
possessing redundancy, whose role is to provide immunity from the various
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Figure 1.1 Basic digital communication- (or storage-) system block diagram due to Shannon.

channel impairments. The ratio of the number of bits that enter the channel
encoder to the number that depart from it is called the code rate, denoted by
R, with 0 < R < 1. For example, if a 1000-bit codeword is assigned to each
500-bit information word, R = 1/2, and there are 500 redundant bits in each
codeword. The function of the channel decoder is to recover from the channel
output the input to the channel encoder (i.e., the compressed sequence) in spite
of the presence of noise, distortion, and interference in the received word.

Modulator and demodulator. The modulator converts the channel-encoder out-
put bit stream into a form that is appropriate for the channel. For example,
for a wireless communication channel, the bit stream must be represented by
a high-frequency signal to facilitate transmission with an antenna of reason-
able size. Another example is a so-called modulation code used in data storage.
The modulation encoder output might be a sequence that satisfies a certain
runlength constraint (runs of like symbols, for example) or a certain spectral
constraint (the output contains a null at DC, for example). The demodulator is
the modulator’s counterpart which recovers the modulator input sequence from
the modulator output sequence.

Channel. The channel is the physical medium through which the modulator
output is conveyed, or by which it is stored. Our experience teaches us that
the channel adds noise and often interference from other signals, on top of the
signal distortion that is ever-present, albeit sometimes to a minor degree. For
our purposes, the channel is modeled as a probabilistic device, and examples will
be presented below. Physically, the channel can included antennas, amplifiers,
and filters, both at the transmitter and at the receiver at the ends of the system.
For a hard-disk drive, the channel would include the write head, the magnetic
medium, the read head, the read amplifier and filter, and so on.

Following Shannon’s model, Figure 1.1 does not include such blocks as encryp-
tion/decryption, symbol-timing recovery, and scrambling. The first of these is
optional and the other two are assumed to be ideal and accounted for in the
probabilistic channel models. On the basis of such a model, Shannon showed that
a channel can be characterized by a parameter, C, called the channel capacity,
which is a measure of how much information the channel can convey, much like
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the capacity of a plumbing system to convey water. Although C' can be repre-
sented in several different units, in the context of the channel code rate R, which
has the units information bits per channel bit, Shannon showed that codes exist
that provide arbitrarily reliable communication provided that the code rate sat-
isfies R < C. He further showed that, conversely, if R > C, there exists no code
that provides reliable communication.

Later in this chapter, we review the capacity formulas for a number of commonly
studied channels for reference in subsequent chapters. Prior to that, however, we
give an overview of various channel-coding approaches for error avoidance in data-
transmission and data-storage scenarios. We then introduce the first channel code
invented, the (7,4) Hamming code, by which we mean a code that assigns to
each 4-bit information word a 7-bit codeword according to a recipe specified by
R. Hamming in 1950 [2]. This will introduce to the novice some of the elements
of channel codes and will serve as a launching point for subsequent chapters.
After the introduction to the (7,4) Hamming code, we present code- and decoder-
design criteria and code-performance measures, all of which are used throughout

this book.

Channel-Coding Overview

The large number of coding techniques for error prevention may be partitioned
into the set of automatic request-for-repeat (ARQ) schemes and the set of forward-
error-correction (FEC) schemes. In ARQ schemes, the role of the code is simply
to reliably detect whether or not the received word (e.g., received packet) contains
one or more errors. In the event a received word does contain one or more errors,
a request for retransmission of the same word is sent out from the receiver back
to the transmitter. The codes in this case are said to be error-detection codes. In
FEC schemes, the code is endowed with characteristics that permit error correction
through an appropriately devised decoding algorithm. The codes for this approach
are said to be error-correction codes, or sometimes error-control codes. There also
exist hybrid FEC/ARQ schemes in which a request for retransmission occurs if
the decoder fails to correct the errors incurred over the channel and detects this
fact. Note that this is a natural approach for data-storage systems: if the FEC
decoder fails, an attempt to re-read the data is made. The codes in this case are
said to be error-detection-and-correction codes.

The basic ARQ schemes can broadly be subdivided into the following protocols.
First is the stop-and-wait ARQ scheme in which the transmitter sends a codeword
(or encoded packet) and remains idle until the ACK/NAK status signal is returned
from the receiver. If a positive acknowledgment (ACK) is returned, a new packet
is sent; otherwise, if a negative acknowledgment (NAK) is returned, the current
packet, which was stored in a buffer, is retransmitted. The stop-and-wait method
is inherently inefficient due to the idle time spent waiting for confirmation.
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In go-back-N ARQ), the idle time is eliminated by continually sending pack-
ets while waiting for confirmations. If a packet is negatively acknowledged, that
packet and the N — 1 subsequent packets sent during the round-trip delay are
retransmitted. Note that this preserves the ordering of packets at the receiver.

In selective-repeat ARQ), packets are continually transmitted as in go-back-N
ARQ), except only the packet corresponding to the NAK message is retransmitted.
(The packets have “headers,” which effectively number the information block for
identification.) Observe that, because only one packet is retransmitted rather than
N, the throughput of accepted packets is increased with selective-repeat ARQ
relative to go-back-N ARQ. However, there is the added requirement of ample
buffer space at the receiver to allow re-ordering of the blocks.

In incremental-redundancy ARQ), upon receiving a NAK message for a given
packet, the transmitter transmits additional redundancy to the receiver. This addi-
tional redundancy is used by the decoder together with the originally received
packet in a second attempt to recover the original data. This sequence of
steps — NAK, additional redundancy, re-decode — can be repeated a number of
times until the data are recovered or the packet is declared lost.

While ARQ schemes are very important, this book deals exclusively with FEC
schemes. However, although the emphasis is on FEC, each of the FEC codes intro-
duced can be used in a hybrid FEC/ARQ scheme where the code is used for both
correction and detection. There exist many FEC schemes, employing both linear
and nonlinear codes, although virtually all codes used in practice can be charac-
terized as linear or linear at their core. Although the concept will be elucidated in
Chapter 3, a linear code is one for which any sum of codewords is another codeword
in the code. Linear codes are traditionally partitioned to the set of block codes
and convolutional, or trellis-based, codes, although the turbo codes of Chapter 7
can be seen to be a hybrid of the two. Among the linear block codes are the cyclic
and quasi-cyclic codes (defined in Chapter 3), both of which have more algebraic
structure than do standard linear block codes. Also, we have been tacitly assuming
binary codes, that is, codes whose code symbols are either 0 or 1. However, codes
whose symbols are taken from a larger alphabet (e.g., 8-bit ASCII characters or
1000-bit packets) are possible, as described in Chapters 3 and 14.

This book will provide many examples of each of these code types, including
nonbinary codes, and their decoders. For now, we introduce the first FEC code,
due to Hamming [2], which provides a good introduction to the field of channel
codes.

Channel-Code Archetype: The (7,4) Hamming Code

The (7,4) Hamming code serves as an excellent channel-code prototype since it
contains most of the properties of more practical codes. As indicated by the nota-
tion (7,4), the codeword length is n = 7 and the data word length is k = 4, so
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Figure 1.2 Venn-diagram representation of (7,4) Hamming-code encoding and decoding rules.

the code rate is R = 4/7. As shown by R. McEliece, the Hamming code is easily
described by the simple Venn diagram in Figure 1.2. In the diagram, the infor-
mation word is represented by the vector u = (ug, u1, u2,u3) and the redundant
bits (called parity bits) are represented by the parity vector p = (po, p1, p2). The
codeword (also, code vector) is then given by the concatenation of u and p:

v = (u p) = (up, u1, u2,us, po, p1,p2) = (Vo, V1, V2, V3, V4, Vs, V6 ).

The encoding rule is trivial: the parity bits are chosen so that each circle has an
even number of 1s, i.e., the sum of bits in each circle is 0 modulo 2. From this
encoding rule, we may write

Po = ug + u2 + us,
p1 = ug + ug + uz, (1.1)
p2 = u1 + ug + us,

from which the 16 codewords are easily found:

0000 000 1000 110 0010 111
1111 111 0100 011 1001 011
1010 001 1100 101
1101 000 1110 010
0110 100 0111 001
0011 010 1011 100
0001 101 0101 110

As an example encoding, consider the third codeword in the middle column,
(1010 001), for which the data word is u = (ug, u1, u2,u3) = (1,0,1,0). Then,

p0:1+1—|-0:0,
pr=1404+1=0,
p2:0—|—1—|—0:1,
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Figure 1.3 Venn-diagram setup for the Hamming decoding example.

yielding v = (u p) = (1010 001). Observe that this code is linear because the sum
of any two codewords yields a codeword. Note also that this code is cyclic: a cyclic
shift of any codeword, rightward or leftward, gives another codeword.

Suppose now that v = (1010 001) is transmitted, but r = (1011 001) is received.
That is, the channel has converted the 0 in code bit v3 into a 1. The Venn diagram
of Figure 1.3 can be used to decode r and correct the error. Note that Circle 2 in
the figure has an even number of 1s in it, but Circles 1 and 3 do not. Thus, because
the code rules are not satisfied by the bits in r, we know that r contains one or
more errors. Because a single error is more likely than two or more errors for most
practical channels, we assume that r contains a single error. Then, the error must
be in the intersection of Circles 1 and 3. However, ro = 1 in the intersection cannot
be in error because it is in Circle 2 whose rule is satisfied. Thus, it must be r3 =1
in the intersection that is in error. Thus, v3 must be 0 rather than the 1 shown
in Figure 1.3 for r3. In conclusion, the decoded codeword is ¥ = (1010 001), from
which the decoded data @ = (1010) may be recovered.

It can be shown (see Chapter 3) that this particular single error is not special
and that, independently of the codeword transmitted, all seven single errors are
correctable and no error patterns with more than one error are correctable. The
novice might ask what characteristic of these 16 codewords endows them with the
ability to correct all single-errors. This is easily explained using the concept of the
Hamming distance dp(x,x’) between two length-n words x and x’, which is the
number of locations in which they disagree. Thus, dyi (1000 110,0010 111) = 3. It
can be shown, either exhaustively or using the principles developed in Chapter 3,
that dg (v, v’) > 3 for any two different codewords v and v’ in the Hamming code.
We say that the code’s minimum distance is therefore dyin = 3. Because dpin, = 3,
a single error in some transmitted codeword v yields a received vector r that is
closer to v, in the sense of Hamming distance, than any other codeword. It is for
this reason that all single errors are correctable.
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Generalizations of the Venn-diagram code description for the more complex
codes used in applications are presented in Chapter 3 and subsequent chapters.
In the chapters to follow, we will revisit the Hamming code a number of times,
particularly in the problems. We will see how to reformulate encoding so that it
employs a so-called generator matrix or, better, a simple shift-register circuit. We
will also see how to reformulate decoding so that it employs a so-called parity-check
matrix, and we will see many different decoding algorithms. Further, we will see
applications of codes to a variety of channels, particularly ones introduced in the
next section. Finally, we will see that a “good code” generally has the following
properties: it is easy to encode, it is easy to decode, it a has large dp,n, and/or
the number of codewords at the distance d,;;, from any other codeword is small.
We will see many examples of good codes in this book, and of their construction,
their encoding, and their decoding.

Design Criteria and Performance Measures

Although there exist many channel models, it is usual to start with the two most
frequently encountered memoryless channels: the binary symmetric channel (BSC)
and the binary-input additive white-Gaussian-noise channel (BI-AWGNC). Exam-
ination of the BSC and BI-AWGNC illuminates many of the salient features of
code and decoder design and code performance. For the sake of uniformity, for
both channels, we denote the ith channel input by x; and the ¢th channel output
by y;. Given channel input z; = v; € {0,1} and channel output y; € {0,1}, the
BSC is completely characterized by the channel transition probabilities P(y;|z;)
given by

P(y; =1lz; =0) = P(y; =0|z; = 1) = ¢,

P(yz = 1’%1‘ = 1) :P(yi :O|x,~:0) = 1—6,
where ¢ is called the crossover probability. For the BILAWGNC, the code bits
are mapped to the channel inputs as z; = (—1)¥ € {£1} so that z; = +1 when

v; = 0. The BI-AWGNC is then completely characterized by the channel transition
probability density function (pdf) p(y;|z;) given by

plnler) = == espl~( = )" /(20%)].

where o2 is the variance of the zero-mean Gaussian noise sample n; that the
channel adds to the transmitted value x; (so that y; = x; + n;). As a consequence
of its memorylessness, we have for the BSC

P(yo) =[] Pz, (1.2

where y = [y1, 42,3, .. .] and x = [z1, 22, z3,...]. A similar expression exists for
the BILAWGNC with P(-) replaced by p(-).
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The most obvious design criterion applicable to the design of a decoder is the
minimum-probability-of-error criterion. When the design criterion is to minimize
the probability that the decoder fails to decode to the correct codeword, i.e., to
minimize the probability of a codeword error, it can be shown that this is equivalent
to maximizing the a posteriori probability P(x|y) (or p(x|y) for the BLAWGNC).
The optimal decision for the BSC is then given by

P(y|x)P(x)
P(y) '

where argmaxy f(v) equals the argument v that maximizes the function f(v).
Frequently, the channel-input words are equally likely and, hence, P(x) is inde-
pendent of x (hence, v). Because P(y) is also independent of v, the maximum
a posteriori (MAP) rule (1.3) can be replaced by the mazimum-likelihood (ML)
rule

¥V = argmax P(x|y) = arg max (1.3)
v v

Vv = argmax P(y|x).
v
Using (1.2) and the monotonicity of the log function, we have for the BSC

v =arg max logH P(yi|z;)

7

= arg max ; log P(yi|z:)
= argmax [du(y, x)log(¢) + (n — di (y, x))log(1 — ¢)]
= arg mgx[dH(y, x)log <1€_€> + nlog(l — 5)}
= arg m\}n du(y,x),
where n is the codeword length and the last line follows since logle/(1 —€)] < 0

and nlog(1 — ¢) is not a function of v.
For the BI-AWGNC, the ML decision is

¥V = argmax P(y|x),
v

keeping in mind the mapping x = (—1)V. Following a similar set of steps (and
dropping irrelevant terms), we have

Vv =arg max zz: log<\/217m exp[—(yi - xi)2/(202)}>

~argmin Y (3 2,
7

= arg min dg(y, x),
v
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where

du(y,x) = > (vi—x:)°

i

is the Fuclidean distance between y and x, and on the last line we replaced d(-)
by dg(-) due to the monotonicity of the square-root function for non-negative
arguments. Note that, once a decision is made on the codeword, the decoded data
word @1 may easily be recovered from ¥, particularly when the codeword is in the
form v = (u p).

In summary, for the BSC, the ML decoder chooses the codeword v that is closest
to the channel output y in a Hamming-distance sense; for the BI-AWGNC, the
ML decoder chooses the code sequence x = (—1)V that is closest to the channel
output y in a Euclidean-distance sense. The implication for code design on the
BSC is that the code should be designed to maximize the minimum Hamming
distance between two codewords (and to minimize the number of codeword pairs
at that distance). Similarly, the implication for code design on the BFAWGNC is
that the code should be designed to maximize the minimum Euclidean distance
between any two code sequences on the channel (and to minimize the number of
code-sequence pairs at that distance).

Finding the codeword v that minimizes the Hamming (or Euclidean) distance
in a brute-force, exhaustive fashion is very complex except for very simple codes
such as the (7,4) Hamming code. Thus, ML decoding algorithms have been devel-
oped that exploit code structure, vastly reducing complexity. Such algorithms
are presented in subsequent chapters. Suboptimal but less complex algorithms,
which perform slightly worse than the ML decoder, will also be presented in subse-
quent chapters. These include so-called bounded-distance decoders, list decoders,
and iterative decoders involving component sub-decoders. Often these component
decoders are based on the bit-wise MAP criterion which minimizes the probabil-
ity of bit error rather than the probability of codeword error. This bit-wise MAP
criterion is

P(y|xz;)P(x;)
Ply)

where the a priori probability P(x;) is constant (and ignored together with P(y))
if the decoder is operating in isolation, but is supplied by a companion decoder
if the decoder is part of an iterative decoding scheme. This topic will also be
discussed in subsequent chapters.

The most commonly used performance measure is the bit-error probability, P,
defined as the probability that the decoder output decision #; does not equal the
encoder input bit u;,

0; = arg max P(z;|y) = arg max
Vi Ch

Py & Pri{t; # u;}.

Strictly speaking, we should average over all i to obtain P,. However, Pr{u; = u;}
is frequently independent of ¢, although, if it is not, the averaging is understood.
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P, is often called the bit-error rate, denoted BER. Another commonly used perfor-
mance measure is the codeword-error probability, P.,,, defined as the probability
that the decoder output decision ¥ does not equal the encoder output codeword v,

P.y = Pr{v # v}

In the coding literature, various alternative terms are used for P,,,, including word-
error rate (WER) and frame-error rate (FER). A closely related error probability
is the probability P, = Pr{i # u}, which can be useful for some applications,
but we shall not emphasize this probability, particularly since P, ~ P, for many
coding systems. Lastly, for nonbinary codes, the symbol-error probability P; is
pertinent. It is defined as

Ps = Pr{ﬂ, 75 ui},

where in this case the encoder input symbols u; and the decoder output symbols
@; are nonbinary. Ps is also called the symbol-error rate (SER). We shall use the
notation introduced in this paragraph throughout this book.

Channel-Capacity Formulas for Common Channel Models

From the time of Shannon’s seminal work in 1948 until the early 1990s, it was
thought that the only codes capable of operating near capacity are long, imprac-
tical codes, that is, codes that are impossible to encode and decode in practice.
However, the invention of turbo codes and low-density parity-check (LDPC) codes
in the 1990s demonstrated that near-capacity performance was possible in prac-
tice. (As explained in Chapter 5, LDPC codes were first invented circa 1960 by
R. Gallager and later independently re-invented by MacKay and others circa 1995.
Their capacity-approaching properties with practical encoders/decoders could not
be demonstrated with 1960s technology, so they were mostly ignored for about 35
years.) Because of the advent of these capacity-approaching codes, knowledge of
information theory and channel capacity has become increasingly important for
both the researcher and the practicing engineer. In this section we catalog capac-
ity formulas for a variety of commonly studied channel models. We point out that
these formulas correspond to infinite-length codes. However, we will see numerous
examples in this book where finite-length codes operate very close to capacity,
although this is possible only with long codes (n > 5000, say).

No derivations are given for the various capacity formulas. For such information,
see [3-9]. However, it is useful to highlight the general formula for the mutual
information between the channel output represented by Y and the channel input
represented by X. When the input and output take values from a discrete set,
then the mutual information may be written as

I(X;Y) = H(Y) — HY|X), (1.4)
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where H(Y') is the entropy of the channel output,

H(Y) = —E{log,(Pr(y))}
= — % Pr(y)logy(Pr(y)),

and H(Y|X) is the conditional entropy of Y given X,
H(Y|X) = —E{log,(Pr(y|z))}
= =2 2 Pr(x,y)logy (Pr(ylx))
Ty

= _ ; % Pr(z)Pr(y|z)logs (Pr(y|z)).

In these expressions, E{-} represents probabilistic expectation. The form (1.4) is
most commonly used, although the alternative form I(X;Y) = H(X) — H(X|Y)
is sometimes useful. The capacity of a channel is then defined as

C = max I(X;Y), (1.5)
{Pr(z)}
that is, the capacity is the maximum mutual information, where the maximization
is over the channel input probability distribution {Pr(x)}. As a practical matter,
most channel models are symmetric, in which case the optimal input distribution
is uniform so that the capacity is given by

I(X7 Y) ’uniform {Pr(z)} — [H(Y) - H(Y|X)]uniform {Pr(x)}* (16)

For cases in which the channel is not symmetric, the Blahut—Arimoto algorithm [3,
6] can be used to perform the optimization of I(X;Y"). Alternatively, the uniform-
input information rate of (1.6) can be used as an approximation of capacity, as will
be seen below for the Z channel. For a continuous channel output Y, the entropies
in (1.4) are replaced by differential entropies h(Y') and h(Y|X), which are defined
analogously to H(Y) and H(Y|X), with the probability mass functions replaced
by probability density functions and the sums replaced by integrals.

Consistently with the code rate defined earlier, C' and I(X;Y') are in units of
information bits/code bit. Unless indicated otherwise, the capacities presented in
the remainder of this chapter have these units, although we will see that it is
occasionally useful to convert to alternative units. Also, all code rates R for which
R < C are said to be achievable rates in the sense that reliable communication is
achievable at these rates.

Capacity for Binary-Input Memoryless Channels

The BEC and the BSC

The binary erasure channel (BEC) and the binary symmetric channel (BSC) are
illustrated in Figures 1.4 and 1.5. For the BEC, p is the probability of a bit erasure,
which is represented by the symbol e, or sometimes by 7 to indicate the fact that
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Figure 1.5 The binary symmetric channel and a plot of its capacity.

nothing is known about the bit that was erased. For the BSC, ¢ is the probability
of a bit error. While simple, both models are useful for practical applications and
academic research. The capacity of the BEC is easily shown from (1.6) to be

CBEC =1- p. (17)
It can be similarly shown that the capacity of the BSC is given by

Cpsc =1 —"H(e), (1.8)
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where H(p) is the binary entropy function given by
H(e) = —elogy(e) — (1 —e)logy(1 — ).

The derivations of these capacity formulas from (1.6) are considered in one of the
problems. Cpgc is plotted as a function of p in Figure 1.4 and Cggc is plotted as
a function of ¢ in Figure 1.5.

The Z Channel

The Z channel, depicted in Figure 1.6, is an idealized model of a free-space
optical communication channel. It is an extreme case of an asymmetric binary-
input /binary-output channel and is sometimes used to model solid-state memories.
As indicated in the figure, the probability of error when transmitting a 0 is zero
and the probability of error when transmitting a 1 is ¢q. Let u equal the probability
of transmitting a 1, u = Pr(X = 1). Then the capacity is given [10] by

Cz = max {H(up) — uH(q)} (1.9)
=H(u'p) — uH(q),
where v’ is the maximizing value of u, given by
q1/(1-a)
14 (1—q)q?/(1-a)"

Our intuition tells us that it would be vastly advantageous to design error-
correction codes that favor sending Os, that is, whose codewords have more Os than
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Figure 1.6 The Z channel and a plot of its capacity.
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1s so that u < 0.5. However, consider the following example from [11]. Suppose
that ¢ = 0.1. Then u' = 0.4563 and Cz = 0.7628. For comparison, suppose that
we use a code for which the Os and 1s are uniformly occurring, that is, u = 0.5.
In this case, the mutual information I(X;Y) = H(up) — uH(q) = 0.7583, so that
little is lost by using such a code in lieu of an optimal code with v’ = 0.4563. We
have plotted both Cz and I(X;Y') against ¢ in Figure 1.6, where it is seen that
for all ¢ € [0, 1] there is little difference between C'z and I(X;Y"). Thus, it appears
that there is little to be gained by trying to invent codes with non-uniform symbols
for the Z channel and similar asymmetric channels.

The Binary-Input AWGN Channel
Consider the discrete-time channel model,
Yo = T¢ + 2y, (1.11)

where zy € {£1} and zy is a real-valued additive white Gaussian noise (AWGN)
sample with variance o2, i.e., zp ~ N (O, 02) . This channel is called the binary-input
AWGN (BI-AWGN) channel. The capacity can be shown to be

Cir-awgN = 0.5 Z / p(y|z)log, <p(y!a:)>dy, (1.12)

= p(y)

where

plyle = £1) = exp[—(y F 1)*/(207)]

1
\V2mo
and

p(y) = 5lp(sle = +1) + plyfe = 1)

An alternative formula, which follows from C=h(Y) — h(Y|X) = (YY) — h(Z), is

+o00
CBI.AWGN = —/ p(y)logy(p(y)) dy — 0.5log, (2mea?), (1.13)

where we used h(Z) = 0.5logy(2mec?), which is shown in one of the
problems. Both forms require numerical integration to compute, e.g., Monte
Carlo integration. For example, the integral in (1.13) is simply the expectation
E{—logs(p(y))}, which may be estimated as

E{—log,(p ——*Zlogg p(ye)) (1.14)

where {yp: =1, ..., L} is a large number of realizations of the random variable Y.

In Figure 1.7, Cprawgn (labeled “soft”) is plotted against the commonly used
signal-to-noise-ratio (SNR) measure E,/Ny, where Ej is the average energy per
information bit and Ny/2 = o2 is the two-sided power spectral density of the
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Figure 1.7 Capacity curves for the soft-decision and hard-decision binary-input AWGN channel
together with the unconstrained-input AWGN channel-capacity curve.

AWGN process z;. Because Ej, = ELCL‘%] /R =1/R, Ey/Nj is related to the alter-
native SNR definition E;/0? = E{z%} /0% = 1/0? by the code rate and, for conve-
nience, a factor of two: E,/Ng = 1/(2Ro?). The value of R used in this translation
of SNR definitions is R = CgrawgN because R is assumed to be just less than
CpraweN (R < CpraweN — 0, where 6 > 0 is arbitrarily small).

Also shown in Figure 1.7 is the capacity curve for a hard-decision BILAWGN
channel (labeled “hard”). For this channel, so-called hard-decisions 2, are obtained
from the soft-decisions yy of (1.11) according to

.1 ify <0
TEZY0 ify >0,

The soft-decision and hard-decision models are also included in Figure 1.7. Note
that the hard-decisions convert the BILAWGN channel into a BSC with error

probability e = Q(1/0) = Q<\/2REb/N0>, where

Q= | . V%exp(—@/z) 4.

Thus, the hard-decision curve in Figure 1.7 is plotted using Cpsc = 1 — H(¢e). It is
seen in the figure that the conversion to bits, i.e., hard decisions, prior to decoding
results in a loss of 1 to 2 dB, depending on the code rate R = Cpr.awaN-

Finally, also included in Figure 1.7 is the capacity of the unconstrained-
input AWGN channel discussed in Section 1.5.2.1. This capacity, C =
0.51ogy(1 + 2RE}/Ny), often called the Shannon capacity, gives the upper limit
over all one-dimensional signaling schemes (transmission alphabets) and is
discussed in the next section. Observe that the capacity of the soft-decision
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Table 1.1. E, /Ny limits for various rates and channels

Rate R (Eb/NO)Shannon (dB) (Eb/NO)soft (dB) (Eb/NO)hard (dB)

0.05 —1.440 —1.440 0.480
0.10 —1.284 —1.285 0.596
0.15 ~1.133 ~1.126 0.713
0.20 —0.976 —0.963 0.839
1/4 —0.817 —0.793 0.972
0.30 —0.657 —0.616 1.112
1/3 —0.550 —0.497 1.211
0.35 —0.495 —0.432 1.261
0.40 —0.333 —0.236 1.420
0.45 —0.166 —0.030 1.590
1/2 0 0.187 1.772
0.55 0.169 0.423 1.971
0.60 0.339 0.682 2.188
0.65 0.511 0.960 2.428
2/3 0.569 1.059 2.514
0.70 0.686 1.275 2.698
3/4 0.860 1.626 3.007
4/5 1.037 2.039 3.370
0.85 1.215 2.545 3.815
9/10 1.396 3.199 4.399
0.95 1.577 4.190 5.295

binary-input AWGN channel is close to that of the unconstrained-input AWGN
channel for low code rates. Observe also that reliable communication is not possi-
ble for Ej/Ny < —1.59 dB = 10log;,(In(2)) dB.

Table 1.1 lists the Ej/Ny values required to achieve selected code rates for
these three channels. Modern codes such as turbo and LDPC codes are capable
of operating very close to these E} /Ny “limits,” within 0.5 dB for long codes. The
implication of these E}/Ny limits is that, for the given code rate R, error-free
communication is possible in principle via channel coding if Ej/Ny just exceeds
its limit; otherwise, if the SNR is less than the limit, reliable communication is
not possible.

For some applications, such as audio or video transmission, error-free commu-
nication is unnecessary and a bit error rate of P, = 1073, for example, might be
sufficient. In this case, one could operate satisfactorily below the error-free Ej, /Ny
limits given in Table 1.1, thus easing the requirements on Fj/Ny (and hence on
transmission power). To determine the “Pj,-constrained” Ej /Ny limits [12, 13], one
creates a model in which there is a source encoder and decoder in addition to the
channel encoder, channel, and channel decoder. Then, the source-coding system
(encoder/decoder) is chosen so that it introduces errors at the rate P, while the
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channel-coding system (encoder/channel/decoder) is error-free. Thus, the error
rate for the entire model is P, and we can examine its theoretical limits.

To this end, suppose that the model’s overall code rate of interest is R (informa-
tion bits/channel bit). Then R is given by the model’s channel code rate R, (source-
code bits/channel bit) divided by the model’s source-code rate Rs (source-code
bits/information bit): R = R./Rs. It is known [3-6] that the theoretical (lower)
limit on R4 with the error rate P, as the “distortion” is

Ry =1—H(P,).

Because R, = RRs, we have R. = R(1 — H(P,)); but, for a given SNR = 1/02, we
have the limit, from (1.12) or (1.13), R, = CBI_AWGN(l/Jz), from which we may
write

R, = CBI_AWGN(l/(TQ) = R(1 — H(B)). (1.15)

For a specified R and P,, we determine from Equation (1.15) that 1/0? =
Caiawan (Be). Then, we set E,/Ny = 1/(2Ro?), which corresponds to the spec-
ified R and P,. In this way, we can produce the rate-1/2 curve displayed in
Figure 1.8. Observe that, as P, decreases, the curve asymptotically approaches
the Ej, /Ny value equal to the (Ep/Ny),.p limit given in Table 1.1 (0.187 dB). The
curve can be interpreted as the minimum achievable Ej/Nj for a given bit error
rate P, for rate-1/2 codes.

Having just discussed theoretical limits for a nonzero bit error rate for infinite-
length codes, we note that a number of performance limits exist for finite-length

+
L.
]
L
'
'
T
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'
'
1

EyIN,

Figure 1.8 The minimum achievable E}, /Ny for a given bit error rate P, for rate-1/2 codes.
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codes. These so-called sphere-packing bounds are reviewed in [14] and are beyond
our scope. We point out, however, a bound due to Gallager [4] (see also [7, 9]),
which is useful for code lengths n greater than about 200 bits. The so-called Gal-
lager random coding bound is on the codeword error probability P., instead of
the bit error probability P, and is given by

P, < 2 "EE), (1.16)
where E(R) is the so-called Gallager error exponent, expressed as

E(R) =max max [Ey(p, {Pr(z)}) — pR],

{Pr(2)}0<p=1
with
1+p
Folp. {Pr(@)}) = oz | [ | 3 Priadplole) /0|y
0 | ze{z1}

Because the BILAWGN channel is symmetric, the maximizing distribution on the
channel input is Pr(z = +1) = Pr(x = —1) = 1/2. Also, for the BILAWGN chan-
nel, p(y|z) = [1/(V2n0o)|exp[—(y — z)/(20?)] so that Ey(p, {Pr(z)}) becomes,

after some manipulation,
00 1 2 1 1+p
/ exp (_y +2 > [cosh(z'y)] dy| .
00 V270 20 a2(1+ p)

It can be shown that E(R) > 0if and only if R < C, thus proving from (1.16) that,
as n — 00, arbitrarily reliable communication is possible provided that R < C.

Eo(p, {Pr(2)}) = —logy

Coding Limits for M-ary-Input Memoryless Channels

The Unconstrained-Input AWGN Channel
Consider the discrete-time channel model,

Yo = Tg + 2y, (1.17)

where x; is a real-valued signal whose power is constrained as E[w%] < P and
2 is a real-valued additive white-Gaussian-noise sample with variance o2, i.e.,
2~ N (0, 02). For this model, since the channel symbol x; is not binary, the code
rate R would be defined in terms of information bits per channel symbol and it is
not constrained to be less than unity. It is still assumed that the encoder input is
binary, but the encoder output selects a sequence of nonbinary symbols xy that are
transmitted over the AWGN channel. As an example, if 2, draws from an alphabet
of 1024 symbols, then code rates of up to 10 bits per channel symbol are possible.
The capacity of the channel in (1.17) is given by

1 P
CShannon = 5 log, (1 + 2> bits/channel symbol, (1.18)
o
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and this expression is often called the Shannon capacity, since it is the upper limit
among all signal sets (alphabets) from which xy may draw its values. As shown in
one of the problems, the capacity is achieved when z; is drawn from a Gaussian
distribution, N'(0, P), which has an uncountably infinite alphabet size. In practice,
it is possible to closely approach Cshannon With a finite (but large) alphabet that
is Gaussian-like.

As before, reliable communication is possible on this channel only if R < C.
Note that, for large values of SNR, P/o?, the capacity grows logarithmically.
Thus, each doubling of SNR (increase by 3 dB) corresponds to a capacity increase
of about 1 bit/channel symbol. We point out also that, because we assume a real-
valued model, the units of this capacity formula might also be bits/channel sym-
bol/dimension. For a complex-valued model, which requires two dimensions, the
formula would increase by a factor of two, much as the throughput of quaternary
phase-shift keying (QPSK) is double that of binary phase-shift keying (BPSK) for
the same channel symbol rate. In general, for d dimensions, the formula in (1.18)
would increase by a factor of d.

Frequently, one is interested in a channel capacity in units of bits per second
rather than bits per channel symbol. Such a channel capacity is easily obtainable
via multiplication of Cshannon in (1.18) by the channel symbol rate Ry (symbols
per second):

s Py .
Céhannon = RSCShannon = R7 1Og2 (1 + 2) bltS/SeCOHd.
g

This formula still corresponds to the discrete-time model (1.17), but it leads us to
the capacity formula for the continuous-time (baseband) AWGN channel band-
limited to W Hz, with power spectral density Ny/2. Recall from Nyquist that
the maximum distortion-free symbol rate in a bandwidth W is R max = 2W.
Substitution of this into the above equation gives

P
Channon = W log, <1 + 02> bits/second

Ry E}
W N,

= W log,y <1 + ) bits/second, (1.19)

where in the second line we have used P = RyE} and 02 = W Ny, where Ry, is the
information bit rate in bits per second and Fj is the average energy per information
bit. Note that reliable communication is possible provided that R, < C§

hannon*

M-ary AWGN Channel

Consider an M-ary signal set {s,,}}_, existing in two dimensions so that each
Sm signal is representable as a complex number. The capacity formula for two-
dimensional M-ary modulation in AWGN can be written as a straightforward
generalization of the binary case. (We consider one-dimensional M-ary modulation
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in AWGN in the problems.) Thus, we begin with Cprary = (Y) — h(Y|X) =
hY') — h(Z), from which we may write

+oo

Cotay == [ plwlogy(p(0))dy — logsy (2mec?), (1.20)
-0

where h(Z) = log,(2mea?) because the noise is now two-dimensional (or complex)

with a variance of 262 = Ny, or a variance of 02 = N /2 in each dimension. In this

expression, p(y) is determined via

1 M
p) =57 > Plsm).

m=1

where p(y|s,,) is the complex Gaussian pdf with mean s, and variance 262 = Nj.
The first term in (1.20) may be computed as in the binary case using (1.14). Note
that an M-ary symbol is transmitted during each symbol epoch and so Chs_ary
has the units information bits per channel symbol. Because each M-ary symbol
conveys logy (M) code bits, Cps-ary may be converted to information bits per code
bit by dividing it by logy(M).

For QPSK, 8-PSK, 16-PSK, and 16-QAM, Cj/_ary is plotted in Figure 1.9 against
Ey/Ny, where Ej is related to the average signal energy Es = E[|s,,|?] via the
channel rate (channel capacity) as Ey = Es/Chs-ary. Also included in Figure 1.9
is the capacity of the unconstrained-input (two-dimensional) AWGN channel,
CShannon = 10g5(1 4+ E5/Np), described in the previous subsection. Recall that the
Shannon capacity gives the upper limit over all signaling schemes and, hence, its
curve lies above all of the other curves. Observe, however, that, at the lower SNR
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Figure 1.9 Capacity versus Ej, /Ny curves for selected modulation schemes.
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values, the capacity curves for the standard modulation schemes are very close to
that of the Shannon capacity curve. Next, observe that, again, reliable communica-
tion is not possible for Ey /Ny < —1.59 dB. Finally, observe that 16-PSK capacity
is inferior to that of 16-QAM over the large range of SNR values that might be
used in practice. This is understandable given the smaller minimum inter-signal
distance that exists in the 16-PSK signal set (for the same Ej).

M-ary Symmetric Channel

It was seen in Section 1.5.1.3 that a natural path to the binary-symmetric channel
was via hard decisions at the output of a binary-input AWGN channel. Analo-
gously, one may arrive at an M-ary-symmetric channel via hard decisions at the
output of an M-ary AWGN channel. The M-ary-symmetric channel is an M-ary-
input/M-ary-output channel with transition probabilities { P(y|z)} that depend
on the geometry of the M-ary signal constellation and the statistics of the noise.
Because the channel is symmetric, the capacity is equal to the mutual information
of the channel with uniform input probabilities, Pr{z} = 1/M. Thus, the capacity
of the M-ary-symmetric channel (MSC) is given by

M-1M-1
Cusc = 2 3 3 Plyla)Plog, (P (y'x)), (1.21)

z=0 y=0 P(y)
where
| M-l
Ply) = 5; ;0 P(ylz)

Coding Limits for Channels with Memory

A channel with memory is one whose output depends not only on the input, but
also on previous inputs. These previous inputs can typically be encapsulated by
a channel state, so that the channel output depends on the input and the state.
Such a channel with memory is called a finite-state channel. There exists a number
of important finite-state channel models and we introduce capacity results for
two of these, the Gilbert—Elliott channel and the constrained-input intersymbol-
interference (ISI) channel. A commonly discussed capacity result is the important
water-filling capacity result for unconstrained-input ISI channels [3, 4], but we do
not discuss this here.

Gilbert—Elliott Channels

We define the Gilbert-Elliott (GE) channel model in its most general form as
follows. A GE channel is a multi-state channel for which a different channel model
exists in each state. A common example is a two-state channel that possesses both
a “good” state G and a “bad” state B, where a low-error-rate BSC resides in the
good state and a high-error-rate BSC resides in the bad state. Such a channel is
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1 1 1 1
1-p, 1-p,

good channel bad channel
(pb > pg)

Figure 1.10 A diagram of the two-state Gilbert—Elliott channel with a BSC at each state.

depicted in Figure 1.10. Note that this model is useful for modeling binary channels
subject to error bursts for which py, is close to 0.5 and pg, << pyg. Another common
GE example is a two-state (good/bad) channel for which a BEC with ¢ close to
unity exists in the bad state. This models the ability to (coarsely) detect errors
in the bad state (e.g., low signal-level detection) and assign “erasure flags” to all
of the bits transmitted during the high-error-rate (bad) state. The capacity of an
S-state GE channel is given by

S
CGE = ZPSCS7 (122)

s=1

where P; is the probability of being in state s and Cj is the capacity of the channel
in state s.

Computing Achievable Rates for ISI Channels
The intersymbol-interference channel model we consider has the model

Yo = fo*x0+ 20, (1.23)

where z, is an AWGN noise process with variance o2 = N /2, x4 is the channel
input process taking values from a finite alphabet, f; is the discrete-time channel
(finite-length) impulse response, and * represents discrete-time convolution. As an
example, suppose that the channel has impulse response [fo, f1, f2]. Then (1.23)
may be written as

ye = foxe + fize—1 + foxe—o + 2.

Observe from this that the channel output g, is a function not only of the “cur-
rent” input x,, but also of the previous two inputs, xy_1 and z,_o. Hence, this
is a finite-state channel. It is useful to represent an ISI channel by a polynomial
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that is the “D-transform” of its impulse response, where D is the discrete-time
delay operator. Thus, our example ISI channel is representable by the polynomial
f(D) = fo+ fiD + foD?. In fact, (1.23) may be rewritten as

y(D) = f(D)z(D) + 2(D),

where the various D-transforms are obviously defined.

Prior to 2001, it was not known how to compute the capacity of ISI chan-
nels whose input alphabets were constrained to take values from a finite set.
Arnold and Loeliger [15] (and, later, Pfister and Siegel [16]) presented an algo-
rithm for tightly estimating the mutual information of binary-input ISI channels
with AWGN assuming equiprobable, independent inputs. Techniques for tightly
lower bounding the capacity of binary-input ISI channels are also presented in [15],
but capacity is achievable in general only through the use of nonlinear Markovian
codes. In this book and in most applications, the interest is in linear codes whose
code bitstreams are well approximated by an independent and identically dis-
tributed (i.i.d.) equiprobable binary stream. In this case, capacity calculations are
unnecessary and, in fact, irrelevant. Thus, we present the algorithm of [15] for esti-
mating the mutual information of an ISI channel with equiprobable, independent,
binary inputs.

As before, we let X represent the channel input and Y represent the AWGN
channel output. We will also let Xy and Y represent the sequences of L vari-
ables, (X1, Xo,...,Xy) and (Y1, Ys,...,Yy), respectively. We are then interested
in the mutual information I(X;Y) between input and output corresponding to
independent and equally likely z, € {£1}. This is often called the independent,
uniformly distributed (i.u.d.) capacity, denoted by Ciyuq.

As done earlier, we write the mutual information I(X;Y) as

I(X;Y) = h(Y) = h(Y]X) = Ciua,

where h(Y) is the differential entropy of the process Y and h(Y|X) is the condi-
tional entropy of Y given X. It is clear that h(Y|X) = h(Z), where Z represents the
noise process, so that h(Y|X) = 1 log,(2mes?), where 02 = Ny/2 is the variance
of the AWGN noise process. Thus, to determine I(X;Y"), one need only determine
h(Y’) under the assumption of i.u.d. channel inputs. To do so, Arnold and Loeliger
[15] utilize the Shannon-McMillan-Breiman theorem [3] which asserts that

i (-~ 1w (Y1) ) = A(Y)
L—oo L

with probability one. Thus, one need only compute p(Y) for a large value of L to
estimate h(Y'). As pointed out in [15], the BCJR algorithm (see Chapter 4) effec-
tively does this since it computes the “forward” metrics ay,(s) £ p(sg = s, Y1) so
that p(Y ) may be obtained by computing the marginal probability > ar(s) =
> p(sk =5,Yp). The channel input X, corresponding to the output Y, may
be any realization of an i.u.d. binary random process. This approach is clearly
generalizable to M-ary-input ISI channels.
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Figure 1.11 Capacity plots for the BILAWGN channel, the PR1 and PR4 channels, and Proakis’
Channel C.

As examples of applications of this approach, Figure 1.11 compares the capac-
ity of the BLAWGN channel with Cj,q for (1) partial-response channels of the
form 14+ DY, v =1,2,..., which includes the Class I partial response (PR1) poly-
nomial 1+ D and the Class IV partial response (PR4) polynomial 1 — D?; and
(2) Proakis’ Channel C (see Figure 10.2-5(c) in [8]), which is represented by the
polynomial 0.227 4 0.46D + 0.688D? + 0.46 D3 + 0.227D*. Proakis’ Channel C is
characterized by a spectral null near the middle of the band, so it is not surprising
that its (Cjuq) capacity is significantly less than that of the other channels. The
PR1 channel has a spectral null at DC and the PR4 channel has spectral nulls
both at DC and at the Nyquist frequency (half of the channel bit rate). We observe
that these two partial-response channels have the same Cj,q curve (which is also
the curve for all 1 & D PR channels), and that there is a rate loss relative to the
BI-AWGN channel.

1.1 A single error has been added (modulo 2) to a transmitted (7,4) Hamming
codeword, resulting in the received word r = (1011 100). Using the decoding algo-
rithm described in the chapter, find the error.
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1.2 For linear codes, the list Sy(c) of Hamming distances from codeword ¢ to
all of the other codewords is the same, no matter what the choice of ¢ is. (See
Chapter 3.) Sg(c) is called the conditional distance spectrum for the codeword c.
Find S4(0000 000) and S;(0111 001) and check that they are the same.

1.3 Using (1.6), derive (1.7) and (1.8). Note that the capacity in each case is
given by (1.6) because these channels are symmetric.

1.4 Consider a hybrid of the BSC and the BEC in which there are two input
symbols (0 and 1) and three output symbols (0, e, and 1). Further, the probability
of an error is € and the probability of an erasure is p. Derive a formula for the
capacity of this channel. Because the channel is symmetric, C' is given by (1.6).

1.5 Derive Equation (1.10). You may assume that the expression being maxi-
mized in (1.9) is “convex cap.” Now reproduce Figure 1.6.

1.6 Consider a binary-input AWGN channel in which the channel SNR is
Es/Ny = —2.823 dB when the channel bit rate is Rs = 10 Mbits/second. What
is the maximum information rate R} possible for reliable communication? HINT:
Ry, = RRs and E;, = RE), where R is the code rate in information bits per channel
bit. The R of interest is one of the rates listed in Table 1.1.

1.7 Consider binary signaling over an AWGN channel bandlimited to W = 5000
Hz. Suppose that the power at the input to the receiver is P = 1 w W and the power
spectral density of the AWGN is Ny/2 =5 x 10~ W/Hz. Assuming we use the
maximum possible Nyquist signaling rate Rs over the channel, find the maximum
information rate R possible for reliable communication through this channel.
HINT: To start, you will have to find E;/Ny and then compute Cprawgn for the
Es/Ny that you find. You will also need R, = RRs, Es = REy,, and E; = P/R;,
where R is the code rate in information bits per channel bit.

1.8 Write a computer program that estimates the capacity of the BILAWGN
channel and use it to reproduce Figure 1.7.

1.9 Write a computer program that reproduces Figure 1.8.

1.10 Consider a bandlimited AWGN channel with bandwidth W = 10000 Hz
and SNR E} /Ny = 10 dB. Assuming an unconstrained signaling alphabet, is reli-
able communication possible at R, = 50000 bits/second? What about at 60 000
bits/second?

1.11 From Equation (1.19), we may write & < logy(1+ £Ep/Ny), where & =
Ry/W is the spectral efficiency, a measure of the information rate per unit
bandwidth in units of bps/Hz. Show that, when £ = 1 bps/Hz, we must have
Ey/Ny > 0dB; when £ = 4 bps/Hz, we must have E;,/Ng > 5.74 dB; and as § — 0
bps/Hz, we must have Ej/Ny — —1.6 dB.
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1.12 (a) Let G be a Gaussian random variable, G ~ N (u, 2). Show that its dif-
ferential entropy is given by h(G) £ —E[log,(p(G))] = 1 log, (2mea?) by perform-
ing the integral implied by —E[log,(p(G))]. (b) We are given the channel model
Y = X + Z, where X ~ N(0, P) and Z ~ N(0,0?) are independent. Show that
the mutual information is given by I(X;Y) = h(Y) — h(Y|X) = h(Y) — h(N) =
%10g2(1 + P/ 02) = C. Thus, a Gaussian-distributed signal achieves capacity on
the arbitrary-input AWGN channel.

1.13 Let G be a zero-mean complex Gaussian random variable with vari-
A

ance 2. Show that its differential entropy is given by h(G) = —E[log,(p(G))] =
log, (2meo?) by performing the integral implied by —E[log, (p(G))].

1.14 Write a computer program to reproduce Figure 1.9.

1.15 Derive capacity formulas for one-dimensional M-ary modulation and plot
the capacity of M-ary pulse amplitude modulation versus Ep/Ny for M = 2,4, 8,
and 16. Add the appropriate Shannon capacity curve to your plot for comparison.

1.16 As mentioned in the chapter, the mutual information may alternatively be
written as I(X;Y) = H(X) — H(X|Y). Use this expression to obtain a formula
for the capacity of the M-ary symmetric channel that is an alternative to Equation
(1.21).

1.17 Consider an independent Rayleigh fading channel with channel output y, =
axxy + ng, where ng ~ N(0, Ny/2) is an AWGN sample, x, € {1} equally likely,
and ay, is a Rayleigh random variable with expectation E{ai} = 1. By generalizing
the notion presented in (1.22), derive a capacity formula for this channel and plot
its capacity against Ej,/Ng, where Ej, is the average information bit energy.

1.18 Write a computer program to reproduce Figure 1.11.
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2.1

Finite Fields, Vector Spaces, Finite
Geometries, and Graphs

This chapter presents some important elements of modern algebra and combinato-
rial mathematics, namely, finite fields, vector spaces, finite geometries, and graphs,
that are needed in the presentation of the fundamentals of classical channel codes
and various constructions of modern channel codes in the following chapters. The
treatment of these mathematical elements is by no means rigorous and coverage is
kept at an elementary level. There are many good text books on modern algebra,
combinatorial mathematics, and graph theory that provide rigorous treatment
and in-depth coverage of finite fields, vector spaces, finite geometries, and graphs.
Some of these texts are listed at the end of this chapter.

Sets and Binary Operations

A set is a collection of certain objects, commonly called the elements of the set. A
set and its elements will often be denoted by letters of an alphabet. Commonly, a
set is represented by a capital letter and its elements are represented by lower-case
letters (with or without subscripts). For example, X = {x1, z2, z3, x4, 25} is a set
with five elements, x1, z2, x3, x4, and x5. A set S with a finite number of elements
is called a finite set; otherwise, it is called an infinite set. In error-control coding
theory, we mostly deal with finite sets. The number of elements in a set S'is called
the cardinality of the set and is denoted by |S|. The cardinality of the above set X
is five. A part of a set S is of course itself a set. Such a part of S is called a subset
of S. A subset of S with cardinality smaller than that of S is called a proper subset
of S. For example Y = {z1, 23,24} is a proper subset of the above set X.

A binary operation on a set S is a rule that assigns to any pair of elements
in S, taken in a definite order, another element in the same set. For the present,
we denote such a binary operation by *. Thus, if a and b are two elements of
the set S, then the % operation assigns to the pair (a,b) an element of S, namely
a x b. The operation also assigns to the pair (b,a) an element in S, namely b * a.
Note that a * b and b * a do not necessarily give the same element in S. When a
binary operation * is defined on S, we say that S is closed under *. For exam-
ple, let S be the set of all integers and let the binary operation on S be real
(or ordinary) addition +. We all know that, for any two integers i and j in
S, i+ j is another integer in S. Hence, the set of integers is closed under real
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(or ordinary) addition. Another well-known binary operation on the set of inte-
gers is real (or ordinary) multiplication, denoted by ¢-.”

The adjective binary is used because the operation produces from a pair of
elements in S (taken in a specific order) an element in S. If we take elements a,
b, and ¢ of S (not necessarily different), there are various ways in which we can
combine them by the operation . For example, we first combine a and b with x*
to obtain an element a * b of S and then combine a * b and ¢ with * to produce
an element (a * b) * ¢ of S. We can also combine the pair a and b * ¢ to obtain an
element a * (b*c) in S. The parentheses are necessary to indicate just how the
elements are to be grouped into pairs for combination by the operation .

Definition 2.1. Let S be a set with a binary operation *. The operation is said to
be associative if, given any elements a, b, and ¢ in S, the following equality holds:

(axb)xc=ax(bx*c). (2.1)

The equality sign ‘="’ is taken to mean ‘‘the same as.” We also say that the binary
operation x satisfies the associative law, if the equality (2.1) holds.

The associative law simply implies that, when we combine elements of S with
repeated applications of the binary operation *, the result does not depend upon
the grouping of the elements involved. Hence, we can write (a *b) *x ¢ = a * (b *
¢) = a x b x c. The associative law is a very important law, and most of the binary
operations which we shall encounter will satisfy it. Addition + and multiplication -
on the set of integers (or real numbers) are associative binary operations.

Definition 2.2. Let S be a set with a binary operation *. The operation is said

to be commutative if, given any two elements, a¢ and b, in S, the following equality
holds:

axb=">bxa. (2.2)

We also say that * satisfies the commutative law, if (2.2) holds.

Note that the definition of the commutative law is independent of the associative
law. The commutative law simply implies that, when we combine two elements of
S by the * operation, the result does not depend on the order of combination of the
two elements. Addition + and multiplication - on the set of integers (or real num-
bers) are commutative binary operations. Therefore, addition and multiplication
on the set of integers (or real numbers) are both associative and commutative.

Let S be a set with an associative and commutative binary operation *. Then,
if any combination of elements of S is formed by means of repeated applications
of x, the result depends neither on the grouping of the elements involved nor on
their order. For example, let a, b, and ¢ be elements of S. Then

(axb)xc=ax(bxc)=ax(cxb)=(axc)*b

=cx(axb)=(cxa)*xb=(cxb)*a.
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Given two sets, X and Y, we can form a set X UY that consists of the elements
in either X or Y, or both. This set X UY is called the union of X and Y. We can
also form a set X N'Y that consists of the set of all elements in both X and Y. The
set X NY is called the intersection of X and Y. A set with no element is called
an empty set, denoted by (). Two sets are said to be disjoint if their intersection is
empty, i.e., they have no element in common. If Y is a subset of X, the set that
contains the elements in X but not in Y is called the difference between X and Y
and is denoted by X\Y.

Groups

In this section, we introduce a simple algebraic system. By an algebraic system,
we mean a set with one or more binary operations defined on it.

Basic Concepts of Groups

A group is an algebraic system with one binary operation defined on it.
Definition 2.3. A group is a set G together with a binary operation * defined on
G such that the following axioms (conditions) are satisfied.

1. The binary operation * is associative.
2. G contains an element e such that, for any element a of G,

a*xe=exa=a.

This element e is called an identity element of G with respect to the operation x.
3. For any element a in G, there exists an element o’ in G such that

axad =ad xa=e.
The element o’ is called an inverse of a, and vice versa, with respect to the

operation .

A group G is said to be commutative if the binary operation * defined on it is
also commutative. A commutative group is also called an abelian group.

Theorem 2.1. The identity element e of a group G is unique.

Proof. Suppose both e and €' are identity elements of G. Then e x ¢’ = e and
e x ¢ = €. This implies that e and ¢’ are identical. Therefore, the identity of a
group is unique. O

Theorem 2.2. The inverse of any element in a group G is unique.

Proof. Let a be an element of G. Suppose a has two inverses, say a’ and a”. Then

d'=exd" =(d*a)xd"=d x(axd")=d xe=ad.
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This implies that @’ and a” are identical and hence a has a unique inverse. O

The set of all rational numbers with real addition + forms a commutative group.
We all know that real addition + is both associative and commutative. The integer
0 is the identity element of the group. The rational number —a/b (b is a nonzero
integer) is the additive inverse of the rational number a/b and vice versa. The
set of all rational numbers, excluding zero, forms a commutative group under real
multiplication -. The integer 1 is the identity element with respect to real multi-
plication, and the rational number b/a (both a and b are nonzero integers) is the
inverse of the rational number a/b.

The two groups given above have infinite numbers of elements. However, groups
with a finite number of elements do exist, as will be seen later in this section.

Definition 2.4. A group G is called finite (or infinite) if it contains a finite (or
an infinite) number of elements. The number of elements in a finite group is called
the order of the group.

It is clear that the order of a finite group G is simply its cardinality |G|. Thereis a
convenient way of presenting a finite group G with operation *. A table displaying
the group operation * is constructed by labeling the rows and the columns of the
table by the group elements. The element appearing in the row labeled by a and the
column labeled by b is then taken to be a * b. Such a table is called a Cayley table.

Example 2.1. This example gives a simple group with two elements. We start with the
set of two integers, G = {0, 1}. Define a binary operation, denoted by &, on G as shown
by the Cayley table below:

— o|6h
= OO
O |

From the table, we readily see that
0e0=0, 0l=1 16¢0=1 161=0.

It is clear that the set G = {0,1} is closed under the operation @ and @ is commutative.
To prove that @ is associative, we simply determine (a @ b) @ ¢ and a @ (b ® c¢) for eight
possible combinations of a, b, and ¢ with a, b, and ¢ in G = {0, 1}, and show that

(a®b)Bc=ad (bdc),

for each combination of a, b, and c. This kind of proof is known as perfect induction.
From the table, we see that 0 is the identity element, the inverse of 0 is itself, and the
inverse of 1 is also itself. Thus, G = {0, 1} with operation & is a commutative group of
order 2. The binary operation @ defined on the set G = {0,1} by the above Cayley table
is called modulo-2 addition.
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Finite Groups

Finite groups are of practical importance in many areas, especially in the area of
coding theory. In the following, we will present two classes of finite groups, one
with a binary operation very similar to real addition and the other with a binary
operation very similar to real multiplication.

Let m be a positive integer. Consider the set of integers G = {0,1, ...,m — 1}.
Let 4+ denote real addition. Define a binary operation, denoted by H. For any two
integers ¢ and j in G,

iBj=r (2.3)

where r is the remainder resulting from dividing the sum ¢ + j by m. By Euclid’s
division algorithm, r is a non-negative integer between 0 and m — 1, and is there-
fore an element in G. Thus, G is closed under the binary operation H, which is
called modulo-m addition.

The set G = {0,1, ...,m — 1} with modulo-m addition forms a commutative
group. To prove this, we need to show that G satisfies all the three axioms given
in Definition 2.3. For any integer i in G, since 0 < i < m, it follows from the
definition of H that 0 H 7 = 7 and ¢ BH 0 = 4. Hence 0 is the identity element. For any
nonzero integer i in G, m —iisalsoin G. Since ¢ + (m — i) = mand (m — i) +1i =
m, it follows from the definition of B that i 8 (m —i) =0 and (m —4) Hi = 0.
Therefore, m — i is the inverse of ¢ with respect to H, and vice versa. Note that the
inverse of 0 is itself. So every element in G has an inverse with respect to H. For any
two integers ¢ and j in G, since real addition + is commutative, ¢ + j = 5 +¢. On
dividing ¢ 4+ j and j + ¢ by m, both give the same remainder r with r in G. Hence
1H j = j Hiand B is commutative. Next, we prove that H is also associative. The
proof is based on the fact that real addition is associative. For ¢, j, and k in G,

i+j+k=0+7)+k=i+(G+k).
On dividing the sum ¢ + j + k& by m, we obtain
it+3+k=q -m+r,

where ¢ and r are the quotient and remainder, respectively, and 0 < r < m. On
dividing ¢ 4+ j by m, we have

t+7=q1-m+r, (2.4)

where 0 < r; < m. It follows from the definition of H that ¢ H j = ;. Dividing
r1 + k by m results in

r1+k=q-m+ry, (2.5)
where 0 < ro < m. Hence, r{ Hk = ry and

(iBj)BE=r.
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Table 2.1. The additive group with modulo-7 addition

B 01 2 3 4 5 6
0 01 2 3 4 5 6
1 1 2 3 4 5 6 0
2 2 3 4 5 6 01
33 4 5 6 0 1 2
4 4 5 6 0 1 2 3
5 5 6 01 2 3 4
6 6 01 2 3 4 5

On combining (2.4) and (2.5), we have i+j+k=(q1 + ¢2) - m + r2. This implies
that ro is also the remainder when we divide i 4+ j + k£ by m. Since the remain-
der is unique when we divide an integer by another integer, we must have ro = r.
Consequently, we have

Bj)BE=r.
Similarly, we can prove that
iB(GBHE) =T

Therefore, (i B j) B k =i B (j B k) and the binary operation B is associative. This
concludes our proof that the set G ={0,1,...,m — 1} with modulo-m addition
B forms a commutative group of order m. For m =2, G = {0, 1} with modulo-
2 addition gives the binary group constructed in Example 2.1. The above con-
struction gives an infinite class of finite groups under modulo-m addition with
m = 2,3,4,.... The groups in this class are called additive groups.

Example 2.2. Let m = 7. Table 2.1 displays the additive group G ={0,1,2,3,4,5,6}
under modulo-7 addition.

Next we present a class of finite groups under a binary operation similar to real
multiplication. Let p be a prime. Consider the set of p — 1 positive integers less
than p, G = {1,2,...,p — 1}. Let ““.” denote real multiplication. Every integer i
in G is relatively prime to p. Define a binary operation, denoted by [, on G as
follows. For any two integers, ¢ and j, in G,

iHj=mr, (2.6)

where r is the remainder resulting from dividing 7-j by p. Since ¢ and j are
both relatively prime to p, ¢ -j is also relatively prime to p. Hence, 7 - j is not
divisible by p and r cannot be zero. As a result, 1 <r < p and r is an element
in G. Therefore, the set G ={1,2,...,p— 1} is closed under the operation [,
which is called modulo-p multiplication. G with modulo-p multiplication forms a
commutative group of order p — 1. It is easy to prove that modulo-p multiplication
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Table 2.2. The multiplicative group with modulo-7 multiplication

b1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 4 6 1 3 5
3 3 6 2 5 1 4
4 4 1 5 2 6 3
5 5 3 1 6 4 2
6 6 5 4 3 2 1

[ is both associative and commutative, and that 1 is the identity element of G.
The only thing left to be proved is that every element in G has an inverse with
respect to [J. Let ¢ be an integer in G. Since ¢ and p are relatively prime, there
exist two integers a and b such that

a-i+b-p=1, (2.7)
and a and p are relatively prime (Euclid’s theorem). Rearrange (2.7) as follows:
a-i=-b-p+1 (2.8)

This says that, when we divide a - ¢ (or ¢ - a) by p, the remainder is 1. If 0 < a < p,
a is an integer in G. Then, it follows from the definition of [ and (2.8) that

alli=iHa=1.

Therefore, a is the inverse of ¢ with respect to operation [, and vice versa. If a is
not an integer in G, we divide a by p, which gives

a=q-p+r. (2.9)

Since a and p are relatively prime, » must be an integer between 1 and p — 1 and
hence is an element in G. On combining (2.8) and (2.9), we obtain

r-i=—(b+qg-i)-p+1. (2.10)

Since r - i =i - r, it follows from the definition of modulo-p multiplication [-] and
(2.10) that r ¢ =4¢Er =1 and r is the inverse of ¢ with respect to [J. Hence,
every element ¢ in G has an inverse with respect to modulo-p multiplication [1.
This completes the proof that the set G = {1,2, ...,p — 1} under modulo-p multi-
plication [ is a commutative group. The above construction gives a class of finite
groups under modulo-p multiplication. The groups in this class are called multi-
plicative groups. Note that if p is not a prime, the set G = {1,2, ...,p — 1} does not
form a group under modulo-p multiplication (proof of this is left as an exercise).

Example 2.3. Let p = 7, which is a prime. Table 2.2 gives the multiplicative group G =
{1,2,3,4,5,6} under modulo-7 multiplication.
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Table 2.3. The additive group under modulo-8 addition

H 0 1 2 3 4 5 6 7
0 01 2 3 4 5 6 7
1 1.2 3 4 5 6 7 0
2 2 3 4 5 6 7 01
33 4 5 6 7 0 1 2
4 4 5 6 7 0 1 2 3
5 5 6 7 0 1 2 3 4
6 6 7 0 1 2 3 4 5
T 7T 01 2 3 4 5 6

Consider the multiplicative group G ={1,2,...,p — 1} under the modulo-p
multiplication. Let a be an element in G. We define powers of a as follows:

at=a, d*>=ala, d=alala, ..., d=a0al ---Oa,...
S S ———

i factors

Clearly, these powers of a are elements of G.

Definition 2.5. A multiplicative group G is said to be cyclic if there exists an
element a in G such that, for any b in G, there is some integer ¢ with b = a*. Such
an element a is called a generator of the cyclic group and we write G = (a).

A cyclic group may have more than one generator. This is illustrated by the
next example.

Example 2.4. Consider the multiplicative group G = {1, 2, 3,4, 5,6} under modulo-7 mul-
tiplication given in Example 2.2. Taking the powers of 3 and using Table 2.3, we obtain

31=3, 32=303=2, 33=3203=203=6, 3*=3303=603=4,
3> =303=403=5, 36=3"E03=503=1.

We see that the above six powers of 3 give all the six elements of G. Hence, G is a cyclic
group and 3 is a generator of G. The element of 5 is also a generator of G as shown below,

51=5, 505=4, 53=5205=405=6, 5*=5305=605=2,
5 =5E05=205=3, 5°=505=305=1.

It can be proved that, for every prime p, the multiplicative group G =
{1,2, ...,p — 1} under modulo-p multiplication is cyclic.

Subgroups and Cosets

A group G contains certain subsets that form groups in their own right under the
operation of G. Such subsets are called subgroups of G.
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Table 2.4. A subgroup of the additive group under modulo-8 addition

oo | H
DN O | O
OO NN
N OO |
o oo | o

Definition 2.6. An non-empty subset H of a group G with an operation * is
called a subgroup of G if H is itself a group with respect to the operation * of G,
that is, H satisfies all the axioms of a group under the same operation * of G.

To determine whether a subset H of a group G with an operation * is a subgroup,
we need not verify all the axioms. The following axioms are sufficient.

(S1) For any two elements a and b in H, a % b is also an element of H.
(S2) For any element @ in H, its inverse is also in H.

The axiom (S1) implies that H is closed under the operation , i.e., * is a binary
operation on H. Axioms (S1) and (S2) together imply that H contains the identity
element e of G. H satisfies the associative law by virtue of the fact that every
element of H is also in G and * is an operation on H. Hence, H is a group and
a subgroup of G. The subset {e} that contains the identity element e of G alone
forms a subgroup of G. G may be considered as a subgroup of itself. These two
subgroups are trivial subgroups of G.

The set of all integers forms a subgroup of the group of all rational numbers
under real addition +.

Example 2.5. Table 2.3 gives an additive group G = {0, 1,2,3,4,5,6, 7} under modulo-8
addition. The subset H = {0,2,4,6} forms a subgroup of G under modulo-8 addition.
Table 2.4 shows the group structure of H.

Suppose that m is not a prime. Let & be a factor of m and m = ck. Let G =
{0,1, ...,m — 1} be the additive group under modulo-m addition. Then the subset
H =1{0,¢,2c, ...,(k—1)c} of G ={0,1, ...,m — 1} forms a subgroup of G under
modulo-m addition. It can be easily checked that, for 1 <i < k, (k —i)c is the
additive inverse of ic, and vice versa.

Example 2.6. Consider the multiplicative group G = {1, 2, 3,4, 5, 6} under modulo-7 mul-
tiplication given by Table 2.2 (Example 2.3). Table 2.5 shows that the subset H = {1,2,4}
of G forms a subgroup of G under modulo-7 multiplication.
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Table 2.5. A subgroup of the multiplicative group G=1{1,2,3,4,5,6} under modulo-7 multiplication

L1 2 4
1 1 2 4
2 2 4 1
4 4 1 2

Definition 2.7. Let H be a subgroup of a group G with binary operation *. Let
a be an element of G. Define two subsets of elements of G as follows: a x H =
{a*h:h€ H} and H*a ={h*a:h € H}. These two subsets, a *x H and H * a,
are called left and right cosets of H.

It is clear that, if a = e is the identity element of G, then ex H = H xe = H,
and so H is also considered as a coset of itself. If G is a commutative group, then
the left coset a * H and the right coset H * a are identical, i.e., a x H = H * a for
any a € G. In this text, we deal only with commutative groups. In this case, we
do not differentiate between left and right cosets, and we simply call them cosets.

Example 2.7. Consider the additive group G = {0, 1,2, 3,4,5, 6, 7} under modulo-8 addi-
tion given in Example 2.5. We have shown that H = {0,2,4,6} is a subgroup of G under
modulo-8 addition. The coset 3 H H consists of the following elements:

3HH ={3H0,3H2,3H4,3H6}
= {37 5’ 73 1}'
We see that H and the coset 3H H are disjoint, and that they together form the group
G =10,1,2,3,4,5,6,7}.

Next we consider the multiplicative group G = {1,2,3,4,5,6} under modulo-7 mul-
tiplication given in Example 2.3 (see Table 2.2). We have shown in Example 2.6 that
H ={1,2,4} forms a subgroup of G under modulo-7 multiplication. The coset 3 H
consists of the following elements:

30H={311,302,314}
= {3,6,5}.
We see that H and 30 H are disjoint, and that they together form the group G =
{1,2,3,4,5,6}.

The cosets of a subgroup H of a group G have the following structural properties.

1. No two elements of a coset of H are identical.
2. No two elements from two different cosets of H are identical.
3. Every element of G appears in one and only one coset of H.



38

2.3

2.3.1

Finite Fields, Vector Spaces, Finite Geometries, and Graphs

4. All distinct cosets of H are disjoint.
5. The union of all the distinct cosets of H forms the group G.

The proofs of the above structural properties are not given here, but are left as
an exercise. All the distinct cosets of a subgroup H of a group G are said to form
a partition of G, denoted by G/H. It follows from the above structural properties
of cosets of a subgroup H of a group G that we have Theorem 2.3.

Theorem 2.3 (Lagrange’s theorem). Let G be a group of order n, and let H
be a subgroup of order m. Then m divides n, and the partition G/H consists of
n/m cosets of H.

Fields

In this section, we introduce an algebraic system with two binary operations, called
a field. Fields with finite numbers of elements, called finite fields, play an impor-
tant role in developing algebraic coding theory and constructing error-correction
codes that can be efficiently encoded and decoded. Well-known and widely used
error-correction codes in communication and storage systems based on finite
fields are BCH (Bose-Chaudhuri-Hocquenghem) codes and RS (Reed—Solomon)
codes, which were introduced at the very beginning of the 1960s. Most recently,
finite fields have successfully been used for constructing low-density parity-check
(LDPC) codes that perform close to the Shannon limit with iterative decoding.
In this section, we first introduce the basic concepts and fundamental properties
of a field, and then give the construction of a class of finite fields that serve as
ground fields from which extension fields are constructed in a later section. Some
important properties of finite fields are also presented in this section.

Definitions and Basic Concepts

Definition 2.8. Let F' be a set of elements on which two binary operations,
called addition “+”° and multiplication ‘-, are defined. F' is a field under these
two operations, addition and multiplication, if the following conditions (or axioms)
are satisfied.

1. F'is a commutative group under addition +. The identity element with respect
to addition + is called the zero element (or additive identity) of F and is denoted
by 0.

2. The set F'\{0} of nonzero elements of F' forms a commutative group under
multiplication -. The identity element with respect to multiplication - is called
the unit element (or multiplicative identity) of F and is denoted by 1.

3. For any three elements a, b, and ¢ in F,

a-(b+c)=a-b+a-c. (2.11)
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The equality of (2.11) is called the distributive law, i.e., multiplication is dis-
tributive over addition.

From the definition, we see that a field consists of two groups with respect to
two operations, addition and multiplication. The group with respect to addition is
called the additive group of the field, and the group with respect to multiplication
is called the multiplicative group of the field. Since each group must contain an
identity element, a field must contain at least two elements. Later, we will show
that a field with two elements does exist. In a field, the additive inverse of an
element a is denoted by ‘“—a,”’” and the multiplicative inverse of a is denoted by
“a~1” provided that a # 0. From the additive and multiplicative inverses of ele-
ments of a field, two other operations, namely subtraction ‘="’ and division “+,”
can be defined. Subtracting a field element b from a field element a is defined as
adding the additive inverse, —b, of b to a, i.e.,

a—b=a+ (-b).

It is clear that a —a = 0. Dividing a field element a by a nonzero element b is
defined as multiplying a by the multiplicative inverse, b=, of b, i.e.,

arb2a- (b7h).

It is clear that a <+ a = 1 provided that a # 0.
A field is simply an algebraic system in which we can perform addition, sub-
traction, multiplication, and division without leaving the field.

Definition 2.9. The number of elements in a field is called the order of the field.
A field with finite order is called a finite field.

Rational numbers under real addition and multiplication form a field with an
infinite number of elements. All of the rational numbers under real addition form
the additive group of the field, and all the nonzero rational numbers under real
multiplication form the multiplicative group of the field. It is known that multi-
plication is distributive over addition in the system of rational numbers. Another
commonly known field is the field of all real numbers under real addition and
multiplication. An extension of the real-number field is the field of complex num-
bers under complex-number addition and multiplication. The complex-number
field is constructed from the real-number field and a root, denoted by v/—1, of the
irreducible polynomial X2 + 1 over the real-number field.

Definition 2.10. Let F be a field. A subset K of F' that is itself a field under the
operations of F' is called a subfield of F. In this context, F' is called an extension
field of K. If K # F, we say that K is a proper subfield of F. A field containing
no proper subfields is called a prime field.

The rational-number field is a proper subfield of the real-number field, and
the real-number field is a proper subfield of the complex-number field. The
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rational-number field is a prime field. The real- and complex-number fields are
extension fields of the rational-number field.

Since the unit element 1 is an element of a field F', it follows from the closure
property of the addition operation of F' that the sums

1, 141, 14+1+1, .., 141441,
—_—
sum of k£ unit elements

are elements of I

Definition 2.11. Let F' be a field and 1 be its unit element (or multiplicative
identity). The characteristic of F' is defined as the smallest positive integer A such
that

>

dl=1414---+1=0,
=1

where the summation represents repeated applications of addition + of the field.
If no such X\ exists, F' is said to have zero characteristic, i.e., A =0, and F' is an
infinite field.

The rational-, real-, and complex-number fields all have zero characteristics.
In the following, we state some fundamental properties of a field F without
proofs (left as exercises).

1. For every element a in F, a-0=0-a =0.

2. For any two nonzero elements a and b in F', a - b # 0.

3. For two elements a and b in F', a - b = 0 implies that either a = 0 or b = 0.
4. For any two elements a and b in F,

—(a-b)=(—a)-b=a-(-b).

5. For a # 0, a - b = a - ¢ implies that b = ¢ (called the cancelation law).
Theorem 2.4. The characteristic A of a finite field is a prime.

Proof. Suppose that A is not a prime. Then, A can be factored as a product of two
smaller positive integers, say k and [, with 1 < k,1 < A. Then A = kl. It follows
from the distributive law that

()

It follows from property 3 given above that either Zle 1=0or Zi’:l 1 = 0. Since
1 < k,l <), either Zle 1=0 or 22:1 1 =0 contradicts the definition that A

is the smallest positive integer such that Z;‘Zl 1 = 0. Therefore, A must be a
prime. O
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Finite Fields

The rational-, real- and complex-number fields are infinite fields. In error-control
coding, both theory and practice, we mainly use finite fields. In the following,
we first present a class of finite fields that are constructed from prime numbers
and then introduce some fundamental properties of a finite field. Finite fields are
commonly called Galois fields, in honor of their discoverer, Evariste Galois.

Let p be a prime number. In Section 2.2.2, we have shown that the set of inte-
gers, {0,1, ...,p — 1}, forms a commutative group under modulo-p addition H.
We have also shown that the set of nonzero elements, {1,2, ...,p — 1}, forms a
commutative group under modulo-p multiplication [J. Following the definitions
of modulo-p addition and multiplication and the fact that real-number multipli-
cation is distributive over real number addition, we can readily show that the
modulo-p multiplication is distributive over modulo-p addition. Therefore, the set
of integers, {0, 1, ...,p — 1}, forms a finite field GF(p) of order p under modulo-p
addition and multiplication, where 0 and 1 are the zero and unit elements of the
field, respectively. The following sums of the unit element 1 give all the elements
of the field:

3 p

2 p—1
L, Y 1=2 Y 1=18181=3 .., » l=p-1, » 1=0.
i=1 =1 i=1

i=1

Since p is the smallest positive integer such that Zle 1 = 0, the characteristic of
the field is p. The field contains no proper subfield and hence is a prime field.

Example 2.8. Consider the special case for which p = 2. For this case, the set {0, 1} under
modulo-2 addition and multiplication as given by Tables 2.6 and 2.7 forms a field of two
elements, denoted by GF(2).

Note that {1} forms the multiplicative group of GF(2), a group with only one element.
The two elements of GF(2) are simply the additive and multiplicative identities of the two
groups of GF(2). The additive inverses of 0 and 1 are themselves. This implies that 1 —
1 =1+ 1. Hence, over GF(2), subtraction and addition are the same. The multiplicative
inverse of 1 is itself. GF(2) is commonly called a binary field, the simplest finite field.
GF(2) plays an important role in coding theory and is most commonly used as the
alphabet of code symbols for error-correction codes.

Example 2.9. Let p = 5. The set {0,1,2,3,4} of integers under modulo-5 addition and
multiplication given by Tables 2.8 and 2.9 form a field GF(5) of five elements.

The addition table is also used for subtraction, denoted H. For example, suppose that
4 is subtracted from 2. First we use the addition table to find the additive inverse of 4,
which is 1. Then we add 1 to 2 with modulo-5 addition. This gives the element 3. The
entire subtraction process is expressed as follows:

284 =28 (-4)=281=3.
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Table 2.6. Modulo-2 addition

— o | O
[u—

H
0
1

O =

Table 2.7. Modulo-2 multiplication

o O )
= O

B
0
1

Table 2.8. Modulo-5 addition

BH 0 1 2 3 4
0 01 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 01 2 3

Table 2.9. Modulo-5 multiplication

S win — o | |
coococo|o
B W N = O | =
W= NN O |
N =W O | W
N Wk O

For division, denoted by -+, we use the multiplication table. Suppose that we divide 3 by
2. From the multiplication table, we find the multiplicative inverse of 2, which is 3. We
then multipy 3 by 3 with modulo-5 multiplication. The result is 4. The entire division
process is expressed as follows:

3+2=3002"Y)=303=4.

Let p = 7. With the modulo-7 addition and multiplication given by Tables 2.1 and 2.2,
the set {0,1,2,3,4,5,6} of integers forms a field, GF(7), of seven elements.

We have shown that, for every prime number p, there exists a prime field GF(p).
For any positive integer m, it is possible to construct a Galois field GF(p"™) with
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p"™ elements based on the prime field GF(p) and a root of a special irreducible
polynomial with coefficients from GF(p). This will be shown in a later section.
The Galois field GF(p") contains GF(p) as a subfield and is an extension field of
GF(p). A very important feature of a finite field is that its order must be a power
of a prime. That is to say that the order of any finite field is a power of a prime.

In algebraic coding theory, Galois fields are used for code construction as well
as decoding, such as BCH and RS codes and their decodings. In later chapters of
this book (Chapters 10 to 14), we will use Galois fields to construct structured
LDPC codes.

Hereafter, we use GF(q) to mean a Galois (or finite) field with ¢ elements, where
q is a power of a prime. Before we consider construction of extension fields of prime
fields, we continue to develop some important properties of a finite field that will
be used in the later chapters for code construction.

Let a be a nonzero element of GF(q). The powers

at=a, a*=a-a, a>=a-a-a,

are also elements of GF(q). Since GF(q) has only a finite number of elements, the
above powers of a cannot be all distinct. Hence, at some point of the sequence
of powers of a, there must be a repetition, say a™ = a¥, with m > k. We express

a™ = aF as a® - ™% = a¥ - 1. Using the cancelation law, we obtain the equality

a™t=1.
This implies that, for any nonzero element a in GF(q), there exists at least one
positive integer n such that a™ = 1. This gives us the following definition.

Definition 2.12. Let a be a nonzero element of a finite field GF(q). The smallest
positive integer n such that a™ =1 is called the order of the nonzero field element a.

Theorem 2.5. Let a be a nonzero element of order n in a finite field GF(g). Then
the powers of a,
a=1, a, a%, ..., a7,

form a cyclic subgroup of the multiplicative group of GF(q).

Proof. Let G={a"=1,a, ...,a™ '}. Since n is the smallest positive integer such
that a™ =1, all the elements in GG are distinct nonzero elements in the multiplicative
group of GF(g), denoted by GF(¢q)\{0}. Hence G is a subset of GF(¢)\{0}. For
1<i,j<n, consider a’ - a’. If i + j<n, a’ - a’ =a'17, which is an element in G. If
i+ j>n, then i + j=n + k with 1 <k<mn. In this case, a’ - o/ = a*, which is an
element in G. Therefore, G is closed under the multiplication operation of the field.
G contains the identify element 1 of the multiplicative group GF( )\{0} of GF(q).

For 1<i<n, a" ¢ is the multiplicative inverse of the element a’. The multiplicative
inverse of the identity element 1 is itself. So every element in G has a multiplicative
inverse. Therefore, G is a subgroup of GF(q). It follows from Definition 2.5 that
G is a cyclic subgroup of GF(¢)\{0} and a is a generator of G. O
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Theorem 2.6. Let a be a nonzero element of a finite field GF(g). Then a9~ ! = 1.

Proof. Let by, b, ...,bs—1 be the ¢ — 1 nonzero elements of GF(¢). Consider the

g — 1 elements, a - by,a - ba, ...,a - by_1, which are nonzero. These ¢ — 1 elements
must be distinct, otherwise, for some ¢ # j,a - b; = a - b;, which implies that b; = b;
(use the cancelation law). Therefore, a - by, a- by, ...,a - by—1 also form the ¢ — 1
nonzero elements of GF(q). Hence,

(@-b1)-(a-by)--(a-by1)="by by by_1.

Since the multiplication operation in GF(q) is associative and commutative, the
above equality can be put in the following form:

aqfl(bl by bg1) =by by bg-1-

Since the product of nonzero elements is nonzero, it follows from the cancelation
law that a?~! = 1. This proves the theorem. O

Theorem 2.7. Let n be the order of a nonzero element a in GF(q). Then n divides
q— 1.

Proof. Suppose ¢ — 1 is not divisible by n. On dividing ¢ — 1 by n, we have g —
1 =kn+r, where 1 <r <n. Then a9 ! = a*"*t" = ¢*" . a". Since a?! =1 and
a”™ =1, we must have a” = 1. This contradicts the fact that n is the smallest
positive integer such that a™ = 1. Therefore, n must divide g — 1. O

Definition 2.13. A nonzero element a of a finite field GF(q) is called a primitive
element if its order is ¢ — 1. That is, a9~ ! =1, a,a?, ...,a?"? form all the nonzero
elements of GF(q).

Every finite field has at least one primitive element (see Problem 2.10). Con-
sider the prime field GF(5) under modulo-5 addition and multiplication given in
Example 2.9. If we take powers of 2 in GF(5) using the multiplication given by
Table 2.9, we obtain all the nonzero elements of GF(5),

2l =2 22=2032=4, 22=22E2=40102=3,

20 =2302=302=1

Hence 2 is a primitive element of GF(5). The integer 3 is also a primitive element
of GF(5) as shown below,

31=3, 32=303=4, 3¥=3203=403=2,

31 =3"03=203=1
However, the integer 4 is not a primitive element and its order is 2,

Ah=4, 4*=404=1
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Vector Spaces

In this section, we present another algebraic system, called a vector space. A special
type of vector space plays an important role in error-control coding. The main
ingredients of a vector space are a field F', a group V that is commutative under
an addition, and a multiplication operation that combines the elements of F' and
the elements of V. Therefore, a vector space may be considered as a super-algebraic
system with a total of four binary operations: addition and multiplications on F,
addition on V, and the multiplication operation that combines the elements of F’
and the elements of V.

Basic Definitions and Properties

Definition 2.14. Let F' be a field. Let V be a set of elements on which a binary
operation called addition + is defined. A multiplication operation, denoted by “-,”
is defined between the elements of F' and the elements of V. The set V is called a

vector space over the field F if it satisfies the following axioms.

1. V is a commutative group under addition + defined on V.

2. For any element a in F' and any element v in V', a - v is an element in V.

3. For any elements a and b in F' and any element v in V', the following associative
law is satisfied:

(a-b)-v=a-(b-v).

4. For any element a in F' and any elements u and v in V', the following distributive
law is satisfied:

a-(u+v)=a-u+a-v.

5. For any two elements a and b in F' and any element v in V, the following
distributive law is satisfied:

(a+b)-v=a-v+b-v.

6. Let 1 be the unit element of F'. Then, for any element vin V,1-v = v.

The elements of V' are called vectors and denoted by boldface lower-case letters,
u, v, w, etc. The elements of F' are called scalars and denoted by lower-case
italic letters, a, b, ¢, etc. The addition + on V is called a wvector addition, the
multiplication - that combines a scalar a in F' and a vector v in V into a vector
a-v in V is referred to as scalar multiplication, and the vector a - v is called the
product of @ and v. The additive identity of V is denoted by boldface 0, called the
zero vector of V. Note that we use + for additions on both V and F. It should
be clear that, when we combine two vectors in V', + means the vector addition;
and when we combine two scalars in F', + means the addition defined on F'. We
also use - for both scalar multiplication and multiplication defined on F'. When a
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scalar in F' and a vector in V' are combined, ‘‘-”” means scalar multiplication; and
when two scalars in F' are combined, ‘‘-”” means multiplication on F'.

Some basic properties of a vector space V over a field F' are given by the propo-
sitions below without proofs. The proofs are left as exercises.

Proposition 2.1. Let 0 be the zero element of the field F'. For any vector v in V,
0-v=0.

Proposition 2.2. For any element a in F, a - 0 = 0.

Proposition 2.3. For any element a in F' and any vector v in V, (—a)-v =
a-(—v)=—(a-v), ie., either (—a)-v or a-(—v) is the additive inverse of the
vector a - v.

Let R and C be the real- and complex-number fields, respectively. C', with its
usual operation of addition (but with multiplication ignored) is a vector space
over R if scalar multiplication is defined by the rule ¢ - (a + bi) = (c- a) + (¢ b)i,
where a + bi is any complex number and c is any real number.

A vector space V over a field F' contains certain subsets that form vector spaces
over F' in their own right. Such subsets are called subspaces of V.

Definition 2.15. Let S be a non-empty subset of a vector space V over a field
F. S is called a subspace of V' if it satisfies the axioms for a vector space given by
Definition 2.14.

To determine whether a subset S of a vector space V over a field I’ is a subspace,
it is not necessary to verify all the axioms given by Definition 2.14. The following
axioms are sufficient.

(S1) For any two vectors u and v in S, u + v is also a vector in S.
(S2) For any element a in F' and any vector uin S, a-uis alsoin S.

Axioms (S1) and (S2) simply say that S is closed under vector addition and scalar
multiplication of V. Axiom (S2) ensures that, for any vector u in S, its additive
inverse (—1) - uis also a vector in S. Consequently, the zero vector 0 = u + (—1) -
u is also in S. Therefore, S is a subgroup of V' under vector addition. Since the
vectors of S are also vectors of V, the associative and distributive laws must
hold for S. Furthermore, axiom (6) given by Definition 2.14 is obviously satisfied.
Hence, S is a vector space over F', a subspace of V.

Linear Independence and Dimension

Hereafter, when we take the product a - v of a scalar a and a vector v of a vector
space V over a field F', we drop the scalar multiplication and simply write the
product a - v as av.
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Let vi,vo, ..., vi be k vectors in V. Let a1, a9, ...,ar be k arbitrary elements
of F'. Then aivy,asva, ..., arvy and the sum

a1vy + agve + - - 4+ ap Ve

are vectors in V. The sum is called a linear combination of vi,vo, ..., vg. It is
clear that the sum of two linear combinations of vq, va, ..., Vi, namely

(a1v1 +agvy + -+ agvy) + (b1vi +bavo + - + b vi)
= (a1 +b1)v1 + (a2 + ba)va + - -+ + (ag + by) v,

is also a linear combination of vq,va, ..., vk, where a; + b; is carried out with the
addition of the field F'. It is also clear that the product of an element ¢ in F' and
a linear combination of vi,vo, ..., v,

clarvi +agve + -+ apvy) = (c-a1)vi + (c-ag)ve + - + (¢ - ax) Vi,

is a linear combination of v{, v, ..., vy, where ¢ - a; is carried out with the multi-
plication of the field F'. Let S be the set of all linear combinations of vi, va, ..., vg.
Then S satisfies axioms (S1) and (S2) for a subspace of a vector space. Hence, S
is a subspace of the vector space V over F.

Definition 2.16. A set of vectors vi,ve, ..., vy in a vector space V over a field
F is said to be linearly independent over F' if and only if, for all k£ scalars a; in F',
a1vy +agve+---+apvp =0

implies
ar=ag =---=aqa =0.
Vectors that are not linearly independent are said to be linearly dependent.
It follows from Definition 2.16 that, if v, va, ..., v} are linearly dependent, then
there exist k scalars aq, a9, ...,ar in F', not all zero, such that
a1vy + agvy + -+ - + agvy = 0.

Since there is at least one scalar, say ax, not equal to zero, the above equality can
be written as

v = —a,;l(alvl +agve + -+ ap_1Vi_1)
=cvi+ceve+ -+ Cp-1VE-1,
where ¢; = —a;lai for 1 <i < k and a,;l is the multiplicative inverse of the field
element ay. In this case, we say that vj is linearly dependent on vq,va,..., Vi_1.
Definition 2.17. Let u, vy, ve, ..., Vi be vectors in a vector space V over a field
F'. Then u is said to be linearly dependent on vi,va, ..., vy if it can be expressed
as a linear combination of vi, vo, ..., vy as follows:

u=aivy+agvy+---+arvg,

with aq; in F for 1 < < k.
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Definition 2.18. A set of vectors is said to span a vector space V over a field F if
every vector in the vector space V is equal to a linear combination of the vectors
in the set.

In any vector space (or subspace), there exists at least one set B of linearly
independent vectors that spans the space. This set B is called a basis (or base)
of the vector space. Two different bases of a vector space have the same number
of linearly independent vectors (the proof of this fact is left as an exercise). The
number of linearly independent vectors in a basis of a vector space is called the
dimension of the vector space. In the case that a basis of a vector space has a finite
number, say n, of linearly independent vectors, we write dim(V') = n. If a basis
contains infinitely many linearly independent vectors, then we write dim (V') = oc.
Let V be a vector space with dimension n. For 0 < k <n, a set of k linearly
independent vectors in V spans a k-dimensional subspace of V.

Finite Vector Spaces over Finite Fields

In this subsection, we present a very useful vector space over a finite field GF(q),
which plays a central role in error-control coding theory. Let n be a positive integer.
Consider an ordered sequence of n components,

vV = (UOa U1, - - U?’L*l)a

where each component v;, 0 < i < n, is an element of the finite field GF(q). This
ordered sequence is called an n-tuple over GF(q). Since each component v; can be
any of the ¢ elements in GF(q), there are ¢" distinct n-tuples over GF(q). Let V,,
denote this set of g™ distinct n-tuples. We define addition + of two n-tuples over

GF(g), u= (uo,u1, ..., up-1) and v = (vo,v1, ..., vn-1), as follows:
u+v= (u07u17 .- wunfl) + (UO,Ul, .. wvnfl)
= (U0+U0,U1—|—U1, "'7un—1+vn—l)a (212)

where u; + v; is carried out with the addition of GF(¢) and is hence an element
of GF(q). Therefore, addition of two n-tuples over GF(q) is also an n-tuple over
GF(q). Hence, V,, is closed under the addition + defined by (2.12). We can readily
verify that V,, under the addition + defined by (2.12) is a commutative group.
Since the addition operation on GF(q) is associative and commutative, we can
easily check that the addition defined by (2.12) is also associative and commuta-
tive. Let 0 be the zero element of GF(q). The all-zero n-tuple, 0 = (0,0, ...,0) is
the additive identity of V,,, since

(0,0, ...,0) + (vo,v1,y -« oy Up—1) = (0 4+ 09,0+ v1, ..., 04+ vy_1)
= (V0, V1, -y Up_1),
and
(vo, V1, « -y Un—1) + (0,0, ...,0) = (vo+0,v1 + 0, ..., v,-1 +0)

= (1)0, Vly v vy Un,1>.



2.4 Vector Spaces 49

Consider an n-tuple, v = (vg,v1, ...,Up—1) in V,. For 0 <i<n, let —v; be
the additive inverse of the field element v; of GF(g). Then, the n-tuple
—v = (—vg, —V1, ...,—Up_1) in V, is the additive inverse of the n-tuple v =
(vo,v1, « -+ Un_1), since v+ (—v) = (—=v) + v = 0. Hence, every n-tuple in V,, has
an additive inverse with respect to the addition of two n-tuples over GF(q). There-
fore, V,, under the addition defined by (2.12) satisfies all the axioms of a commu-
tative group and is thus a commutative group.

Next, we define scalar multiplication of an n-tuple v = (vg, v1, ...,v,-1) by a
field element c as follows:

c-v=c-(vg,v1, ...,Up-1) = (c-vo,¢- V1, ..., C Vp_1), (2.13)

where ¢ - v;, 0 < i < n, is carried out with the multiplication of GF(g). Since every
component c¢ - v; of the ordered sequence ¢ - v = (¢-vg,c-v1, ...,c-v,_1) given by
(2.13) is an element of GF(q), ¢- v = (¢-vg,c-v1, ..., Uyp_1) is an n-tuple in V,,.
If c=1, then 1-v =v. We can easily verify that the addition of two n-tuples
over GF(¢) and the scalar multiplication of an n-tuple by an element in GF(q)
defined by (2.12) and (2.13), respectively, satisfy the associative and distributive
laws. Therefore, V,, is a vector space over GF(q) with all the n-tuples over GF(q)
as vectors.
Consider the following n n-tuples over GF(q):

ey = (1,0,0, ...,0),

e; = (0,1,0, ...,0), 1)

e, 1 =(0,0,0,...,1),

where the n-tuple e; has a single nonzero component at position ¢, which is the
unit element of GF(q). Every n-tuple v = (vg,v1, ...,v,_1) over GF(q) can be
expressed as a linear combination of egy, eq, ..., e,_1 as follows:

v = (Vg, V1, -+, Un_1)
= vpep +v1€] + -+ Up_1€p_1. (2.15)

Therefore, eg,eq, ...,e,_1 span the vector space V,, of all the ¢" n-tuples over
GF(q). From (2.15), we readily see that the linear combination given by (2.15) is
equal to the 0 vector if and only if vg, vy, ..., v,_1 are all equal to the zero element
of GF(q). Hence, €9, €1, ..., e, are linearly independent and they form a basis of
V. The dimension of V,, is then equal to n. Any basis of V,, consists of n linearly
independent n-tuples over GF(q).

For 0 <k < n,let vi,vo, ..., v be k linearly independent n-tuples in V,,. Then,
the set S of ¢* linear combinations of vi,va, ..., vy of the form

W = C1V] +CoVo + - - + Cp Vi

forms a k-dimensional subspace of V,,.
The most commonly used vector space in error-control coding theory is the
vector space V,, of all the 2" tuples over the binary field GF(2). In this case,
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the n-tuples over GF(2) are commonly called binary n-tuples. Adding two binary
n-tuples requires adding their corresponding binary components using modulo-2
addition. In GF(2), the unit element 1 is its own inverse, i.e., 1 + 1 = 0. Therefore,
the additive inverse of a binary n-tuple v = (v, v1, ..., v,_1) is simply itself, since

v+v=(vg+vg,v1 + V1, .. Vp-1+Un-1) = (0,0,...,0).

Example 2.10. Let n = 4. The vector space Vj of all the 4-tuples over GF(2) consists of
the following 16 binary 4-tuples:

(0000), (0001), (0010), (0011), (0100), (0101), (0110), (0111),
(1000), (1001), (1010), (1011), (1100), (1101), (1110), (1111).

The vector sum of (0101) and (1011) is
(0111) + (1011) = (0+ 1,1+ 0,1+ 1,1 + 1) = (1100).

The four vectors (1000), (1100), (1110), and (1111) are linearly independent and they
form a basis of V4. The four vectors (0001), (0010), (0111), and (1110) are also linearly
independent and they form another basis of V. The linear combinations of (1000), (1110),
and (1111) give a three-dimensional subspace of V; with the following eight vectors.

(0000), (1000), (1110), (1111),
(0110), (0111), (0001), (1001).

Inner Products and Dual Spaces

Let u = (ug, u1, ..., up—1) and v = (vg, v1, ..., Up_1) be two n-tuples over GF(q).
We define the inner product of u and v as the following sum:

u-v=ug- v +up- v+ -+ Up1°Vn1,

where the the multiplications and additions in the sum are carried out with multi-
plication and addition of GF(g). So the inner product of two n-tuples over GF(q) is
an element of GF(q), i.e., a scalar. If u - v = 0, we say that u and v are orthogonal
to each other. Often, the notation (u, v) is also used to denote the inner product
of u and v. The inner product has the following properties.

1. u-v =v-u (commutative law).

2.u-(v+w)=u-v+u-w (distributive law).

3. For any element ¢ in GF(q), (cu) - v = ¢(u - v) (associative law).
4.0-u=0.
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Example 2.11. Consider the two 4-tuples, (1011) and (1101), given in Example 2.10. The
inner product of these two binary 4-tuples is

(1011) - (1101) =1-140-1+1-0+1-1=1+0+0+1=0.

Since their inner product is 0, they are orthogonal to each other.

For 0 < k < n, let S be a k-dimensional subspace of the vector space V,, of all
the n-tuples over GF(q). Let Sy be the set of n-tuples in V,, such that, for any u
in S and v in Sy,

u-v=0_0,
i.e.,
Sa={veV,u-v=0ue S} (2.16)

Since 0 -u = 0 for any u € S, S; contains at least the all-zero n-tuple of V,, and
hence is non-empty. Let v and w be any two tuples in S; and u be any n-tuple in
S. It follow from the distributive law of the inner product that

u-(v+w)=u-v+u-w=0+0=0.

Hence, u + w is also in Sy. It follows from the associative law of the inner product
that, for any scalar a in GF(q), any n-tuple v in Sy, and any n-tuple u in S,

(a-v)-u=a-(u-v)=a-0=0.

Thus a - v is also an n-tuple in Sy. Hence, Sy satisfies the two axioms for a subspace
of a vector space over a finite field. Consequently, Sy is a subspace of the vector
space V,, of all the n-tuples over GF(q). Sy is called the dual (or null) space of
S and vice versa. The dimension of S, is given by the following theorem, whose
proof is omitted here.

Theorem 2.8. For 0 < k <mn, let S be a k-dimensional subspace of the vector
space V,, of all n-tuples over GF(q). The dimension of its dual space Sy is n — k.
In other words, dim(.S) + dim(Sg) = n.

Polynomials over Finite Fields

In elementary algebra, one regards a polynomial as an expression of the fol-
lowing form: f(X) = fo+ fiX +--- 4+ foX™. The f;s are called coefficients and
are usually real or compler numbers, and X is viewed as a wvariable such that,
on substituting an arbitrary number ¢ for X, a well-defined number f(c) =
fo+ fic+ -+ fnc” is obtained. The arithmetic of polynomials is governed by
familiar rules, such as addition, subtraction, multiplication, and division.
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In this section, we consider polynomials with coefficients from a finite field
GF(q), which are used in error-control coding theory. A polynomial with one
variable (or indeterminate) X over GF(q) is an expression of the following form:

a(X)=ar+ X+ - +a, X",

where n is a non-negative integer and the coefficients a;, 0 < i < n, are elements
of GF(q). The degree of a polynomial is defined as the largest power of X with a
nonzero coefficient. For the polynomial a(X) above, if a,, # 0, its degree is n; if
a, = 0, its degree is less than n. The degree of a polynomial a(X) = a¢ with only
the constant term is zero. We use the notation deg(a(X)) to denote the degree
of polynomial a(X). A polynomial is called monic if the coefficient of the highest
power of X is 1 (the unit element of GF(g)). The polynomial whose coefficients
are all equal to zero is called the zero polynomial and denoted by 0. We adopt the
convention that a term a; X* with a; = 0 need not be written down. The above
polynomial a(X) can also be written in the following equivalent form:

a(X) =ag+aX 4+ +an X" +0X" 4. 40X

where k is any non-negative integer. With this equivalent form, when comparing
two polynomials over GF(q), we can assume that they both involve the same
powers of X.

Two polynomials over GF(q) can be added and multiplied in the usual way. Let

a(X)=a+a X+ - +a, X", (X)=bo+b X+ - +b, X"

be two polynomials over GF(q) with degrees n and m, respectively. Without loss
of generality, we assume that m < n. To add a(X) and b(X), we simply add the
coefficients of the same power of X in a(X) and b(X) as follows:

a(X) +b(X) = (ag +bo) + (a1 +b1) X + -+ + (am + b)) X™
+ (ams1 +0) X" 4 (an + 0)XT, (2.17)

where a; + b; is carried out with the addition of GF(g). Multiplication (or the
product) of a(X) and b(X) is defined as follows:

a(X) - b(X)=co+c1 X+ +cppm X" (2.18)
where, for 0 < k < n +m,
ch = > a; - bj. (2.19)

i+j=h
0<i<n0<j<m

It is clear from (2.18) and (2.19) that, if b(X) = 0 (the zero polynomial), then
a(X)-0=0. (2.20)

On the basis of the definitions of addition and multiplication of two polynomi-
als and the facts that addition and multiplication of the field GF(q) satisfy the
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associative, commutative, and distributive laws, we can readily verify that the
polynomials over GF(q) satisfy the following conditions.

1. Associative laws. For any three polynomials a(X), b(X), and ¢(X) over GF(q),
a(X) + [b(X) + ¢(X)] = [a(X) + b(X)] + ¢(X),
a(X) - [b(X) - e(X)] = [a(X) - b(X)] - ¢(X).
2. Commutative laws. For any two polynomials a(X) and b(X) over GF(q),
a(X) +b(X) =b(X) + a(X),
a(X)-b(X) =b(X) - a(X).
3. Distributive law. For any three polynomials a(X), b(X), and ¢(X) over GF(g),
a(X) - [b(X) +e(X)] = a(X) - b(X) + a(X) - ¢(X).

In algebra, the set of polynomials over GF(q) under polynomial addition and
multiplication defined above is called a polynomial ring over GF(q).
Subtraction of b(X) from a(X) is carried out as follows:

a(X) — b(X) = ((IO — b()) + ((11 — bl)X 4+ .-+ (am — bm)Xm
Hamer — )X 4 (a, — 0) X", (2.21)

where a; —b; = a;+(—b;) is carried out in GF(g) and —b; is the additive inverse of b;.

Example 2.12. Consider the ring of polynomials over the prime field GF(5) given by
Example 2.9 (see Tables 2.8 and 2.9). Let a(X) =2+ X +3X2 +4X* and b(X) =1 +

3X +2X2% +4X? + X*. On subtracting b(X) from a( ), we obtain
(

a(X) —b(X) = (271) (173)X+3 2)X% 4+ (0—4)X3 + (4—-1)X*
= (24 (1)) + 1+ (=3)X + 3+ (=2)) X% + (0+ (-4))X°
(4+( 1))X4

Using Table 2.8, we find that —1 =4, —3 =2, —2 =3, and —4 = 1. Then
a(X)=b(X)=02+4)+(1+2)X+B+3)X*+(0+1)X* + (4+4) X"

Using Table 2.8 for addition of the coefficients in the above expression, we have the
following polynomial:

a(X) = b(X)=1+3X + X%+ X3 +3X*,

which is a polynomial of degree 4 over GF(5).

Definition 2.19. A set R with two binary operations, called addition 4+ and
multiplication -, is called a ring, if the following axioms are satisfied.

1. R is a commutative group with respect to +.
2. Multiplication ‘-’ is associative, i.e., (a-b)-c=a- (b-c) for all a,b,c € R.
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3. The distributive laws hold: for a,b,c€R, a-(b+c¢)=a-b+a-c and
(b+c)-a=b-a+b-a.

The set of all polynomials over GF(q) defined above satisfies all three axioms
of a ring. Therefore, it is a ring of polynomials. The set of all integers under real
addition and multiplication is a ring. For any positive integer m > 2, the set R =

{0,1, ...,m — 1} under modulo-m addition and multiplication forms a ring (the
proof is left as an exercise). In Section 2.3, it was shown that, if m is a prime, R =
{0,1, ...,m — 1} is a prime field under modulo-m addition and multiplication.

Let a(X) and b(X) be two polynomials over GF(gq). Suppose that b(X) is not
the zero polynomial, i.e., b(X) # 0. When a(X) is divided by b(X), we obtain a
unique pair of polynomials over GF(q), ¢(X) and r(X), such that

a(X) =q(X) - b(X)+r(X), (2.22)

where 0 < deg(r(X)) < deg(b(X)) and the polynomials ¢(X) and r(X) are called
the quotient and remainder, respectively. This is known as Fuclid’s division algo-
rithm. The quotient ¢(z) and remainder (X) can be obtained by ordinary long
division of polynomials. If 7(X) = 0, we say that a(X) is divisible by b(X) (or
b(X) divides a(X)).

Example 2.13. Let a(z) = 3 + 4X + X* + 2X® and b(X) = 1 + 3X? be two polynomials
over the prime field GF(5) given by Example 2.9 (see Tables 2.8 and 2.9). Suppose we
divide a(X) by b(X). Using long division, and Tables 2.8 and 2.9, we obtain

4X3 +2X%2 42X +1

3X? +1 ) 2X°+Xx* +4X +3
—2X5 —4X3
X4+ +Xx3 +4X+3
— X4 —2X2

X3 +3X2 44X +3

— X3 —2X
3X24+2X +3
—3X? —1
2X +2

Thus the quotient ¢(X) = 4X3 +2X?2 42X + 1 and the remainder r(X) = 2X + 2.

If a polynomial ¢(X) is equal to a product of two polynomials a(X) and b(X),
ie., ¢(X) =a(X) - b(X), then we say that ¢(X) is divisible by a(X) (or b(X)) or
that a(X) (or b(X)) divides ¢(X), and that a(X) and b(X) are factors of ¢(X).

Definition 2.20. A polynomial p(X) of degree m over GF(q) is said to be irre-
ducible over GF(q) if it is not divisible by any polynomial over GF(q) that has a
degree less than m but greater than zero.
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A polynomial over GF(q) of positive degree that is not irreducible over GF(q) is
said to be reducible over GF(q). The irreducibility of a given polynomial depends
heavily on the field under consideration. An irreducible polynomial over GF(q)
may become reducible over a larger field that contains GF(gq) as a subfield. An
important property of irreducible polynomials is stated in the following theorem
without a proof.

Theorem 2.9. Any irreducible polynomial p(X) over GF(q) of degree m divides
X"t

Definition 2.21. A monic irreducible polynomial p(X) over GF(q) of degree m
is said to be primitive if the smallest positive integer n for which p(X) divides
X" —1lisn=q¢m—1.

Primitive polynomials are of fundamental importance for constructing Galois
fields, as will be seen in the next section. Lists of primitive polynomials over
various prime fields are given in Appendix A at the end of this chapter. Long lists of
irreducible and primitive polynomials over various prime fields can be found in [1].

Let n be a positive integer. Let A,, be the set of ¢" polynomials over GF(q)
with degree n — 1 or less. Let a(X) and b(X) be two polynomials in .4,,. Take the
product of a(X) and b(X) using the rules of (2.18) and (2.19). Dividing the product
a(X)-b(X) by X™ — 1 gives a remainder r(X) whose degree is n — 1 or less. It is
clear that (X)) is also a polynomial in A,,. Now we define a multiplication **-”" on
A,, as follows. For any two polynomials a(X) and b(X) in A, assign a(X) - b(X)
to 7(X), which is the remainder obtained from dividing a(X) - b(X) by X™ — 1.
This multiplication is called multiplication modulo-(X™ — 1) (or modulo-(X™ — 1)
multiplication). Mathematically, this multiplication is written as follows:

a(X) - b(X) = r(X) modulo-(X™ — 1). (2.23)

A, is closed under modulo-(X™ — 1) multiplication. This multiplication satisfies
the associative, commutative, and distributive laws. Note that addition of two
polynomials in A, is carried out as defined by (2.17). The sum of two polynomials
in A, is a polynomial with degree n — 1 or less and is hence a polynomial in A4,.
The polynomials in A,, under addition and modulo-(X™ — 1) multiplication form
an algebra over GF(q). Let

a(X)=ag+a1 X+ +a, 1 X1
be a polynomial in A,,. On cyclically shifting the coefficients of a(X) one place to
the right, we obtain the following polynomial in A,,:
a(l)(X) =ap1+apX +-+ap o X" L

Polynomial a(V)(X) is called a right cyclic-shift of a(X). Actually, A, is also a
vector space over GF(q). Each polynomial a(X) = ag + a1 X +--- +a, 1 X" 1in
A,, can be represented by an n-tuple over GF(q) using its n coefficients as the
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components as follows:

a= ((IQ, ai, - .. an_l).

With this representation, A,, is simply equivalent to the vector space of all the
n-tuples over GF(q).

Construction and Properties of Galois Fields

In Section 2.3, we have shown that, for any prime number p, there exists a prime
field with p elements under modulo-p addition and multiplication. Construction
of prime fields is very simple. In this section, we consider construction of exten-
ston fields of prime fields and give some important structural properties of these
extension fields.

Construction of Galois Fields

Construction of an extension field of a prime field GF(p)= {0, 1,...,p — 1} begins
with a primitive polynomial of degree m over GF(p),

p(X) =po+p X+ 4 pua X"+ X (2.24)

Since the degree of p(X) is m, it has m roots. Since p(X) is irreducible over GF(p),
its roots cannot be in GF(p) and they must be in a larger field that contains GF(p)
as a subfield.

Let a be a root of p(X). Let 0 and 1 be the zero and unit elements of GF(p).
We define a multiplication ‘-’ and introduce a sequence of powers of « as follows:

0-0=0,

0-1=1-0=0,

O-a=a-0=0,

1-1=1,

l-a=a-1=aq,

a”=a-a, (2.25)
a’=a-a-a,

o =a-a-----a(j times),

It follows from the definition of multiplication above that
0-af =al-0=0,
1-ad =ad-1=0a,
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Since « is a root of p(X),

pla) =po+piat -+ ppaa™ Tt +a™ =0 (2.26)
Since p(X) divides X?"~! — 1 (Theorem 2.9), we have
XV -1 =g(X) - p(X). (2.27)

On replacing X by « in (2.27), we obtain

"' 1= g(a) - pla) = q(a) - 0. (2.28)

If we regard ¢(«) as a polynomial of o over GF(p), it follows from (2.20) that
q(a) - 0 = 0. Consequently,

"1 =0. (2.29)

This says that « is also a root of X?" =1 — 1. On adding the unit element 1 of GF(p)
to both sides of (2.29) (use modulo-p addition), we have the following identity:

o =1, (2.30)

From equation (2.30), we see that the sequence of powers of a given by (2.25)
(excluding the 0 element) repeats itself at the a*®" =1 for k = 1,2, .... Therefore,
the sequence contains at most p™ distinct elements including the 0 element, i.e.,
0,1,a, ...,a”" 2. Let

F={0,1,a,....,a"" 2} (2.31)

Later, we will show that the p" elements of F are distinct. The nonzero elements
of F are closed under the multiplication operation ‘‘-” defined by (2.25). To see
this, let ¢ and j be two integers such that 0 < 4,5 < p™ — 1. Ifi + j < p™ — 1, then
a'-o? = o7 is a nonzero element in F. If i + j > p™ — 1, we can express i + j
as follows:

i+j=0@"-1)+r (2.32)
with 0 <7 < p™ — 1. Then

oo =TT =PI Pl g =1 = o (2.33)

which is also a nonzero element of F. Hence, the nonzero elements of F are closed
under the multiplication ““-”” defined by (2.25). We readily see that this multipli-
cation is associative and commutative. Since 1-af = af -1 = o/, 1 is the identity
element with respect to this multiplication. For 0 < j < p™ — 1, o" =177 is the
multiplicative inverse of /. Note that, for j = 0, the unit element 1 is its own
multiplicative inverse. Therefore, the nonzero elements of F form a commutative
group of order p™ — 1 under the multiplication operation ‘- defined by (2.25).
For 0 <4 < p™ — 1, on dividing X* by p(X) we obtain

X' = qi(X) - p(X) + ai(X), (2.34)
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where ¢;(X) and a;(X) are the quotient and remainder, respectively. The remain-
der a;(X) is a polynomial over GF(p) with degree m — 1 or less and is of the
following form:

aZ(X) =a;0+ aile —+ -+ a@m_le_l, (2.35)

where the a; js are elements of the prime field GF(p). Since p(X) is an irreducible
polynomial over GF(p) and X and p(X) are relatively prime, X" is not divisible
by p(X). Hence, for 0 <1i < p™ — 1,

ai(X) # 0. (2.36)

To prove that all the nonzero elements of F are distinct, we need the following
theorem.

Theorem 2.10. For 0 <4,j < p™ — 1, and i # j,
a;(X) # a;(X). (2.37)
Proof. Assume that j >i. Suppose a;(X)=a;(X). Then, it follows from (2.34) that
X7 = X' = (¢;(X) = ai(X)) - p(X).

This says that X*(X7~% — 1) is divisible by p(X). Since X* and p(X) are relatively
prime, p(X) must divide X7/~¢ — 1, where j — i < p™ — 1. However, this is not pos-
sible since p(X) is a primitive polynomial of degree m and the smallest n for which
p(X) divides X" — 1isn = p™ — 1 (see Definition 2.21). Therefore, the hypothesis

that a;(X) = a;j(X) is invalid. Consequently, a;(X) # a;(X) for i # j. O
It follows from Theorem 2.10 that dividing X' by p(X) with i=
0,1,...,p"™ — 2 gives p" — 1 distinct nonzero-remainder polynomials over GF(p),

ap(X),a1(X), ...,apm_2(X). On replacing X by « in (2.34) and (2.35), we obtain
o = q(a) - p(a) + a0 + g+ -+ @i mo1™ L (2.38)

Since « is a root of p(X), p(a) = 0 and ¢g(«) - 0 = 0. Consequently, we have
o' = a0+ aiiat -+ aimo1a™ (2.39)

where the a; js are elements of GF(p). It follows from Theorem 2.10 and (2.39)
that the p™ — 1 nonzero elements in F are distinct and represented by p™ — 1
distinct nonzero polynomials of o over GF(p) with degree m — 1 or less. The 0-
element in F may be represented by the zero polynomial. Note that there are
exactly p" polynomials of o over GF(p) with degree m — 1 or less. Each of the
p™ elements in F is represented by one and only one of these polynomials, and
each of these polynomials represents one and only one element in F. Among these
polynomials of o over GF(p) with degree m — 1 or less, there are p polynomials
of zero degree, which are 0,1,2, ...,p — 1, the elements of GF(p). Therefore, F
contains the elements of GF(p) as a subset.
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Next, we define an addition “+” on F using polynomial representations of the
elements in F' as follows. For any two elements o and o/,

o B B
a'+a’ = (a0 +apa+ - +agma10™ )+ (a0 + ajue+ -+ ajm10™ )

= (ai0 + ajo) + (a1 + aj)a+ - + (Gim-1 + ajm-1)a™ ", (2.40)

where a;; + a;; is carried out over the prime field GF(p) using modulo-p addition.
Hence, the polynomial given by (2.40) is a polynomial of « over GF(p) and thus
represents an element o* in F. Therefore, F is closed under the addition defined by
(2.40). Since the addition of GF(p) is associative and commutative, we can readily
verify that the addition defined by (2.40) is also associative and commutative.
From (2.40), we can easily verify that 0 4+ o/ = o/ + 0. Hence, 0 is the additive
identity with respect to the addition defined by (2.40). The additive inverse of
ot = a; 0+ a0+ -+ ai,m_lam’l is

—a' = (—a;p) + (—ai)a+ -+ (—ajm-1)a™ !,

where —a;; is the additive inverse of the field element a;; of GF(p). Therefore,
F satisfies all the axioms of a commutative group under the addition defined by
(2.40).

So far, we have shown that all the elements of F form a commutative group under
addition defined by (2.40) and all the nonzero elements of F form a commutative
group under the multiplication defined by (2.33). Using the polynomial represen-
tations for the elements of F and the fact that multiplication of polynomials over
a field satisfies the distributive law, we can prove that the multiplication defined
by (2.33) satisfies the distributive law over the addition defined by (2.40). Hence,
the set F = {0,1, a, a?, ...,apm*Q} forms a field with p™ elements, denoted by
GF(p™), under the addition defined by (2.40) and the multiplication defined by
(2.33). GF(p™) contains GF(p) as a subfield. Since GF(p™) is constructed from
GF(p) and a monic primitive polynomial over GF(p), we call GF(p™) an exten-
sion field of GF(p). The prime field GF(p) is called the ground field of GF(p™).
Since the characteristic of GF(p) is p and GF(p) is a subfield of GF(p™), the
characteristic of GF(p™) is also p.

In the process of constructing the Galois field GF(p™) from the ground field
GF(p), we have developed two representations for each element of GF(p™), namely
the power and polynomial representations. However, there is another useful rep-
resentation for a field element of GF(p™). Let a;0 + ajja+ - - + ai,m,lam*I be
the polynomial representation of element of. We can represent o in vector form
by the following m-tuple:

((17;,(), Qi 1y - ai,mfl)’

where the m components are simply the coefficients of the polynomial represen-
tation of a.

With vector representation, to add two elements o' and of, we simply
add their corresponding vector representations, (aio,ai1, .., Gim-1) and
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(aj0,aj1, - .,a5m-1), component-wise as follows:
(@30, @i1s -y Gim—1) + (@50, @51, -y Qjm—1)
= (ai0 + ajo,ai1 + a1, - Gim-1+ Ajm-1),

where addition a;; + a;; is carried out over the ground field GF(p). The vector
sum above is an m-tuple over GF(p) and represents an element o in the extension
field GF (p™). Now we have three representations for each element in GF(p"™). The
power representation is convenient for multiplication, the polynomial and vector
representations are convenient for addition. With the power representation, the
0-element is represented by a™>°.

The extension field GF(p™) may be viewed as an m-dimensional vector space
over the ground field GF(p). The elements of GF(p™) are regarded as the ‘“‘vec-
tors” and the elements of the ground field GF(p) are regarded as the ‘‘scalars.”
To see this, we first note that all the elements of GF(p™) form a commutative
group under the addition defined by (2.40). Since GF(p) is a subfield of GF(p™),
each element o € GF(p™), i = —00,0,1,...,p™ 2, can be multiplied by an ele-
ment 3 € GF(p) such that Ba’ is also an element (or vector) in GF(p™). This
multiplication is viewed as a “scalar’” multiplication with 3 as a scalar and o’ as
a vector. It is obvious that this scalar multiplication satisfies the associative and
commutative laws given in Definition 2.14. Since every element o in GF(p™) is a

linear combination of o =1, cv, ..., o™ 1,

Oéi = ai’(]OéO + a;1¢ + -+ a@m_lam_l,
and o = 0 if and only if all the coefficients of the a;,js are zero, the m elements (or
vectors), a®, a, ...,a™ ! are linearly independent and they form a basis of GF(p™),
viewed as an m-dimensional vector space over GF(p). This basis is commonly
referred to as the polynomial basis of GF(p™). GF(p™) is also called an extension
of GF(p) of degree m.

Example 2.14. Let the binary field GF(2) be the ground field. Suppose we want to con-
struct an extension field GF(2°) of GF(2) of degree m = 5. First, we choose a primitive
polynomial of degree 5 over GF(2), say p(X) =1+ X? + X° from the table given in
Appendix A. Let  be a root of p(X) =1+ X2 + X°. Then p(a) =1+ a? + a® = 0 and
o’ =1+ o2. Furthermore, it follows from (2.30) that a2’ = 3! = 1. Using the equal-
ities a® =1+ o2 and a3 = 1, we can construct GF(2%). The elements of GF(2%) with
three different representations are given in Table 2.10. In the construction of Table 2.10,
we use the identity a® = 1 + o? repeatedly to form the polynomial representations for
the elements of GF(2%). For example,

aS=a-a®=a-(1+a?) =a+a?

a’=a-a®=a-(a+a)=a?+at

B=a-d"=a-(P+a) =+’ =a+1+a?2=1+a%+a>
To multiply two elements o’ and o, we simply add their exponents and use the iden-
tity 3! = 1. For example, a3 - a?® = o3 = o3!
inverse of o’ is o', For example, the multiplicative inverse of o is «a

-a"=1-a" = a”. The multiplicative
31-9 _ 22 T,
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Table 2.10. GF(25) generated by the primitive polynomial p(X) = 1 + X2 + X°® over GF(2)

Power representation Polynomial representation Vector representation

0 0 (00000)
1 1 (10000)
a « (01000)
a? a? 00100)
a? a3 (00010)
at at (00001)
o 1+ a? (10100)
ab a+a? (01010)
a’ a? + ot (00101)
a8 1+a?+o? (10110)
a’ a+ad+ ot (01011)
a0 1+a (10001)
all 14+ a+a? (11100)
at? a+a?+ad (01110)
al? a?+ad+at (00111)
att 1+a?+a’+at (10111)
at® l+a+a?+a®+aot (11111)
o't l+a+a®+at (11011)
at? I1+a+at (11001)
a1 1+a (11000)
at? a+ a? (01100)
a?0 a?+o? (00110)
a?! ad + ot (00011)
a?? 1+a?+at (10101)
a® l+a+a®+a (11110)
a?t a+ao?+ad+at (01111)
a? 1+a®+at (10011)
a?t l+a+a*+at (11101)
a?7 I1+a+a? (11010)
a?® a+a?+at (01101)
a® 1+ a8 (10010)
a0 a+at (01001)
31

Q
I
—

31—1

divide o by o, we simply multiply o/ by the multiplicative inverse o of o*. For exam-

ple, a” +a = a7 - a?7? = a” - a?? = o®. To add two elements, o and o/, we may use
either their polynomial representations or vector representations. Suppose we want to
add a'' and o!7 using their vector representations. From Table 2.10, we find that the
vector representations of a'! and a!7 are (11100) and (11001), respectively. On adding

these two vectors, we have

(11100) + (11001) = (00101).
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From Table 2.10, we find that the vector (00101) represents the element 7. In polynomial
form, it is o + a*.

Besides «, p(X) has four other roots. These four other roots can be found by substi-
tuting X of p(X) =1+ X2 + X® by the elements of GF(2°) in turn. By doing so, we
find that the other four roots are o?, a?, o, and «o'®. For example, on replacing X of

p(X) =1+ X2+ X5 by a8, we have
p(@®) =1+ + o =1+a' +a’.
Using polynomial representations of the elements in the above sum, we have

p(@®) =1+ +a+a®+a*)+ (a+a®+ab)
=1+ +(1+Da+(1+1)a+(1+1)a
=04+0-a+0-a®+0-a*
=0,
where addition of two coefficients is modulo-2 addition. Hence, o® is a root of p(X) =
1+ X2+ X5, Similarly, we can prove that a?, ao*, and a!® are also roots of p(X) =
1+ X2+ X5, Later we will show how to find the roots of p(X) in a much easier way.

Example 2.15. In this example, we construct an extension field GF(32) of the prime
field GF(3) of degree 2 using the primitive polynomial p(X) =2+ X + X? over GF(3)
(taken from the table given in Appendix A ). The modulo-3 addition and multiplication
for GF(3) are given by Tables 2.11 and 2.12. Let a be a root of p(X). Then p(a) =
2+ a+a?=0and o® = —2 — o. From Table 2.11, we see that the additive inverse —2
of 2 is 1 and the additive inverse —1 of 1 is 2. Consequently, a? = —2 — o can be put as
a? =1+ 2a. Using the identities a? = 1 + 2 and o® = 1, we can construct the extension
field GF(3?). The elements of GF(3?) in three forms are given in Table 2.13. Since p(X)
has degree 2, it has two roots. Besides a, the other root of p(X) is a®. To see this, we
replace X by a®. This results in p(a®) = 2+ a® + a®. On replacing o® and o by their
polynomial representations, we have p(a®) =2 + 2+ 2a + 2+ a = 0. From Table 2.13,
we also see that GF(3) is a subfield of GF(3?).

As we have shown, to construct an extension field GF(p™) of degree m of the
prime field GF(p), we need a primitive polynomial p(X) of degree m over GF(p).
If a different primitive polynomial p*(X) of degree m over GF(p) is used, then the
construction results in an extension field GF*(p™) of degree m of the prime field
GF(p) that has the same set of elements as that of GF(p"™). There is a one-to-one
correspondence between GF(p™) and GF*(p™) such that, if a < a*, b < b*, and
c <« c*, then

a+be a4+ b,
a-bea*- b,
(a+b)+c—a + (b"+ ),
(a-b)-cea*-(b*-c"),
a-(b+c)a*-(b"+c).
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Table 2.11. Modulo-3 addition

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

Table 2.12. Modulo-3 multiplication

— O
o O O o

2
0
2
1

N = O

Table 2.13. GF(32) generated by the primitive polynomial p(X) = 2 + X + X2 over GF(3)

Power representation Polynomial representation Vector representation

0 0
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o (
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2+ 2« (
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o O
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GF(p™) and GF*(p™) are said to be isomorphic. That is, GF(p™) and GF*(p™)
are structurally identical. In this sense, we may say that any primitive polynomial
p(X) of degree m over the prime field GF(p) gives the same extension field GF (p™).
This implies uniqueness of the extension field GF(p™).

The above construction of an extension field GF(p™) of a prime field GF(p) can
be generalized. Let GF(q) be a finite field with ¢ elements, where ¢ is a power of
a prime, say ¢ = p°. It is known in modern algebra that, for any positive integer
m, there exists a primitive polynomial p(X) of degree m over GF(q). Let a be
a root of p(X). Then the construction of the extension field GF(¢™) of GF(q) of
degree m is exactly the same as the construction of the extension field GF(p™) of
the prime field GF(p) of degree m as given above.
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Some Fundamental Properties of Finite Fields

As shown in the previous subsection, for any prime field GF(p) and any positive
integer m, it is possible to construct an extension field GF(p™) of degree m with
GF(p) as the ground field. In fact, for any finite field GF(¢) with ¢ elements, ¢ must
be a power of a prime p and GF(q) contains the prime field GF(p) as a subfield.
Proof of this can be found in any text on modern algebra and the theory of finite
fields. The extension field GF(p™) has the same characteristic as that of the prime
ground field GF(p), i.e., p. It has also been shown at the end of the last subsection
that, for any positive integer m, it is possible to construct an extension field
GF(q™) of degree m with GF(q) as the ground field. Since GF(q) contains GF(p)
as a subfield, GF(¢™) contains both GF(g) and GF(p) as subfields. GF(¢"™) may
be viewed as an extension field of the prime field GF(p) and has characteristic p.

In Section 2.3, some fundamental properties of finite fields have been presented.
In the following, we will present some additional fundamental properties of finite
fields that are important for constructing error-correcting codes. First, we start
with an important property of the ring of polynomials over GF(gq) without proof.
Let f(X) = fo+ f1iX +-- 4 frX* be a polynomial over GF(q). Then, for any
non-negative integer t, the following equality holds:

[FEO1T = F(XT). (2.41)

Theorem 2.11. Let f(X) be a polynomial over GF(q). Let 3 be an element of the
extension field GF(¢™) of GF(q). If 8 is a root of f(X), then, for any non-negative
integer t, 47 is also a root of f(X).

Proof. The proof of this theorem follows directly from the equality of (2.41). On
substituting X by f in (2.41), we have

[F(B]Y = f(BT).

Since 3 is a root of f(X), f(3) = 0. Then, it follows from the equality above that
f(B7) = 0. Hence (9 is a root of f(X). 0

The element 37" is called a conjugate of 3. Theorem 2.11 says that if 8, an ele-
ment of GF(¢™), is a root of a polynomial f(X) over GF(q) then all its conjugates,
8,849,837, ..., are also roots of f(X).

Theorem 2.12. If § is an element of order n in GF(¢"™), then all its conjugates
have the same order n. If 3 is a primitive element of GF(¢™), then all its conjugates
are primitive elements. (The proof is left as an exercise.)

Example 2.16. Consider the polynomial f(X) =1+ X3 + X® over GF(2). This polyno-
mial has a'®, an element of GF(2°) given by Table 2.10, as a root. To verify this, we use
Table 2.10 and the identity o®! = 1. On substituting the variable X of f(X) by a5, we
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obtain
f(Oéls) — 1—|—(o¢15)3+(al5)5 =1+Oé45—|—0175
:1+Oél4+0z13
=1+(1+a®+a*+ah) + (a®+a® +a?)
=1+ +(1+1)-a®+(1+1)-a®>+(1+1)-a'
=04+0-a>+0-a>+0-a*=0+0+0+0=0.

The conjugates of a!® are

(@) =a%, (a

(al%)? = 120 = o27, (a15)24 — 240 _ 423

Note that (a'?)2” = o480 = !5 It follows from Theorem 2.11 that a3°, o, 27, and
a® are also roots of f(X) =1+ X3+ X°. Consider the conjugate a?3. On replacing X
by a?® in f(X), we have
f(OzQB) =14+ (a23)3 T (a23)5 -1 +a69 _|_a115

=l+a"+a® =1+ +aM)+(1+a®+a?

=0.
Hence a? is a root of f(X). Since the degree of f(X) is 5, it must have five roots. The
elements a'®, a3, o?7, a?°, and oY give all five roots of f(X) =1+ X2+ X®. So all

the roots of f(X) are in GF(2°). With some computational effort, we can check that a!®
and its conjugates have order 31 and that they are all primitive.

Example 2.17. Consider the polynomial f(X) =2+ 2X + X2 over GF(3) given by
Tables 2.11 and 2.12. Using modulo-3 addition and multiplication, the extension field
GF(3?) of GF(3) given by Table 2.13, and the fact o® = 1, we find that o® and its con-
jugate (®)? = a'® = a7 are roots of f(X) =2+ 2X + X2. Suppose we take the powers
of a®,

(a®)8 =at =1.

We see that the powers of o give all the elements of GF(32). Therefore, o® is a primitive

element. Similarly, we can show that the powers of the conjugate o’ of a® also give all
the elements of GF(32). Hence 7 is also a primitive element of GF(32).
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Theorem 2.13. Let GF(¢™) be an extension field of GF(g). The ¢"* — 1 nonzero
elements of GF(¢™) form all the roots of the polynomial X9"~1 — 1 over GF(q).

Proof. Let 3 be a nonzero element of GF(¢™). On substituting X of X9"~1 —1
by 3, we have 39"~ — 1. However, it follows from Theorem 2.6 that £ 1 = 1.
Hence, 37" ~' —1 =1 — 1 = 0. This says that 3 is a root of X4"~1 — 1. Therefore,
every nonzero element of GF(¢™) is a root of X9"~! — 1. Since the degree of
X4"=1 —1is ¢™ — 1, the ¢™ — 1 nonzero elements of GF(¢") form all the roots
of X4"~1, O

Since the zero element 0 of GF(¢™) is the root of X, Theorem 2.13 has the
following corollary.

Corollary 2.1. The ¢" elements of GF(¢™) form all the roots of X9" — X.

It follows from Corollary 2.1 that
X"-x= J] x-p5.

BeGF(g™)

Since any element 3 in GF(¢™) is a root of the polynomial X¢" — X over GF(q),
(B may be a root of a polynomial over GF(q) with a degree less than ¢™.

Definition 2.22. Let § be an element of GF(¢"), an extension field of GF(q).
Let ¢(X) be the monic polynomial of smallest degree over GF(q) that has 3 as a
root, i.e., ¢(f) = 0. This polynomial ¢(X) is called the minimal polynomial of 3.

It is clear that the minimal polynomial of the 0-element of GF(¢™) is X. In the
following, we present a number of properties of minimal polynomials of elements
of GF(¢™).

Theorem 2.14. The minimal polynomial ¢(X) of a field element 3 is irreducible.

Proof. Suppose that ¢(X) is not irreducible. Then ¢(X) can be expressed as a
product of two factors, ¢(X) = ¢1(X)p2(X), where both ¢1(X) and ¢o(X) are
monic and have degrees greater than 0 but less than that of ¢(X). Since ¢(3) =
#1(B)P2(B) = 0, either ¢1(5) =0 or ¢2(F) = 0. This contradicts the hypothesis
that ¢(X) is a polynomial of smallest degree over GF(q) that has § as a root.
Hence, ¢(X) must be irreducible. O

Theorem 2.15. The minimal polynomial ¢(X) of a field element [ is unique.

Proof. Suppose that 8 has two different minimal polynomials, ¢(X) and ¢'(X).
Then these two minimal polynomials are monic and have the same degree, say k.
Then m(X) = ¢(X) — ¢'(X) is a polynomial of degree k — 1 or less over GF(q). If
m(X) is not monic, it can be made monic by multiplying it by the inverse of the
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coefficient of the highest degree of m(X). Since both ¢(X) and ¢'(X) have (3 as a
root, m(B) = ¢(B) — ¢'(5) =0—0=0.If m(X) # 0, it is a polynomial over GF(q)
with degree less than that of ¢(X) and ¢'(X) that has 3 as a root. This contradicts
the hypothesis that ¢(X) and ¢'(X) are the smallest-degree polynomials over
GF(q) with (3 as a root. Therefore, m(X) must be the zero polynomial and ¢(X) =
¢'(X). This proves the theorem. O

Theorem 2.16. Let f(X) be a polynomial over GF(q). Let ¢(X) be the minimal
polynomial of an element 3 in GF(¢™). If 5 is aroot of f(X), then f(X) is divisible

by ¢(X).
Proof. On dividing f(X) by ¢(X) we obtain
f(X) = a(X)o(X) + r(X),

where 7(X) is the remainder with degree less than that of ¢(X). On substituting
X of the equation above with 3, we have f(3) = a(8)¢(8) + r(5). Since both f(X)
and ¢(X) have [ as a root, we have () = 0. This says that § is also a root of
r(X). If r(X) # 0, then 7(X) is a polynomial over GF(q) with degree lower than
the degree of ¢(X), that has 3 as a root. This contradicts the fact that ¢(X) is

the polynomial over GF(q) of smallest degree that has (3 as a root. Hence, we must
have r(X) = 0 and f(X) must be divisible by ¢(X). O

A direct consequence of the above theorem is the following corollary.

Corollary 2.2. Let p(X) be a monic irreducible polynomial over GF(q). Let g
be an element of GF(¢™) and ¢(X) be its minimal polynomial. If 5 is a root of

p(X), then p(X) = ¢(X).

Corollary 2.2 simply says that, if a monic irreducible polynomial has § as a root,
it is the minimal polynomial ¢(X) of 3. It follows form Theorem 2.11 that 5 and
its conjugates, 37, ..., 3% ,... are roots of ¢(X). Let e be the smallest positive
integer such that 39" = 3. Then 3,39, ..., B9 are all the distinct conjugates of
3. Since 9" = 3 and e is the smallest positive integer such that 37" = 3, we must
have e < m. In fact, e divides m (proof is left as an exercise).

Theorem 2.17. Let ¢(X) be the minimal polynomial of an element (3 of GF(¢™).
Then ¢(X) divides X7" — X.
Proof. The proof of this theorem follows from Corollary 2.1 and Theorem 2.16.]

It follows from Theorem 2.11, Theorem 2.14, and Corollary 2.2 that we have the
following theorem.

Theorem 2.18. Let § be an element of GF(¢"). Then, all its conjugates,
8,84, ...,59 ", have the same minimal polynomial.
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A direct consequence of Theorems 2.17 and 2.18 is that X9 — X is equal to the
product of the distinct minimal polynomials of the elements of GF(¢™).

The next theorem tells us how to determine the minimal polynomials of elements
of the extension field GF(¢™) of degree m of GF(q). The proof of this theorem is
left as an exercise.

Theorem 2.19. Let ¢(X) be the minimal polynomial of an element 3 of GF(¢™).
Let e be the smallest positive integer such that 49 = 3. Then

e—1

o(xX) = [J(x - 8%). (2.42)

1=0

Since e < m, the degree of the minimal polynomial of any element 3 of GF(¢™)
is m or less.

Example 2.18. Consider the extension field GF(2°) of the binary field GF(2) given by
Table 2.10. Let 3 = a3. The conjugates of 3 are

52 _ (a3)2 — a6’ ﬁ22 — (03)22 — alQ,
ﬁ23 _ (a3)23 — a247 ﬁ24 — (a3)24 — o = 17,
Note that §2° = (cu?’)z5 = % = 3. Hence, e = 5. The minimal polynomial of o is then
P(X) = (X —a?)(X =) (X —a?)(X —a'T)(X — ™).

On multiplying out the right-hand side of the equation above with the aid of Table 2.10
and the modulo-2 addition of coefficients, we obtain

PX)=1+X>+X>+ X"+ X°.

Example 2.19. Consider the extension field GF(32) of degree 2 of the prime field GF(3)
given by Table 2.13. Let 3 = a°. The only conjugate of 8 is a’. Then the minimal
polynomial of o and a7 is given by

$(X) = (X —a”)(X —a)
a'? — (@® +a")X + X2

With the aid of Table 2.13, we find that

H(X)=0a - (2a+1+a)X + X2
=2-X+X?=24+2X+ X2




2.6.3

2.6 Construction and Properties of Galois Fields 69

In the construction of the extension field GF(¢") of degree m of GF(q), we use
a primitive polynomial p(X) of degree m over GF(q) and require that the element
a be a root of p(X). Since the powers of a generate all the nonzero elements
of GF(¢™), « is a primitive element. It follows from Theorem 2.12 that all its
conjugates are primitive elements. There is a simple rule to determine whether a
nonzero element of GF(¢™) is primitive. For 0 < j < ¢"* — 1, a nonzero element
o/ of GF(¢™) is a primitive element if and only if j and ¢™ — 1 are relatively
prime. Consequently, the number of primitive elements in GF(¢") is given by
K, = ¢(¢"™ — 1), which is known as Euler’s formula. To determine K, we first
factor ¢ — 1 as a product of powers of primes,

ki k k.
q" = 1=pi"py .
Then
t

K, = (@ = D[~ 1/p0). (2.43)

=1
If ¢™ — 1 is a prime, then K}, = ¢ — 2. In this case, except for the unit element
1, every nonzero element of GF(¢") is a primitive element.

Example 2.20. Consider the extension field GF(2°) of degree 6 of the binary field GF(2).
The number 26 — 1 = 63 can be factored as the product 63 = 32 x 7. It follows from
(2.43) that GF(2°) consists of

K, =63(1—1/3)(1—1/7) = 63 x (2/3)(6/7) = 36

primitive elements.

Additive and Cyclic Subgroups
Consider the extension field GF(¢") of degree m with GF(q) as the ground field.

Let a be a primitive element of GF(¢™). Then a® = 1, v, ..., 0™ ! form a polyno-
mial basis of GF(¢™) over GF(q). For i = —00,0,1, ...,¢™ — 2, every element o'
can be expressed as a linear sum (or combination) of o, a, ...,a™! as follows:

al = ai,oao +a 0+ + a,i’m_loam*l, (2.44)

with a;; € GF(q). For 0 <t <m —1, Let jo, j1,...,jt+—1 be t integers such that
0<jo<ij1<--<ji1<m—1. Consider the ¢* elements of GF(¢™) of the fol-
lowing form:

Oék — Ckp&jo + Ck71ajl 4+ .4 Ck,tflajtila (245)
where ¢, ; € GF(q). Let S denote the set of these ¢' elements. S forms a subgroup
of the additive group of GF(¢"") and is called an additive subgroup of GF(¢™).
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Example 2.21. Consider the extension field GF(2°) of the binary field GF(2) given by
Table 2.10 (see Example 2.14). The elements, o’ o, a2, o, a*, form a polynomial basis.
Let jo = 1, j1 = 3, and jy = 4. Consider the following eight linear sums of a, a3, and o*:

k 3 4
Q" = Ck 00 + C,10° + Cp o0,

with ¢ ; € GF(2). Using Table 2.10, we find that the linear sums of a, o, and a* give
the following eight elements:

These eight elements give a subgroup of the additive group of GF(2°).

Suppose ¢ — 1 is not a prime. It can be factored as a product of two positive
integers greater than 1, say ¢"* — 1 = kn. Let a be a primitive element of GF(¢™)
and = . Then § is a nonzero element of order n, i.e., n is the smallest positive
integer such that 3" = 1 (see Section 2.3). The powers 8° = 1,3,..., %! form a
subgroup of the multiplicative group of GF(¢"). Such a subgroup is called a cyclic
subgroup of GF(¢™) with 8 = o as the generator.

Example 2.22. Consider the extension field GF(32) of the prime field GF(3) given by
Table 2.13. The integer 32 — 1 = 8 can be factored as a product of k=2 and n = 4.
Let 3 = a?. The order of 3 is 4. The four distinct powers of 3 are 8% =1,3 = a2, 3% =
at, 33 = ab. These four elements form a cyclic subgroup of GF(3?).

Finite Geometries

In contrast to ordinary geometry, a finite geometry has finite numbers of points,
lines, and flats. However, finite and ordinary geometries also have some funda-
mental structures in common, such as the following: (1) two points are connected
by a line; (2) two lines are either disjoint (i.e., have no point in common) or they
intersect at one and only one point (i.e., they have one point in common); and (3)
if two lines have two points in common, they are the same line. In this section,
we present two families of finite geometries over finite fields, namely Euclidean
and projective geometries. These geometries will be used to construct low-density
parity-check codes for iterative decoding in Chapters 10 and 11.

Euclidean Geometries

Let m be a positive integer greater than unity and GF(q) be a finite field with ¢
elements, where ¢ is a power of prime p, say p®, with s > 1. The m-dimensional
Euclidean geometry over GF(q), denoted by EG(m,q), consists of points, lines,
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and flats [1-4]. Each point is an m-tuple over GF(q). Therefore, there are
n=q" (2.46)

points in EG(m,q), which actually form the vector space of all the m-tuples over
GF(q), denoted by V,,. The all-zero m-tuple, (0,0, ...,0), is referred to as the
origin of the geometry.

A line in EG(m,q) is either a one-dimensional subspace or a coset of a one-
dimensional subspace of the vector space V,,, of all the m-tuples over GF(q). There
are

Jea(m, 1) =q™ (g™ - 1)/(¢ - 1) (2.47)

lines in EG(m,q) and each line consists of ¢ points. Any two points are connected
by one and only one line. Any two lines are either disjoint (i.e., have no point
in common) or they intersect at one and only one point (i.e., have one point
in common). Lines that correspond to two cosets of the same one-dimensional
subspace of V,,; do not have any point in common and they are said to be parallel.
Each one-dimensional subspace of V,,, has ¢™ ! cosets. Lines in EG(m,q) that
correspond to these ¢! cosets are parallel to each other and they form a parallel
bundle. A parallel bundle of lines contains all the points of EG(m,q), each point
appears once and only once on only one line in the parallel bundle. It follows from
(2.47) and the fact that each parallel bundle of lines consists of ¢™~! parallel lines
that the lines of EG(m,q) can be partitioned into

Kua(m,1) = (¢" = 1)/(¢ - 1) (2.48)

parallel bundles.
For any point a in EG(m,q), there are exactly

gEG(m7 17()) - (qm - 1)/(61 - 1) (249)

lines in EG(m,q) that intersect at a (this will be shown later). Note that
Kgg(m, 1) = gea(m,1,0). The gra(m,1,0) lines in EG(m,q) that intersect at
a given point a are said to form an intersecting bundle of lines at a. A line that
contains a point a is said to pass through a.

For 0 < < m, a p-flat in EG(m,q) is either a p-dimensional subspace or a
coset of a u-dimensional subspace of the vector space V,,, over GF(q). For u =0, a
0O-flat is simply a point of EG(m,q). For u = 1, a 1-flat is simply a line of EG(m,q).
Two flats that correspond to two cosets of the same p-dimensional subspace of
Vi are said to be parallel, and they do not have any point in common. For each
u-dimensional subspace of V,,,, there are ¢™# parallel u-flats in EG(m,q) and they
form a parallel bundle of p-flats. These parallel p-flats are mutually disjoint and
they contain all the points of EG(m,q), each point appearing once and only once
on only one of these parallel flats. In EG(m,q), there are

K qm—i+1 -1

JeG(m, p) = ¢" 1 (2.50)
=1
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p-flats. These u-flats can be partitioned into

H qm7i+1 1
Kga(m, p) = PR (2.51)

i=1
parallel bundles of p-flats.

For 1 < u < m, if two u-flats are not disjoint, they intersect on a flat of smaller
dimension. The largest flat that two p-flats can intersect on is a (u — 1)-flat. If
two p-flats in EG(m,q) intersect on a (u — 1)-flat, then they can intersect on one
and only one (u — 1)-flat. The number of p-flats in EG(m,q) that intersect on a
given (u — 1)-flat is given by

qm—u+1 -1

qg—1

As shown in Section 2.6.1, GF(¢"™) as an extension field of GF(g) can be viewed
as an m-dimensional vector space V;,, of all m-tuples over GF(q); each element in
GF(¢™) can be represented by an m-tuple over GF(q). Therefore, GF(¢"™) as an
extension field of GF(q) is a realization of EG(m,q). Let a be a primitive element
of GF(¢™). Then the elements, a=*=0,a’=1,q, ...,a9" 2, of GF(¢™) repre-
sent the n=¢" points of EG(m,q), and the 0-element represents the origin of the
geometry.

Using GF(¢™) as a realization of the m-dimensional Euclidean geometry
EG(m,q) over GF(q), it is much easier to develop the fundamental properties
of the geometry. Hereafter, we refer to the powers of « as points in EG(m,q). Let
a’' be a non-origin point in EG(m,q). The set of ¢ points

{Ba’": 3 € GF(q)} (2.53)

constitutes a line (or 1-flat) of EG(m,q). For 8 =0, 0-a* = 0 is the origin point
of EG(m,q). Therefore, this line passes through the origin of EG(m,q). Viewing
the ¢ points on this line as vectors in the vector space V,,, of all the m-tuples over
GF(q), this line forms a one-dimensional subspace of V;,,. For convenience, we use
the notation {8a’} to denote this line. Let oo and o/t be two independent points
in EG(m,q). Then the collection of ¢ points

{ado + Badr}, (2.54)

with 3 € GF(q), forms a line passing through the point a/c. We may view this as
a line connecting the points a/° and a7'. This line is simply a coset of the one-
dimensional subspace {3a7'}. The ¢™ ! cosets of {Ba’1} form a parallel bundle
of lines in EG(m,q). Since there are (¢ —1)/(q — 1) different one-dimensional
subspaces in GF(¢™) (viewed as an m-dimensional vector space V,,, over GF(q))
and each one-dimensional subspace of GF(¢™) has ¢™ ! cosets, we readily see that
the number of lines in EG(m,q) is given by (2.47).

Let a0, o/, and o’? be three points in EG(m,q) that are pair-wise linearly inde-
pendent. Then {a? +Ba’t} and {a/° +Ba’2} form two different lines in EG (m,q)



2.7 Finite Geometries 73

that intersect at the point a/°. On the basis of this fact, we readily determine that
the number of lines in EG(m,q) that intersect at any point in EG(m,q) is given
by (2.49).

Example 2.23. Consider the two-dimensional Euclidean geometry EG(2,2?) over GF(22).
This geometry consists of 22%2 = 16 points, each point is a 2-tuple over GF(22). Each line
in EG(2,22) consists of four points. Consider the Galois field GF(2%) generated by the
primitive polynomial 1+ X + X* over GF(2) given by Table 2.14. Let a be a primitive
element of GF(2%) and 3 = a°. The order of 3 is 3. The set
GF(2°) ={0,8°=1,8=0a"3%=a'"}

forms the subfield GF(22) of GF(2*). Every element o in GF(2%) can be expressed as
the following polynomial form:

o' = foa’ + pra,
with g, 31 € GF(22). In vector form, o' is represented by the 2-tuple (8o, 31) over
GF(22). GF(2*%) as an extension field of GF(22) is given by Table 2.15. Regard GF(2%)
as a realization of the two-dimensional Euclidean geometry EG(2,2?) over GF(22). Then
Ly = {/8104} = {Oaaaaﬁaall}
with 8; € GF(22) forms a line passing through the origin of GF(2%). The three lines
parallel to £y are (using Table 2.14 or Table 2.15)
L:l = {1 + ﬁla} = {1,0{4, alzvalg}v
Ly = {a’ + fia} = {a?, 0% o’ a’},
‘CS = {a10 + 51(1} = {QSa Oé7, 04107 a14}'
Lo, L1, Lo, and L3 together form a parallel bundle of lines in EG(2,22).
For every point in EG(2,2%), there are (222 — 1)/(2% — 1) = 5 lines intersecting at it.
For example, consider the point a. The lines that intersect at o are
/O = {a + 610{2} = {Oé, Oé5, OélS, Oé14},
Ly ={a+pia’} = {a,a’,a'? a'?},
/2 = {Oé + 610{4} = {15 O{,CKB‘, 067}7
Z’) = {Oé + ﬁlas} - {aa a27 a47 a8}7

Ll = {Oé + 61a6} = {05a7a117a6}'

These five lines form an intersecting bundle of lines at point «.

Besides the parallel and intersecting structures, the lines of EG(m,q) also have
cyclic structure. Let EG*(m,q) be the subgeometry obtained from EG(m,q) by
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Table 2.14. GF(2*) generated by the primitive polynomial p(X) =1+ X + X*

Power Polynomial Vector
representation representation representation
0 0 (0000)
1 1 (1000)
o e (0100)
a? a? (0010)
al a’ (0001)
at 1 + « (1100)
ab a + o (0110)
ab a? 4+ ol (0011)
a’ 1 + « + o (1101)
ad 1 + a2 (1010)
a’ o + o (0101)
atl 1 + a + o (1110)
all a + o> + o 0111)
at? 1 + a + o> + o (1111)
at? 1 + o2 + o (1011)
al 1 + b (1001)

Table 2.15. GF(2%) as an extension field GF(22)= {0, 1, 3, 3%} with 8 = a®

Power Polynomial Vector
representation representation representation
0 0 (0,0)
1 1 (1,0)
o @ (0,1)
a’ B+ a (8,1)
o g+ pfa (8, 8°)
ot 1 4+ « (1,1)
a® B (8,0)
a’ Bo (0,8)
a’ B>+  Pa (6%,8)
a® B+ a (6%1)
a’ B+ Ba (8,8)
OélO 62 (ﬂQ, 0)
Otll ﬂ2Ol (0, ﬁQ)
a12 1 + /8201 (17 ﬂQ)
al? 1 + pfa (1,8)
a14 52 + /62a (52,ﬁ2)

removing the origin and all the lines passing through the origin. This subgeometry
consists of ¢ — 1 non-origin points and

Jopa(m,1) = (" = 1)(¢™ = 1)/(a = 1) (2.55)
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lines not passing through the origin. Let £ = {a/® + Ba’1} be a line in EG*(m,q).
For 0 <i<q™—1,let

'L 2 {ado 4 Bl T

Since o> and /' are linearly independent points, it is clear that a/°*? and
alt? are also linearly independent points. Therefore, a’L is also a line in
EG*(m,q) that passes through the non-origin point a/o*?. It can be proved
for 0 <i,k < ¢™—2, and i # k that oL # oL (this is left as an exercise). A
line with this property is said to be primitive. Every line in EG(m,q) is primi-
tive [5]. Then £,aL, ...,ad" 2L form ¢™ — 1 different lines in EG*(m,q). Since
a?" 1 =1, 094" "1L = L. The line oL is called the ith cyclic-shift of £. The set
{L,aL,...,09" 2L} of ¢™ — 1 lines is said to form a cyclic class of lines in
EG*(m,q) of size ¢"* — 1. It follows from (2.55) that the lines in EG*(m,q) can
be partitioned into

Kepa(m,1) = (¢™ " = 1)/(g — 1) (2.56)

cyclic classes of size ¢ — 1.

The mathematical formulation of lines in the m-dimensional Euclidean geometry
EG(m,q) over GF(q) in terms of the extension field GF(q") of GF(q) can be
extended to flats of EG(m,q). For 1 < pu < m, let a/*,a’2,...,a%* be p linearly
independent points of EG(m,q). The set of ¢* points

F) — {ﬁlajl + Boad? 4 -+ ﬁuaj“lﬁi € GF(q),1 <i < u} (2.57)

forms a u-flat in EG(m,q) passing through the origin (a p-dimensional subspace of
the m-dimensional vector space V;, over GF(q)). For simplicity, we use {30/ +
Boad? + -+ + B,aln} to denote the p-flat given by (2.57). Let a?° be a point not
on F#) Then

ajo +f(#) — {ajo + ﬂlajl 4+ 4 ﬁ#ajﬂ} (258)

is a p-flat passing through the point a/° and parallel to the u-flat F (1) Tt follows
from (2.57) and (2.58) that, for each p-flat of EG(m,q) passing through the origin,
there are ¢ # — 1 u-flats parallel to it. F () and the g™ # — 1 p-flats parallel to
it form a parallel bundle of p-flats. The u-flats of EG(m,q) can be partitioned into
Kgg(m, p) parallel bundles of u-flats, where Kgg(m, i) is given by (2.51).

If adu+1 is not a point on the p-flat {a#° + Brado + - -+ + 3,09+ }, then the (p + 1)-
flat

{4+ Bro? + -+ + Bt + B0l )

contains the p-flat {a/o + Bradt + -+ + 3,091 }. Let oJi+1 be a point not on the
(u+ 1)-flat

{Ozjo + ﬂlajl + -+ ﬁu+1aj”+l}.

Then the two (u + 1)-flats, {0 + B1ado + -+ + B9 + Byr109w+1} and {ado +
Biadt + - + Buadn + ﬂu+1O{j:L+1}, intersect on the p-flat {a/o + Bradt +--- +
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B,a71}. For a given p-flat F(*), the number of (12 + 1)-flats in EG(m,q) that inter-

sect on F is given by

gt —1
q—1

which is obtained from (2.52) with u replaced by u + 1.

Let F*) = {ado + ,qujl + .-+ Bual+} be a p-flat not passing through the ori-
gin of EG(m,q) (i.e., a?> # 0). For 0 <1i < ¢ — 1, the set of ¢* points

o FW = [T 4 Bradti 4y Buadetiy

glm,p+1,p) = , (2.59)

also forms a p-flat of EG(m,q) (or the subgeometry EG*(m,q)) not passing through
the origin. It can also be proved that Fw) qFw od"2FW are g™ — 1 dif-
ferent p-flats in EG(m,q) not passing through the origin [5]. This is to say that
every p-flat not passing through the origin of EG(m,q) is primitive. A p-flat not
passing through the origin of EG(m,q) and its ¢ — 2 cyclic-shifts are said to form
a cyclic class of p-flats. The p-flats in EG*(m,q) not passing through the origin
can be partitioned into cyclic classes of u-flats of size ¢ — 1.

In Chapters 10 and 11, low-density parity-check codes will be constructed from
the parallel, intersecting, and cyclic structures of the lines and flats of finite
Fuclidean geometries.

Projective Geometries

Projective geometries form another family of geometries over finite fields, consist-
ing of finite numbers of points, lines, and flats [1-4]. For any positive integer m
and any finite field GF(q), there exists an m-dimensional projective geometry over
GF(q), denoted by PG(m,q). A point of PG(m,q) is a nonzero (m + 1)-tuple over
GF(q). Let 8 be a primitive element of GF(q). For any point (ag, a1, ..., an) in
PG(m,q) and 0 < j < ¢ — 1, the (m + 1)-tuple (#ag, a1, ..., an) represents
the same point (ag,aq, ..., an). That is to say that the ¢ — 1 nonzero (m + 1)-
tuples in the set

{(ﬁjaoyﬂjalv .. 7ﬂ]am)ﬂj € GF(q),O S] <q- 2}

represent the same point (ag,ai, ..., am). Therefore, no point in PG(m,q) is a
multiple (or scalar product) of another point in PG(m,q). Since all the points of
PG(m,q) are nonzero (m + 1)-tuples over GF(q), PG(m,q) does not have an origin.

The m-dimensional projective geometry PG(m,q) over GF(¢) can be constructed
from the extension field GF(¢™*1) of GF(q). We view GF(¢™*!) as the (m + 1)-
dimensional vector space Vy,11 over GF(q). Each element in GF(¢™"!) can be
represented by an (m + 1)-tuple over GF(q). Let o be a primitive element of
GF(¢"*1). Then o, o, ...,a?"" =2 give all the nonzero elements of GF(¢™*1).
Let

qm—i-l -1

= 2.6
n=t (2.60)
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Let = a". The order of 3is ¢ — 1. The ¢ elements 0, 5% =1, 3, ..., 3972 form the
ground field GF(q) of GF(¢™*1).

Partition the nonzero elements of GF(¢™) into n disjoint subsets as follows:

{ao’ﬁa()’ "'7ﬂq72a0}’
{al, Bat, ..., 3172t}
{O‘2a ,8042, ce 5q72a2}7 (2.61)

{a™ L pant, .. 3972

Each set consists of ¢ — 1 nonzero elements of GF(¢™"!) and each element in the
set is a multiple of the first element. We can represent each set by its first element
as follows:

(o)) = {a’, Ba’, ..., B9 %'} (2.62)

with 0 < i < n. For any element o* in GF(¢™*1), if o = 7o’ with 0 < i < n, then
o is represented by . If each element in GF(¢™ 1) is represented by an (m + 1)-
tuple over GF(q), then (a') consists of ¢ — 1 nonzero (m + 1)-tuples over GF(q),
each is a multiple of the (m + 1)-tuple representation of a’. It follows from the defi-

nition of a point of PG (m,q) given above that (a') is a point in PG (m,q). Therefore,

(ao), (041), - (a"il)

form all the points of PG(m,q) and the number of points in PG(m,q) is n given

by (2.60). |
Note that, if the O-element of GF(¢™) is added to the set (a'), we obtain a
set {0,a’, Bal, ..., 3972a} of q elements. This set of ¢ elements, viewed as (m +

1)-tuples over GF(q), is simply a one-dimensional subspace of the vector space
Vg1 of all the (m + 1)-tuples over GF(q) and hence it is a line in the (m + 1)-
dimensional Euclidean geometry EG(m + 1,q) over GF(g), which passes through
the origin of EG(m + 1,q). Therefore, we may regard a point (af) of PG(m,q) as
a projection of a line of EG(m + 1,q) passing through the origin of EG(m + 1,q).

Let (a!) and (a/) be two distinct points in PG(¢™*1). The line that connects
() and (o) consists of points of the following form:

((51ai + (52aj), (263)

where 01 and d, are scalars from GF(q) and are not both equal to zero. We denote
this line by

{(610" + 5207)}. (2.64)

There are ¢> — 1 choices of 6; and 3 from GF(q) (excluding §; = d = 0). However,
for each choice of (01, d2), there are ¢ — 2 multiples of (41, d2). Consequently, (01, d2)
and its ¢ — 2 multiples result in the same points of the form given by (2.63).
Therefore, the line connecting points (a’) and (a’) consists of

¢ -1
qg—1

—q+1 (2.65)
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points. For any two points in PG(m,q), there is one and only one line connecting
them. From the number of points and definition of a line in PG(m,q), we can
enumerate the number of lines in PG(m,q), which is given by

(" = 1)(¢™ — 1)
(> =1(g—1)
Let (a*) be a point not on the line that connects the points (a?) and (o). Then

the line {(51a® + d2a7)} and the line {(510° + d2a¥)} intersect at the point (af)

(with 6; = 1 and d3 = 0). The number of lines in PG(m,q) that intersect at a point

in PG(m,q) is given by

Jpa(m, 1) = (2.66)

q" —1
g—1"

gpc(m,1,0) = (2.67)
The lines that intersect at a point of PG(m,q) are said to form an intersecting
bundle of lines at the point.

If we take all the ¢ linear combinations of o and o/ in {(61a’ + d20/)} (includ-
ing 61 = d2 = 0), these ¢? linear combinations give ¢ vectors over GF(q) that
form a two-dimensional subspace of the vector space V,,+1 over GF(q). This two-
dimensional space of V41 is a 2-flat of EG(m + 1,q) that passes through the
origin of EG(m + 1,q). Thus a line of PG(m,q) may be regarded as a projection
of a 2-flat (a two-dimensional plane) of EG(m + 1,q).

For 0 < < m, let (a0), (a/t), ..., (a/*) be u + 1 linearly independent points.
Then a p-flat in PG(m,u) consists of points of the following form:

(5()Oéjo + 510(j1 4+ 40 aju)’ (2.68)
u

where 65, € GF(q) with 0 < k < p, and not all of ég, 01, .. .,d,, are zero. We denote
this p-flat by

{(50aj° + 5104j1 I 5Maju)}, (2.69)
It can be shown that the number of points on a p-flat is
qu+1 -1

p— (2.70)

There are

H qm—i+1 -1
Jpa(m, p) = P (2.71)

=0
p-flats in PG(m,q).

If we allow 0; in (2.69) to be any element in GF(gq) without restriction, this results
in ¢#*! points in the (m + 1)-dimensional Euclidean geometry EG(m + 1,q) over
GF(q), which form a (x4 1)-flat in EG(m + 1,q). Therefore, we may regard a
p-flat in the m-dimensional projective geometry PG(m,q) over GF(q) as a projec-
tion of a (p 4 1)-flat of the (m + 1)-dimensional Euclidean geometry EG(m + 1,q)

over GF(q).
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For 1 <pu <m, let o’ be a point not on the p-flat {(foad® + d1adt +--- +
dua?#)}. Then the p-flat

{(6o0° + 0107 + -+ + 6,107 + 5,004}
and the p-flat

{(600? + 5107 + -+ + 5,107 + §,a0n)}
intersect on the (u — 1)-flat {(dpa’ + d1at + -+ §,_1a9»1}. For 1 < p < m,
the number of u-flats that intersect on a given (u — 1)-flat is given by

quu—&—l -1

gPG(m7 s o — 1) = (272)

q—1
The p-flats in PG(g,m) that intersect on a (u — 1)-flat F#~1) are called an inter-
secting bundle of p-flats on F#—1),

Next we consider the cyclic structure of lines in an m-dimensional projective
geometry PG(m,q) over GF(q). Let Lo = {(dpa?® + §1a71)} be a line in PG(m,q).
For0<i<n=(¢""—-1)/(¢g—1),

'Ly = (500(j0+i + 61aj1+i)

is also a line in PG(m,q), which is called the ith cyclic-shift of Ly. If m is even,

every line is primitive [5]. In this case, Lo, aLo, ...,a" 1Ly are all different lines
and they form a cyclic class. Then the lines of PG(m,q) can be partitioned into
q" —1
Kc(f%c,(m 1) = 21 (2.73)

cyclic classes of size (¢™*! —1)/(¢ — 1). If m is odd, then there are Iy = (g™ —

1)/(¢? — 1) nonprimitive lines, which can be represented by a’Lg for a certain line
Lo in PG(m,q), where 0 < i <y [5]. These [y lines form a cyclic class of size ly.
All the other lines in PG(m,q) are primitive and they can partitioned into

q(¢" ' -1)

K(E,Olz(}(m’ 1) = q2 -1

(2.74)
cyclic classes of size (¢! —1)/(¢ — 1).

For 1 < u < m, a p-flat in PG(m,q) is in general not primitive, but it is primi-
tive in the following cases [13]: (1) when p = m — 1; and (2) when the number of
points in a p-flat and the number of points in PG(m,q) are relatively prime. For
the first case, there are (¢"™*! —1)/(q¢ — 1) (m — 1)-flats and they together form
a single cyclic class of size (¢™*' —1)/(¢ — 1). For the second case, the u-flats in
PG(m,q) can be partitioned into

p—l qui -1
Kepa(m,p) = H r— (2.75)
i=0

cyclic classes.
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Since the p-flats of PG(m,q) are obtained from the (u + 1)-flats of EG(m +
1,q) not passing through the origin, the p-flats in PG(m,q) do not have parallel
structure.

Graphs

The theory of graphs is an important part of combinatorial mathematics. A graph
is a simple geometrical figure consisting of vertices (or nodes) and edges (lines
or branches), which connect some of the vertices. Because of their diagrammatic
representation, graphs have been found to be extremely useful in modeling sys-
tems arising in physical sciences, engineering, social sciences, economics, computer
science, etc. In error-control coding, graphs are used to construct codes and to rep-
resent codes for specific ways of decoding. This will be seen in later chapters. In
this section, we first introduce some basic concepts and fundamental properties of
graphs and then present some special graphs that are useful for designing codes
and decoding algorithms.

Basic concepts

Like for every mathematical theory, we have to begin with a list of definitions.

Definition 2.23. A graph, denoted G = (V, &), consists of an non-empty set
V = {v1,v2,...} of elements called vertices and a prescribed set € = {(v;,v;)}
of unordered pairs of vertices called edges. The set V is called the vertez-set and
the set &£ is called the edge-set. The vertices v; and v; associated with an edge
(v, v;) are called the end vertices of the edge (v;,v;).

If (v;,vj) is an edge in a graph G = (V, £), the edge (vs, v;) is said to be incident
with the end vertices v; and v;, and v; and v; are said to be adjacent. Two adjacent
vertices v; and v; are said to be connected by edge (v;,v;). If (v, v;) and (vj, vi)
are two edges in G = (V, £), these two edges are incident with the common vertex
vj and they are said to be adjacent edges. A vertex is said to be an isolated vertex
if there is no edge incident with it. A vertex is called a pendant if it is incident with
only one edge. The edge (v;, v;) (if it exists) is called a self-loop. Multiple (two or
more) edges are said to be parallel if they are incident with the same two vertices.

The most common and useful representation of a graph is by means of a diagram
in which the vertices are represented as points on a plane and an edge (v;,v;) is
represented by a line joining vertices v; and v;. For example, consider the graph

VY = {1)1,1)2,1)3,1)431)&”6}7
€ = {(vi, 1), (v1,v), (v1,v3), (v1,v4), (v, v3), (v3, v4), (v, v3), (v, v5) -

The geometrical representation of this graph is shown in Figure 2.1. It is clear that
(v1,v1) forms a self-loop, vertex vg is an isolated vertex, and v is a pendant.
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V1 Vs

V2
V4

® Us
U3

Figure 2.1 A graph with six vertices and eight edges.

Definition 2.24. A graph with finite numbers of vertices as well as a finite number
of edges is called a finite graph; otherwise, it is called an infinite graph.

Definition 2.25. In a graph G = (V, &), the degree of a vertex, denoted d(v), is
defined as the number of edges that are incident with v.

It is clear that the degree of an isolated vertex is zero and the degree of a
pendant is 1. Consider the graph shown in Figure 2.1. The degrees of the vertices
are d(v1) =5, d(v2) = 2, d(vs) =4, d(vq) = 4, d(vs) = 1, and d(vg) = 0.

Theorem 2.20. For a graph G = (V,€) with m edges and n vertices,
v1, V2, ..., Uy, the sum of degrees of vertices is equal to 2m, i.e.,

Z d(vz) = 2m.
i=1

Proof. The proof follows from the fact that each edge contributes two to the sum
of degrees. O

A direct consequence of Theorem 2.20 is the following corollary.

Corollary 2.3. In a graph G = (V, £), the number of vertices with odd degree is
even.

Definition 2.26. A graph that has neither self-loops nor parallel edges is called a
simple graph. A graph is said to be regular of degree k if the degree of each vertex
is k.

The graph shown in Figure 2.2 is a simple graph, while the graph shown in
Figure 2.3 is a simple regular graph of degree 3.

Definition 2.27. A simple graph is said to be complete if there exists an edge for
every pair of vertices.
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V4
U1 ® Us

U3

Figure 2.2 A simple graph with five vertices and six edges.

U1 V2 U3

V4 Us Ve

Figure 2.3 A regular graph of degree 3.

U1 V2

V4

Figure 2.4 A complete graph with five vertices.

It is clear that, for a complete graph with n vertices, each vertex has degree
n — 1 and hence it is a regular graph of degree n — 1. Figure 2.4 shows a simple
complete graph.

Definition 2.28. A graph Gs = (Vs, &) is called a subgraph of graph G = (V, )
if V, is a subset of V and &, is a subset of £.
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U3 €3 (%

€2 €4 €6

® @
U1 V2 Vs Ve

Figure 2.5 A simple graph with six vertices and seven edges.

In many applications, self-loops and parallel multiple edges do not arise. For our
purpose in this book, we mostly restrict our attention to simple graphs.

A simple finite graph G = (V,€) with n vertices and m edges can be repre-
sented by two matrices. Let V = {v1,v9, ...,v,} and & = {e1,ea, ...,en}. The
first matrix is an n x n matrix, denoted A(G) = [a; ;], in which the rows and
columns correspond to the n vertices of G and the entry a; ; = 1 if (v;,v;) is an
edge in &, otherwise a; ; = 0. A(G) is called the adjacency matriz of G. The second
matrix is an m X n matrix, denoted by M(G) = [m, ;], in which the rows corre-
spond to the m edges of G, the columns correspond to the n vertices of G and the
entry m; ; = 1 if the jth vertex v; is an end-vertex of the ith edge e;, otherwise
m;; = 0. M(G) is called the incidence matriz of G.

Consider the graph G = (V, £) shown in Figure 2.5. The adjacency and incidence
matrices of this graph are given below:

U1 V2 VU3 V4 Us Vg

vy [0 10000
v |1 01 110
A(G)=v |0 10100/
v |01 1010
vs |01 01 01
v [0 000 1 0
V1 V2 V3 V4 Us Vg
er [1 1000 0]
e |01 100 0
e300 1100
M(g)_€4 010100
es |01 0010
e | 000110
ez |0 000 11|
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Paths and Cycles

A sequence of connected edges that form a continuous route plays an important
role in graph theory and has many practical applications.

Definition 2.29. A path in a graph G = (V,€) is defined as an alternating
sequence of vertices and edges, such that each edge is incident with the vertices
preceding and following it, and no vertex appears more than once. The number of
edges on a path is called the length of the path.

A simple way to represent a path is by arranging the vertices on the path in
consecutive order as follows:

Vigs Viyy oo o5 Vip 15 Vi

in which any two consecutive vertices are adjacent (or connected by an edge),
where v;, and v;, are called the starting and ending vertices of the path. Basically,
a path is a continuous sequence of adjacent edges joining two vertices. It is clear
that each edge on a path appears once and only once. Consider the graph shown
in Figure 2.1. The path v1,v2,v3,v4,v5 is a path of length 4 with v; and vs as
the starting and ending vertices, respectively. Consider the simple graph shown in
Figure 2.5. The path v, vo, v3, v4, s, vg is a path of length 5 with v; and vg as the
starting and ending vertices, respectively.

Two vertices in a graph G = (V, ) are said to be connected if there exists a path
connecting them. A graph is said to be connected if any two vertices in G = (V, €)
are connected by at least one path; otherwise it is said to be disconnected. The
graphs shown in Figures 2.3, 2.4, and 2.5 are simple and connected graphs. In a
connected graph G = (V, ), the distance between two of its vertices v; and v,
denoted by d(v;,vj), is defined as the length of the shortest path (i.e., the number
of edges on the shortest path) between v; and v;. Consider the connected graph
shown in Figure 2.5. There are three paths connecting v; and vg: (1) vy, ve, vs, Us;
(2) v1,v2,v4,v5,v6; and (3) vy, ve,vs,v4,v5,v6. They have lengths 3, 4, and 5,
respectively. The shortest path between v; and vg is v1, v, v5, vg, which has length
3, and hence the distance between v{ and vg is 3.

Definition 2.30. The eccentricity E(v;) of a vertex v; in a graph G = (V,€) is
defined as the distance from v; to the vertex farthest from v; in G = (V, £), i.e.,

E(v;) = max{d(v;,v;):vj € V}.
A vertex with minimum eccentricity in graph G = (V, £) is called a center, denoted

by ¢(G), of G = (V,€).

It is clear that a graph may have more than one center. Consider the graph
shown in Figure 2.6. The graph is a simple connected graph with 14 vertices.
The eccentricity of each vertex is shown next to the vertex. This graph has seven
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Figure 2.6 Eccentricities of the vertices and a center of a graph.

vertices with eccentricities of 6, three vertices with eccentricities of 5, two vertices
with eccentricities of 4, and one vertex (the center) with eccentricity 3.

Definition 2.31. The diameter of a connected graph G = (V, &), denoted by
dia (G), is defined as the largest distance between two vertices in the graph, i.e.,
dia(G) = max d(vs,vj).

V;,0;EV
The radius of a connected graph G = (V,£), denoted by r(G), is defined as the

eccentricity of a center of the graph, i.e.,

r(G) = min{E(v;): v; € V}.

It follows from the definitions of eccentricity of a vertex and diameter of a
graph that the diameter of a connected graph equals the maximum of the vertex
eccentricities, i.e.,

dia(G) = max{E(v;):v; € V}.

Consider the connected graph shown in Figure 2.6. The diameter and radius are
6 and 3, respectively.

If two vertices v; and v; in a graph G = (V,€) are connected, there may be
more than one path between them. Among the paths connecting v; and v;, the
one (or ones) with the shortest length is (or are) called the shortest path (or
paths) between v; and v;. Finding shortest paths between connected vertices has
many applications in communication networks, operations research, and other
areas. There are several known algorithms for finding shortest paths between two
vertices, which can be found in many texts on graphs.

Definition 2.32. A closed path in a graph G = (V, ) that begins and ends at
the same vertex is called a cycle. The number of edges on the cycle is called the
length of the cycle. The girth of a graph with cycles is defined as the length of its
shortest cycle. A graph with no cycles has infinite girth.
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Figure 2.7 A graph with girth 5.

Consider the graph shown in Figure 2.7. It has many cycles. The girth of this
graph is 5.

Definition 2.33. A graph with no cycle is said to be acyclic. A connected acyclic
graph is called a tree. An edge in a tree is called a branch. A pendant in a tree is
called an end-vertez.

The graph shown in Figure 2.6 contains no cycle and hence is a tree. There are
six end-vertices.

Bipartite Graphs

In this section, we present a special type of graph, known as a bipartite graph, that
is particularly useful in the design (or construction) of a class of Shannon-limit-
approaching codes and provides a pictorial explanation of a suboptimal decoding
algorithm for this class of codes.

Definition 2.34. A graph G = (V, ) is called a bipartite graph if its vertex-set
V can be decomposed into two disjoint subsets V; and Vs, such that every edge in
the edge-set £ joins a vertex in V; and a vertex in Vs, and no two vertices in either
V1 or Vy are connected.

It is obvious that a bipartite graph contains no self-loop. Figure 2.8 shows a
bipartite graph with Vi = {v1,va, v3, v4, v5, V6, v7} and Vo = {vs, vg, v10, V11, V12,
v13, V14 }. It is a simple connected graph. Since all the vertices of the graph have
the same degree, 3, it is also a regular graph.
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U1 (%] U3 V4 U5 Ve U7

Us ] v10 U11 U12 v13 V14
Figure 2.8 A bipartite graph.

Theorem 2.21. If a bipartite graph G = (V,£) contains cycles, then all cycles
have even lengths.

Proof. Suppose we trace a cycle in G beginning from a vertex v; in V;. The first
edge of this cycle must connect vertex v; to a vertex v; in V. The second edge
of the cycle must connect v; to a vertex vy, in V;. If v, is identical to the starting
vertex v;, then we have completed the tracing of a cycle of length 2. If v is not
identical to the starting vertex v;, we must trace the third edge of the cycle which
connects v to a vertex v; € V. Then, we must take the fourth edge of the cycle to
return to a vertex in V;. If this vertex is not identical to the starting vertex v;, we
need to continue tracing the next edge of the cycle. This back and forth tracing
process continues until the last edge of the cycle terminates at the starting vertex
v;. Leaving a vertex in V) and returning to a vertex in )V requires two edges
each time. Therefore, the length of the cycle must be a multiple of 2, an even
number. O

If a bipartite graph G = (V,€) is a simple graph (i.e., there exist no multiple
edges between a vertex in V; and a vertex in Vy), then it has no cycle of length 2.
In this case, the shortest cycle in G has a length of at least 4. For a simple bipartite
graph G = (V, £), if no two vertices in V; are jointly connected (or jointly adjacent)
to two vertices in Vo or vice versa, then G contains no cycle of length 4. In this
case, the shortest cycle in G has a length of at least 6. That is to say, the girth
of G is at least 6. Consider the bipartite graph shown in Figure 2.8. Since it is a
simple graph, it has no cycle of length 2. Since no two vertices in V) are jointly
connected to two vertices in Vs, the graph has no cycle of length 4. It does have
cycles of length 6; one such cycle is marked by heavy lines. Therefore, the girth of
this bipartite graph is 6. How to construct bipartite graphs with large girth is a
very challenging problem.

Consider a simple bipartite graph G = (V, £) with disjoint subsets of vertices, V;
and Vs. Let m and n be the numbers of vertices in V; and Vs, respectively. Then,
this bipartite graph can be represented by an m x n adjacency matrix A(G) =
[a;,;] whose rows correspond to the vertices of V1 and whose columns correspond
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to the vertices of Vo, where a; ; = 1 if and only if the ith vertex of V; is adjacent
to the jth vertex of Vs, otherwise a; ; = 0. The adjacency matrix of the bipartite
graph G shown in Figure 2.8 is given below:

11010 00
01 10100
001 1 01 0

AG=]|0 00 1 1 0 1
1000110
01 00011
1010001

For a simple bipartite graph G = (V, ), if no two vertices in V; are jointly
connected to two vertices in Vs, then there are not four ones at the four corners of
a rectangle in its adjacency matrix A(G). Conversely, if there are not four ones at
the four corners of a rectangle in the adjacency matrix A(G) of a simple bipartite
graph G = (V, £), then no two vertices in V; are jointly connected to two vertices in
V5. This implies that, if there is no rectangle in the adjacency matrix of a bipartite
graph with four ones at its four corners, then the graph has no cycle of length 4.

Some useful books are [6-15].

2.1 Construct the group under modulo-11 addition.
2.2 Construct the group under modulo-11 multiplication.

2.3 Let m be a positive integer. If m is not a prime, prove that the set
{1,2, ...,m — 1} does not form a group under modulo-m multiplication.

2.4 Find all the generators of the multiplicative group constructed in Problem
2.2.

2.5 Find a subgroup of the additive group constructed in Example 2.5 and give
its cosets.

2.6 Find a cyclic subgroup of the multiplicative group constructed using the
prime integer 13 and give its cosets.

2.7 Prove the following properties of a field F'.

1. For every element ¢ in F,a-0=0-a = 0.

For any two nonzero elements a and bin F, a-b # 0.

For two elements a and b in F, a - b = 0 implies that either a = 0 or b = 0.
For a #0, a-b = a-cimplies that b = c.

For any two elements a and bin F, —(a-b) = (—a)-b=a- (-D).

Gl N
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2.8 Let m be a positive integer. If m is not a prime, prove that the set
{0,1, ...,m — 1} does not form a field under modulo-m addition and multipli-
cation.

2.9 Counsider the integer group G = {0, 1,2, ...,31} under modulo-32 addition.
Show that H = {0,4, 8,12, 16,20, 24,28} forms a subgroup of G. Decompose G
into cosets with respect to H (or modulo H).

2.10 Prove that every finite field has at least one primitive element.
2.11 Prove the following properties of a vector space V over a field F'.

1. Let 0 be the zero element of F'. For any vector vin V, 0-v = 0.
2. For any element a in F', a -0 = 0.
3. For any element a in F' and any vector vin V, (—a)-v=a-(—v) = —(a-v).

2.12 Prove that two different bases of a vector space over a field have the same
number of linearly independent vectors.

2.13 Prove that the inner product of two n-tuples over GF(q) has the following
properties.

1. u-v =v-u (commutative law).

2.u-(v+w)=u-v+u-w (distributive law).

3. For any element ¢ in GF(q), (cu) - v = c¢(u - v) (associative law).
4.0-u=0.

2.14 Prove that the addition and multiplication of two polynomials over GF(q)
defined by (2.17), (2.18), and (2.19) satisfy the associative, commutative, and
distributive laws.

2.15 Let m be a positive integer. Prove that the set {0,1, ...,m — 1} forms a
ring under modulo-m addition and multiplication.

2.16 Leta(X)=3X?+1landb(X)= X%+ 3X + 2 be two polynomials over the
prime field GF(5). Divide b(X) by a(X) and find the quotient and remainders of
the division.

2.17 Let a(X)=3X3+ X +2 be a polynomial over the prime field GF(5).
Determine whether or not a(X) is irreducible over GF(5).

2.18 Let f(X) be a polynomial of degree n over GF(q). The reciprocal of f(X)
is defined as f*(X) = X" f(1/X).

1. Prove that f*(X) is irreducible over GF(q) if and only if f(X) is irreducible
over GF(q).
2. Prove that f*(X) is primitive if and only if f(X) is primitive.
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2.19 Prove that the extension field GF(p™) of the prime field GF(p) is an m-
dimensional vector space over GF(p).

2.20 Prove Theorem 2.12.

2.21 Let 8 be a nonzero element of GF(¢™). Let e be the smallest non-negative
integer such that 59 = 3. Prove that e divides m.

2.22 Prove Theorem 2.19.

2.23 Consider the Galois field GF(2°) given by Table 2.10. Find the minimum
polynomials of o® and .

2.24 1If g — 1is a prime, prove that every nonzero element of GF(¢q) not equal to
the unit element 1 is primitive.

2.25 Consider the Galois field GF(2%) given by Table 2.14. Let 3 = a’. Then
{0,1, 81, 3%} form a subfield GF(22) of GF(2%). Regard GF(2%) as the two-
dimensional Euclidean geometry EG(2,22) over GF(2,2%). Find the lines that inter-
sect at point a3.

2.26 Construct the Galois field GF(2°) based on the primitive polynomial
p(X) =1+ X + X% over GF(2). Let o be a primitive element of GF(2°) and
B = a?. Then {0,1,3, 3%} form a subfield GF(22) of GF(2%). Regard GF(2%) as
the three-dimensional Euclidean geometry EG(3,2?) over GF(2?). Find all the
2-flats that intersect on the 1-flat, {a% + da}, where § € GF(22).

2.27 Let L be a line in the m-dimensional Euclidean geometry EG(m,q) over
GF(q), not passing through the origin. Let o be a primitive element of GF(¢™).
Prove that £,aL, ...,a?" 2L form ¢™ — 1 different lines in EG(m,q), not passing
through the origin.

2.28 Find the cyclic classes of lines in EG(3,2?) constructed in Problem 2.26.

2.29 Find the points of the two-dimensional projective geometry PG(2,2%) over
GF(22). Choose a point in PG(2,2?) and give the lines that intersect at this point.

2.30 For odd m, prove that there are (¢™*! —1)/(¢> — 1) nonprimitive lines.
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Appendix A Table of Primitive

Polynomials
Characteristic 2
m m
2 X2+ X +1 14 XM 4 x4 x124 X241
3 X3+ X241 15 XP 4 x4
4 X+ X341 16 X0 4 x5 4 X183 4 x441
5 X5+ X341 17 X7 4 x4
6 X604 X541 18 X84 x1 41
7 X"+ X641 19 X9 4 x18 4 x174 x4
8 X34+ X"+ X064+ X+1 20 X20 4 x17 4+
9 X9+ X541 21 X2 X194
10 X0 4 X741 22 X2 4 X241
11 XUy X941 23 X®B 4 X841
12 X12+X11+X10—|—X4+1 24 X24+X23+X22—|—X17—|—1
13 XB 4 x2p xU4x841

Characteristic 3

m m

2 X2+ X+2 7 XT+ X604+ X441
3 X34+2X2+1 8 X8+ X542

4 X4+ X342 9 X9+ X"+ X541
5 X+ X4+ X241 10 X104 X9 4 X742
6 X604+ X542 11 X4 X104 x441




Appendix A. Table of Primitive Polynomials

Characteristic 5

m m

2 X2+ X+2 6 X6+ X542
3 X3+ X242 7 X"+ X649
4 X4+ X34+4X+3 8 X84+ X5+X3+3
5 X5+ X242 9 X%+ X"+X6+3

Characteristic 7

m m

2 X2+ X+3 5 X5+ X*+4
3 X34+4X24X4+2 6 X0+ X54+X4+3
4 X4 rXx34 X243 7 X"+ X544

Characteristic 11

m m
2 X2+ X+7 4 X4+ X348
3 X34+ X243 5 X4+ X414+ X343

93



3.1

Linear Block Codes

There are two structurally different types of codes, block and convolutional codes.
Both types of codes have been widely used for error control in communication
and/or storage systems. Block codes can be divided into two categories, linear
and nonlinear block codes. Nonlinear block codes are never used in practical appli-
cations and not much investigated. This chapter gives an introduction to linear
block codes. The coverage of this chapter includes (1) fundamental concepts and
structures of linear block codes; (2) specifications of these codes in terms of their
generator and parity-check matrices; (3) their error-correction capabilities; (4)
several important classes of linear block codes; and (5) encoding of two special
classes of linear block codes, namely cyclic and quasi-cyclic codes. In our presen-
tation, no proofs or derivations are provided; only descriptions and constructions
of codes are given. We will begin our introduction with linear block codes with
symbols from the binary field GF(2). Linear block codes over nonbinary fields will
be given at the end of this chapter.

There are many excellent texts on the subject of error-control coding theory
[1-15], which have extensive coverage of linear block codes. For in-depth study of
linear block codes, readers are referred to these texts.

Introduction to Linear Block Codes

We assume that the output of an information source is a continuous sequence of
binary symbols over GF(2), called an information sequence. The binary symbols
in an information sequence are commonly called information bits, where a ‘‘bit”’
stands for a binary digit. In block coding, an information sequence is segmented
into message blocks of fixed length; each message block consists of k£ information
bits. There are 2* distinct messages. At the channel encoder, each input mes-
sage u = (ug,uy, ...,ug_1) of k information bits is encoded into a longer binary
sequence v = (vg, V1, ..., Up—1) of n binary digits with n > k, according to cer-
tain encoding rules. This longer binary sequence v is called the codeword of the
message u. The binary digits in a codeword are called code bits. Since there are
2F distinct messages, there are 2F codewords, one for each distinct message. This
set of 2F codewords is said to form an (n,k) block code. For a block code to be
useful, the 2% codewords for the 2% distinct messages must be distinct. The n — k
bits added to each input message by the channel encoder are called redundant
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bits. These redundant bits carry no new information and their main function
is to provide the code with the capability of detecting and correcting transmission
errors caused by the channel noise or interferences. How to form these redundant
bits such that an (n,k) block has good error-correcting capability is a major con-
cern in designing the channel encoder. The ratio R = k/n is called the code rate,
which is interpreted as the average number of information bits carried by each
code bit.

For a block code of length n with 2¥ codewords, unless it has certain special
structural properties, the encoding and decoding apparatus would be prohibitively
complex for large k since the encoder has to store 2¥ codewords of length n in a
dictionary and the decoder has to perform a table (with 2" entries) look-up to
determine the transmitted codeword. Therefore, we must restrict our attention to
block codes that can be implemented in a practical manner. A desirable structure
for a block code is linearity.

Definition 3.1. A binary block code of length n with 2¢ codewords is called
an (n,k) linear block code if and only if its 2¢ codewords form a k-dimensional
subspace of the vector space V' of all the n-tuples over GF(2).

Generator and Parity-Check Matrices

Since a binary (n,k) linear block code C is a k-dimensional subspace of the vec-
tor space of all the n-tuples over GF(2), there exist k linearly independent code-
words, 0,81, - .-, Ek_1, in C such that every codeword v in C is a linear combi-
nation of these k linearly independent codewords. These k linearly independent
codewords in C form a basis B, of C. Using this basis, encoding can be done as
follows. Let u = (ug, u1, ...,ug_1) be the message to be encoded. The codeword
v = (vp,v1, ..., vn_1) for this message is given by the following linear combination
of go, 81, ..., 81, with the k£ message bits of u as the coefficients:

vV = uggo + u1g1 + - + Up—18k-1- (3.1)

We may arrange the k linearly independent codewords, go, g1, ---, 8,1, of C as
rows of a k X n matrix over GF(2) as follows:

£0 90,0 90,1 T go,n—1
G- g:1 _ 91.,0 91.,1 : 91,771 (3.2)
k-1 9k-10 9k-11 " Gk-1n-1
Then the codeword v = (vg, v1, ..., v,_1) for message u = (ug, u1, ..., up_1) given
by (3.1) can be expressed as the matrix product of u and G as follows:
v=u-G. (3.3)

Therefore, the codeword v for a message u is simply a linear combination of the
rows of matrix G with the information bits in the message u as the coefficients.
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G is called a generator matriz of the (n,k) linear block code C. Since C is spanned
by the rows of G, it is called the row space of G. In general, an (n,k) linear block
code has more than one basis. Consequently, a generator matrix of a given (n,k)
linear block code is not unique. Any choice of a basis of C gives a generator matrix
of C. Obviously, the rank of a generator matrix of a linear block code C is equal to
the dimension of C.

Since a binary (n,k) linear block code C is a k-dimensional subspace of the vector
space V of all the n-tuples over GF(2), its null (or dual) space, denoted Cyq, is an
(n — k)-dimensional subspace of V' that is given by the following set of n-tuples
inV:

Ci={weV:(w,v)=0forall vecC}, (3.4)

where (w, v) denotes the inner product of w and v (see Section 2.4). C; may be
regarded as a binary (n,n — k) linear block code and is called the dual code of
C. Let By be a basis of Cq. Then B, consists of n — k linearly independent code-
words in Cq. Let hg,hy, ..., h,_;_1 be the n — k linearly independent codewords
in B;. Then every codeword in Cy is a linear combination of these n — k linearly
independent codewords in B;. Form the following (n — k) x n matrix over GF(2):

hg hoo ho1 e hon—1
h; hi,0 hi e hin—1
H= ) = ) . . ) (3.5)
h, 1 hn—k—10 hn-k—11 - hp_k—1p-1

Then H is a generator matrix of the dual code C4 of the binary (n,k) linear block
code C. It follows from (3.2), (3.4), and (3.5) that G - HT = O, where O is a
k x (n — k) zero matrix. Furthermore, C is also uniquely specified by the H matrix
as follows: a binary n-tuple v € V is a codeword in C if and only if v - HT = 0 (the
all-zero (n — k)-tuple), i.e.,

C={veV:v-H' =0} (3.6)

H is called a parity-check matrix of C and C is said to be the null space of H.
Therefore, a linear block code is uniquely specified by two matrices, a generator
matrix and a parity-check matrix. In general, encoding of a linear block code is
based on a generator matrix of the code using (3.3) and decoding is based on a
parity-check matrix of the code. Many classes of well-known linear block codes are
constructed in terms of their parity-check matrices, as will be seen later in this
chapter and other chapters. A parity-check matrix H of a linear block code is said
to be a full-rank matrix if its rank is equal to the number of rows of H. However,
in many cases, a parity-check matrix of an (n,k) linear block code is not given as a
full-rank matrix, i.e., the number of its rows is greater than its row rank, n — k. In
this case, some rows of the given parity-check matrix H are linear combinations
of a set of n — k linearly independent rows. These extra rows are called redundant
rows. The low-density parity-check codes constructed in Chapters 10 to 13 are
specified by parity-check matrices that are in general not full-rank matrices.
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Redundant Message
check part part
<—— n-—kdigits k digits ——=

Figure 3.1 Systematic format of a codeword.

It is also desirable to require a codeword to have the format shown in Figure
3.1 where a codeword is divided into parts, namely the message part and the
redundant check part. The message part consists of the k unaltered information
digits and the redundant check part consists of n — k parity-check digits. A linear
block code with this structure is referred to as a linear systematic code. A linear
systematic (n,k) block code is completely specified by a k x n generator matrix
of the following form:

g0 00,0 Dol DPon—k-1 10---0
g1 P1,0 Pii ot DPlm—k-1 01---0
G=| " |=] . S " o (3.7)
8k-1 Dk-1,0 Pk-11 - DPk-1n—k-1 00---1
P matrix kxk identity matrix Ij

The generator matrix G consists of two submatrices, a k x (n — k) submatrix
P on the left with entries over GF(2) and a k X k identity matrix Ij, on the right.
For simplicity, we write G = [P Ij]. Let u = (up, u1, ..., ur_1) be the message
to be encoded. Taking the linear combination of the rows of G given by (3.7) with
the information bits in u as coefficients, we obtain the following corresponding
codeword:

V = (V0, U1y «+ s Un—k—15sUn_ks -, Un_1)
= (ug,u1, .., ur1) - G, (3.8)
where the n code bits are given by
Up_gr1 = ug, forl=0,1, .., k—1 (3.9)
and
vj = Ugpo,j + u1p1,j + -+ Ug—1Pk—14, for 7 =0,1, ... ,n—k—1. (3.10)

Expression (3.9) shows that the rightmost k code bits of codeword v are identical
to k information bits ug, u1, ..., ux_1 to be encoded, and (3.10) shows that the
leftmost n — k code bits of v are linear sums of information bits. These n — k
code bits given by linear sums of information bits are called parity-check bits (or
simply parity bits) and they are completely specified by the n — k columns of the
P submatrix of G given by (3.7). The n — k equations given by (3.10) are called
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parity-check equations of the code and the P submatrix of G is called the parity
submatrix of G. A generator matrix in the form given by (3.7) is said to be in
systematic form.

Given a k x n generator matrix G’ of an (n,k) linear block code C’ not in sys-
tematic form, a generator matrix G in the systematic form of (3.7) can always be
obtained by performing elementary operations on the rows of G’ and then possi-
bly taking column permutations. The k& X n matrix G is called a combinatorially
equivalent matriz of G'. The systematic (n,k) linear block code C generated by G
is called a combinatorially equivalent code of C'. C and C’ are possibly different in
the arrangement (or order) of code bits in their codewords, i.e., a codeword in C
is obtained by a fixed permutation of the positions of the code bits in a codeword
of C', and vice versa. Two combinatorially equivalent (n,k) linear block codes give
the same error performance.

If a generator matrix of an (n,k) linear block code C is given in the systematic
form of (3.7), then its corresponding parity-check matrix in systematic form is
given below:

H=[I,, PT]

1 0 0 00,0 P1,0 s hi-1,0
0 1 0  po1 P11 e hi-11

= . . ) . (3.11)
0 0 -+ 1 ponk1 Pkt ~° heipnra

It can be easily proved that G - H' = O.

Error Detection with Linear Block Codes

Consider an (n,k) linear block code C with an (n — k) x n parity-check matrix
H. Suppose a codeword v = (vg,v1, ...,v,-1) in C is transmitted over a BSC
(or any binary-input, binary-output channel). Let r = (79,71, ...,7—1) be the
corresponding hard-decision received vector (n-tuple or sequence) at the input of
the channel decoder. Because of the channel noise, the received vector r and the
transmitted codeword v may differ in some places. Define the following vector
sum of r and v:

e=r—+v
= (6’0,6’1, --‘aenfl)
= (?”0 +v9, 71 + V1, -y Tp—1+ ’Un_l), (3.12)

where e; = r; 4+ v; for 0 < j < n and the addition + is modulo-2 addition. Then,
ej =1 for r; #v; and e; =0 for r; = v;. Therefore, the positions of the 1-
components in the n-tuple e are the places where r and v differ. At these places,
transmission errors have occurred. Since e displays the pattern of transmission
errors in r, we called e the error pattern (or vector) during the transmission of
the codeword v. The 1-components in e are called transmission errors caused
by the channel noise. For a BSC, an error can occur at any place with the same
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probability p over the span of n places (the length of the code). There are 2" — 1
possible nonzero error patterns.
It follows from (3.12) that we can express the received vector r as

r=v-+e. (3.13)

At the receiver, neither the transmitted codeword v nor the error pattern e is
known. Upon receiving r, the decoder must first determine whether there are
transmission errors in r. If the presence of errors is detected, then the decoder
must estimate the error pattern e on the basis of the code C and the channel
information provided to the decoder. Let €* denote the estimated error pattern.
Then the estimated transmitted codeword is given by v* =r + e*.

To check whether a received vector r contains transmission errors, we compute
the following (n — k)-tuples over GF(2),

s = (50,81, -+ Sn—k—1)
=r-H. (3.14)

Note that r is an n-tuple in the vector space V of all the n-tuples over GF(2). Recall
that an n-tuple r in V is a codeword in C if and only if r- H" = 0. Therefore,
if s # 0, r is not a codeword in C. In this case, the transmitter transmitted a
codeword but the receiver received a vector that is not a codeword. Hence, the
presence of transmission errors is detected. If s = 0, then r is a codeword in C. In
this case, the channel decoder assumes that r is error-free and accepts r as the
transmitted codeword. However, in the event that r is a codeword in C but differs
from the transmitted codeword v, on accepting r as the transmitted codeword, the
decoder commits a decoding error. This occurs when the error pattern e caused
by the noise changes the transmitted codeword v into another codeword in C.
This happens when and only when the error pattern e is identical to a nonzero
codeword in C. An error pattern of this type is called an undetectable error pattern.
There are 2% — 1 such undetectable error patterns. Since the (n — k)-tuple s over
GF(2) is used for detecting whether the received vector r contains transmission
errors, it is called the syndrome of r.

Weight Distribution and Minimum Hamming Distance of A Linear Block Code

Let v = (vg,v1, ...,Un-1) be an n-tuple over GF(2). The Hamming weight (or
simply weight) of v, denoted w(v), is defined as the number of nonzero components
in v. Consider an (n,k) linear block code C with code symbols from GF(2). For
0 <i < n,let A; be the number of codewords in C with Hamming weight . Then
the numbers Ay, A1, ..., A, are called the weight distribution of C. It is clear
that Ag+ A; + --- + A,, = 2*. Since there is one and only one all-zero codeword
in a linear block code, Ag = 1. The smallest weight of the nonzero codewords
in C, denoted wpin(C), is called the minimum weight of C. Mathematically, the
minimum weight of C is given as follows:

Wmin (C) = min{w(v): v € C,v # 0}. (3.15)
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Suppose C is used for error control over a BSC with transition probability p.
Recall that an undetectable error pattern is an error pattern that is identical to
a nonzero codeword in C. When such an error pattern occurs, the decoder will
not be able to detect the presence of transmission errors and hence will commit a
decoding error. There are A; undetectable error patterns of weight i; each occurs
with probability p’(1 — p)”~*. Hence, the total probability that an undetectable
error pattern with i errors occurs is A;p’(1 — p)"~*. Then the probability that the
decoder fails to detect the presence of transmission errors, called the probability
of an undetected error, is equal to

P,(E) =) Ap'(1-p)". (3.16)
=1

Therefore, the weight distribution of a linear block code completely determines
its probability of an undetected error. It has been proved that in the ensemble of
(n,k) linear block codes over GF(2), there exist codes with the probability of an
undetected error, P, (E), upper bounded by 2-(n=k) je.,

P,(E) <2 (k) (3.17)

A code that satisfies the above upper bound is said to be a good error-detection
code.

Let v and w be two n-tuples over GF(2). The Hamming distance (or simply
distance) between v and w, denoted d(v,w), is defined as the number of places
where v and w differ. The Hamming distance is a metric function that satisfies
the triangle inequality. Let v, w, and x be three n-tuples over GF(2). Then

d(v,w) +d(w,x) > d(v,x). (3.18)

It follows from the definition of the Hamming distance between two n-tuples and
the Hamming weight of an n-tuple that the Hamming distance between v and
w is equal to the Hamming weight of the vector sum of v and w, i.e., d(v,w) =
w(v+w).

The minimum distance of an (n,k) linear block code C, denoted by dmin(C), is
defined as the smallest Hamming distance between two different codewords in

C,ie.,
dpin (C) = min{d(v,w): v,w € C,v # wW}. (3.19)
Using the fact that d(v,w) = w(v + w), we can easily prove that the minimum

distance dpin(C) of C is equal to the minimum weight wyiy(C) of C. This follows
from (3.19),

dpmin(C) = min{d(v,w):v,w € C,v # w}
=min{w(v+w):v,weC,v#w}
= min{w(x):x € C,x # 0}
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Therefore, for a linear block code, determining its minimum distance is equivalent
to determining its minimum weight. The weight structure (or weight distribution)
of a linear block code C is related to a parity-check matrix H of the code, as given
by the following three theorems. We state these theorems without proofs.

Theorem 3.1. Let C be an (n,k) linear block code with a parity-check matrix H.
For each codeword in C with weight ¢, there exist ¢ columns in H whose vector sum
gives a zero (column) vector. Conversely, if there are ¢ columns in H whose vector
sum results in a zero (column) vector, there is a codeword in C with weight 1.

Theorem 3.2. The minimum weight (or minimum distance) of an (n,k) linear
block code C with a parity-check matrix H is equal to the smallest number of
columns in H whose vector sum is a zero vector.

Theorem 3.3. For an (n,k) linear block code C given by the null space of a parity-
check matrix H, if there are no d — 1 or fewer columns in H that sum to a zero
vector, the minimum distance (or weight) of C is at least d.

Theorem 3.3 gives a lower bound on the minimum distance (or weight) of a linear
block code. In general, it is very hard to determine the exact minimum distance
(or weight) of a linear block code; however, it is much easier to give a lower bound
on its minimum distance (or weight). This will be seen later.

The weight distribution of a linear block code C actually gives the distance
distribution of the nonzero codewords with respect to the all-zero codeword 0. For
1 <7 < n, the number A; of codewords in C with weight ¢ is simply equal to the
number of codewords that are at distance ¢ from the all-zero codeword 0. Owing
to the linear structure of C, A; also gives the number of codewords in C that are at
a distance i from any fixed codeword v in C. Therefore, the weight distribution,
{Ag, A1, ..., Ay}, of C is also the distance distribution of C with respect to any
codeword in C.

The capabilities of a linear block code C for detecting and correcting random
errors over a BSC with hard-decision decoding are determined by the minimum
distance of C and its error performance with soft-decision MLD is determined by
its distance (or weight) distribution.

For an (n,k) linear block code C with minimum distance dpy;, (C), no error pattern
with dpyin(C) — 1 or fewer errors can change a transmitted codeword into another
codeword in C. Therefore, any error pattern with dpi, (C) — 1 or fewer errors will
result in a received vector that is not a codeword in C and hence its syndrome will
not be equal to zero. Therefore, all the error patterns with dp;,(C) — 1 or fewer
errors are detectable by the channel decoder. However, if a codeword v is trans-
mitted and an error pattern with dyi, (C) errors that happens to be a codeword in
C at a distance dyin (C) from v occurs, then the received vector r is a codeword and
its syndrome is zero. Such an error pattern is an undetectable error. This is to say
that all the error patterns with dp,;,(C) — 1 or fewer errors are guaranteed to be
detectable; however, detection is not guaranteed for error patterns with dyi,(C)
or more errors. For this reason, duyi, (C) — 1 is called the error-detecting capability
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of the code C. The number of guaranteed detectable error patterns is

() () (1)

where (T;) is a binomial coefficient. For large n, this number of guaran-
teed detectable error patterns is only a small fraction of the 2* — 2% 4+ 1 detectable
error patterns.

So far, we have focused on error detection with a linear block code. Decoding
and the error-correcting capability of a linear block code will be discussed in the
next section. We will show that, with hard-decision decoding, a linear block code
C with minimum distance dpyin(C) is capable of correcting |(dmin(C) —1)/2] or
fewer random errors over a span of n transmitted code digits.

Decoding of Linear Block Codes

Consider an (n,k) linear block code C with a parity-check matrix H and min-
imum distance dpyin(C). Suppose a codeword in C is transmitted and r is the
received vector. For maximum-likelihood decoding (MLD) as described in Chap-
ter 1, r is decoded into a codeword v such that the conditional probability P(r|v)
is maximized. For a BSC, this is equivalent to decoding r into a codeword v
such that the Hamming distance d(r,v) between r and v is minimized. This is
called minimum-distance (or nearest-neighbor) decoding. With minimum-distance
decoding, the decoder has to compute the distance between r and every codeword
in C and then choose a codeword v (not necessarily unique) that is closest to r
(i.e., d(r,v) is the smallest) as the decoded codeword. This decoding is called a
complete error-correction decoding and requires a total of 2* computations of the
distances between r and the 2¥ codewords in C. For large k, implementation of this
complete decoder is practically impossible. However, for many linear block codes,
efficient algorithms have been developed for incomplete error-correction decoding
to achieve good error performance with vastly reduced decoding complexity.

No matter which codeword in C is transmitted over a noisy channel, the received
vector r is one of the 2" n-tuples over GF(2). Let vo = 0,vy, ...,vor_1 be the
codewords in C. Any decoding scheme used at the decoder is a rule to partition
the vector space V of all the n-tuples over GF(2) into 2* regions; each region
contains one and only one codeword in C, as shown in Figure 3.2. Decoding is
done to find the region that contains the received vector r. Then decode r into
the codeword v that is contained in the region. These regions are called decoding
regions. For MLD, the decoding regions for the 2% codewords are, for 0 < i < 2*,

D(v;) = {r € V: P(x|v;) > P(r|v;),j #i}.

For minimum-distance decoding (MLD for the BSC), the decoding regions for the
2F codewords are, for 0 < i < 2F,

D(Vl) = {I‘ eV: d(I‘,VZ‘) < d(I‘,Vj),j =+ ’L}
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Figure 3.2 Decoding regions.

An algebraic method to partition the 2 possible received vectors into 2F decod-
ing regions can be implemented as follows. First, we arrange the 2¥ codewords
in C as the top row (or Oth row) of a 2% x 2F array with the all-zero codeword
vg = 0 as the first entry as shown in Table 3.1. Then we form the rest of the rows
of the array one at a time. Suppose we have formed the (7 — 1)th row of the array
1 <j <27 % To form the jth row of the array, we choose a vector e;j in V that
is not contained in the previous j — 1 rows of the array. Form the jth row of the
array by adding e; to each codeword v; in the top row of the array and placing
the vector sum e; + v; under v;. The array is completed when no vector can be
chosen from V. This array is called a standard array for the code C. Each row of
the array is called a coset of C. The first element of each coset is called the coset
leader. For 0 < j < 2% the jth coset is given by

ej+C={ej+viv; €C,0<i<2k), (3.21)

where e; is the coset leader.

A standard array for an (n,k) linear block code C with an (n — k) x n parity-
check matrix H has the following structural properties that can be easily proved
(see Problem 3.8): (1) the sum of two vectors in the same coset is a codeword in
C; (2) no two vectors in the same coset or in two different cosets are the same; (3)
every n-tuple in the vector space V' of all the n-tuples over GF(2) appears once
and only once in the array; (4) all the vectors in a coset have the same syndrome
which is the syndrome of the coset leader, i.e., (e; +v;)- HT =e; - HT (since
v; - HT = 0); and (5) different cosets have different syndromes. Since there are
27~k different (n — k)-tuple syndromes with respect to the parity-check matrix H
of the code C and there are 2% cosets in a standard array for C, it follows from
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Table 3.1. A standard array for an (n,k) linear block code

Cosets Coset leaders

e +C e e+ v e+v; - e+ Vo
e +C e e+ vi ey +v; €y + Vor_1
ey +C €gn-k_1 €k 1+ VL - €k 1+ V; - €gnk_]+Vor_g

properties (4) and (5) that there is a one-to-one correspondence between a coset
leader and an (n — k)-tuple syndrome.

A standard array for an (n,k) linear block code C consists of 2¥ columns; each
column contains one and only one codeword at the top of the column. For 0 < i <
2% the ith column consists of the following set of 2% n-tuples:

D(v;) ={vi,e1 +Vvi,ea + Vi, ...,€30-1_1 + V;}, (3.22)

where each element is the vector sum of the ith codeword v; and a coset leader e;
(note that eg = 0) with 0 < j < 2"7%. We see that the ith codeword v; is the only
codeword in D(v;). The 2* columns of a standard array for C form a partition
of the vector space V of all the n-tuples over GF(2). These 2¥ columns of the
array can be used as the regions for decoding C. If the received vector r is found
in the ith column D(v;), we decode r into v;. From the structure of a standard
array for C, we can easily check that (1) if the ith codeword v; is transmitted
and the error pattern caused by the channel noise is a coset leader e;, then the
received vector r = v; + e; is in the column D(v;) which contains v;; and (2) if v;
is transmitted but the error pattern is not a coset leader, then the received vector
r is not in column D(v;) (see Problem 3.9). Therefore, using the columns of a
standard array of an (n,k) linear block code C as decoding regions, decoding is
correct (i.e., r is decoded into the transmitted codeword) if and only if a codeword
v; is transmitted and the error pattern caused by the channel noise is identical to
a coset leader. This is to say that the 2°~% — 1 nonzero coset leaders of a standard
array are all the correctable error patterns (i.e., they result in correct decoding).
To minimize the probability of a decoding error, the error patterns that are most
likely to occur for a given channel should be chosen as the coset leaders.

For a BSC, an error pattern of smaller weight (or smaller number of errors)
is more probable than an error pattern with larger weight (or larger number of
errors). So, when a standard array for a linear block code C is formed, each coset
leader should be chosen to be an n-tuple of the least weight from the remaining
available n-tuples in V. Choosing coset leaders in this manner, each coset leader
has the minimum weight in each coset. In this case, decoding based on a standard
array for C is minimum-distance decoding (or MLD for a BSC). A standard array
formed in this way is called an optimal standard array for C.

The minimum distance dpyin(C) of a linear block code C is either odd or even.
Let t = [(dmin(C) — 1)/2] where |z] denotes the integer part of = (or the largest
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Table 3.2. A look-up decoding table

Syndromes Correctable error patterns

0 ey = 0

S1 e

So €9
S2nfk_1 eZ'nfk_l

integer equal to or less than x). Then 2t + 1 < dpin(C) < 2t + 2. It can be shown
that all the n-tuples over GF(2) of weight ¢ or less can be used as coset leaders in an
optimal standard array for C (see Problem 3.10). Also, it can be shown that there
is at least one n-tuple of weight ¢ 4+ 1 that cannot be used as a coset leader (see
Problem 3.10). When this error pattern occurs, received vector r will be decoded
incorrectly. Therefore, for a linear code C with minimum distance dpi,(C), any
error pattern with ¢ = | (dmin(C) — 1)/2] or fewer errors is guaranteed correctable
(i.e., resulting in correct decoding), but not all the error patterns with ¢ + 1 or
more errors. The parameter ¢ = | (dmin(C) — 1)/2] is called the error-correction
capability of C. We say that C is capable of correcting t or fewer random errors
and C is called a t-error-correcting code.

Decoding of an (n,k) linear block code C based on an optimal standard array
for the code requires a memory to store 2™ n-tuples. For large n, the size of the
memory will be prohibitively large and implementation of a standard-array-based
decoding becomes practically impossible. However, the decoding can be signifi-
cantly simplified by using the following facts: (1) the coset leaders form all the
correctable error patterns; and (2) there is a one-to-one correspondence between
an (n — k)-tuple syndrome and a coset leader. From these two facts, we form a
table with only two columns that consists of 2% coset leaders (correctable error
patterns) in one column and their corresponding syndromes in another column,
as shown in Table 3.2. Decoding of a received vector r is carried out in three steps.

1. Compute the syndrome of r, s =r- HT.

2. Find the coset leader e in the table whose syndrome is equal to s. Then e is
assumed to be the error pattern caused by the channel noise.

3. Decode r into the codeword v =r + e.

The above decoding is called syndrome decoding or table-look-up decoding. With
this decoding, the decoder complexity is drastically reduced compared with
standard-array-based decoding.

For a long code with large n — k, a complete table-look-up decoder is still very
complex, requiring a very large memory to store the look-up table. If we limit
ourself to correcting only the error patterns guaranteed by the error-correcting
capability t = | (dmin(C) — 1)/2] of the code, then the size of the look-up table can



106

3.2

Linear Block Codes

be further reduced. The new table consists of only

o) () )

correctable error patterns guaranteed by the minimum distance dpin(C) of the
code. With this new table, decoding of a received vector r consists of the following
four steps.

1. Compute the syndrome s of r.

2. If the syndrome s corresponds to a correctable error pattern e listed in the

table, go to Step 3, otherwise go to Step 4.

Decode r into the codeword v =r + e.

4. Declare a decoding failure. In this case, the presence of errors is detected but
the decoder fails to correct the errors.

b

With the above partial table-look-up decoding, the number of errors to be cor-
rected is bounded by the error-correction capability ¢ = | (dmin(C) — 1)/2] of the
code. This is called bound-distance decoding.

Many classes of linear block codes with good error-correction capabilities have
been constructed over the years. Efficient algorithms to carry out the bound-
distance decoding of these classes of codes have been devised. Two classes of these
codes will be presented in later sections of this chapter.

Cyclic Codes

Let v = (vg, v1,v2, ..., vn_1) be an n-tuple over GF(2). If we shift every component
of v cyclically one place to the right, we obtain the following n-tuple:
v = (Un—1,00,01, -+, Up_2), (3.23)

which is called the right cyclic-shift (or simply cyclic-shift) of v.

Definition 3.2. An (n,k) linear block code C is said to be cyclic if the cyclic-shift
of each codeword in C is also a codeword in C.

Cyclic codes form a very special type of linear block codes. They have encoding
advantage over many other types of linear block codes. Encoding of this type of
code can be implemented with simple shift-registers with feedback connections.
Many classes of cyclic codes with large minimum distances have been constructed;
and, furthermore, efficient algebraic hard-decision decoding algorithms for some of
these classes of cyclic codes have been developed. This section gives an introduction
to cyclic codes.

To analyze the structural properties of a cyclic code, a codeword v =
(vg,v1, ..., Un_1) is represented by a polynomial over GF(2) of degree n — 1 or
less with the components of v as coefficients as follows:

v(iX)=vo 4+ X+ F+uv, 1 XL (3.24)
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This polynomial is called a code polynomial. In polynomial form, an (n,k) cyclic
code C consists of 2F code polynomials. The code polynomial corresponding to the
all-zero codeword is the zero polynomial. All the other 2 — 1 code polynomials
corresponding to the 2¥ — 1 nonzero codewords in C are nonzero polynomials.

Some important structural properties of cyclic codes are presented in the fol-
lowing without proofs. References [1-6,11] contain good and extensive coverage of
the structure and construction of cyclic codes.

In an (n,k) cyclic code C, every nonzero code polynomial has degree at least
n — k but not greater than n — 1. There exists one and only one code polynomial
g(X) of degree n — k of the following form:

gX)=1+nX +@X?+  +gpp 1 X" X"F, (3.25)

Therefore, g(X) is a nonzero code polynomial of minimum degree and is unique.
Every code polynomial v(X) in C is divisible by g(X), i.e., is a multiple of g(X).
Moreover, every polynomial over GF(2) of degree n — 1 or less that is divisible by
g(X) is a code polynomial in C. Therefore, an (n,k) cyclic code C is completely
specified by the unique polynomial g(X) of degree n — k given by (3.25). This
unique nonzero code polynomial g(X) of minimum degree in C is called the gen-
erator polynomial of the (n,k) cyclic code C. The degree of g(X) is simply the
number of parity-check bits of the code.

Since each code polynomial v(X) in C is a multiple of g(X) (including the zero
code polynomial), it can be expressed as the following product:

v(X)=m(X)g(X), (3.26)

where m(X) =mg+mi X +---+my_1X* ! is a polynomial over GF(2) of
degree k — 1 or less. If m = (mg, my, ...,mi_1) is the message to be encoded,
then m(X) is the polynomial representation of m (called a message polynomial)
and v(X) is the corresponding code polynomial of the message polynomial m(X).
With this encoding, the corresponding k X n generator matrix of the (n,k) cyclic
code C is given as follows:

1 g1 92 - Gn-k-1 1 0O 0 - 0 0
0O 1 o1 - 9nk2 Gnk1 1 0 - 0 0

G=|. . . ) } ) . ) e (3.27)
o o0 0 - 1 g1 92 93 ° Gnk-1 1

Note that G is simply obtained by using the n-tuple representation of the generator
polynomial g(X) as the first row and its k — 1 right cyclic-shifts as the other
k — 1 rows. G is not in systematic form but can be put into systematic form by
elementary row operations without column permutations.

A very important property of the generator polynomial g(X) of an (n,k) cyclic
code C over GF(2) is that g(X) divides X™ + 1. Consequently, X" + 1 can be
expressed as the following product:

X" 41 = g(X)f(X), (3.28)
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where f(X) =1+ fiX + -+ fr1 X* 1 + X* is a polynomial of degree k over
GF(2). Let
h(X) = X*(x1)

=14+mX+ -+ he X+ XF (3.29)
be the reciprocal polynomial of £(X). It is easy to prove that h(X) also divides
X™+ 1. Form the following (n — k) x n matrix over GF(2) with the n-tuple repre-
sentationh = (1, hy, ..., hx_1,1,0, ...,0) of h(X) as the first row and itsn — k — 1
cyclic-shifts as the other n — k — 1 rows:

1 hy hy -+ hyqy 1 0 0 --- 0 0
0 1 h - hpo hoy 1 0 - 0 0

H=|. . . . . . . (3.30)
o0 0 - 1 hi  hy hzy - hpq 1

Then H is a parity-check matrix of the (n,k) cyclic code C corresponding to G
given by (3.27). The polynomial h(X) given by (3.29) is called the parity-check
polynomial of C. In fact, h(X) is the generator polynomial of the dual code, an
(n,n — k) cyclic code, of the (n,k) cyclic code C.

Systematic encoding of an (n,k) cyclic code with generator polynomial g(X)
can be accomplished easily. Suppose m = (mg, m1, ...,mg_1) is the message to
be encoded. On multiplying the message polynomial m(X) = mg+m1 X +--- +
my_1 Xk by X" we obtain

X" FPm(X) = moX"F 4 m X ey XL (3.31)

which is a polynomial of degree n — 1 or less. On dividing X" *m(X) by the
generator polynomial g(X), we have

X" *m(X) = a(X)g(X) + b(X), (3.32)

where a(X) and b(X) are the quotient and remainder, respectively. Since the
degree of g(X) is n — k, the degree of the remainder b(X) must be n —k — 1 or
less. Then b(X) must be of the following form:

b(X) = b+ b1 X + -+ by X" (3.33)
We rearrange the expression of (3.32) as follows:
b(X) + X" *m(X) = a(X)g(X). (3.34)

Expression (3.34) shows that b(X) + X" *m(X) is divisible by g(X). Since the
degree of b(X) + X" *m(X)is n — 1 or less, b(X) + X" *m(X) is hence a code
polynomial of the (n,k) cyclic code C with g(X) as its generator polynomial. The
n-tuple representation of the code polynomial b(X) + X" *m(X) is

(bo, bl, ceey bn,k,l,mo,ml, .. .,mk,l),

which is in systematic form, where the n — k parity-check bits, bg, b1, ..., bp_r_1
are simply the coefficients of the remainder b(X) given by (3.33).
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For 0 < i < k, let m;(X) = X' be the message polynomial with a single nonzero
information bit at the ith position of the message m; to be encoded. Dividing
X" Fmy(X) = X" Fi by g(X), we obtain

X = ai(X)g(X) + bi(X), (3.35)
where the remainder b;(X) is of the following form:
bz(X) = bi’() + bi71X + -+ bi,n,k,anikil. (3.36)

Since b; + X" *+ is divisible by g(X), it is a code polynomial in C. On arranging
the n-tuple representations of the n — k code polynomials, b; + X" %+ for 0 <
i < k, as the rows of a k x n matrix over GF(2), we obtain

b0,0 bO,l ce bo7n,k,1 1 0 0 --- 0
b1,0 bip -+ bipk1 0 1 0 - 0

Gesys= | . o | N N CE
be-10 bk-11 -+ bg—imk1 O 0O O --- 1

which is the generator matrix of the (n,k) cyclic code C in systematic form. The
corresponding parity-check matrix of C in systematic form is

1 0 0 --- 0 bo.,0 b1,0 e br-1,0
o 10 -+ 0 bo,1 b11 e br—1,1

Hesys = oo . : : : .. : - (3.38)
00 0 -+ 1 bonk1 brmir1 " brk1ni

From (3.32) and (3.34), we see that encoding of an (n,k) cyclic code C can be
achieved with a division circuit that divides the message polynomial X™ *m(X)
by its generator polynomial g(X) and takes the remainder as the parity part of
the codeword. This division circuit can be implemented with an (n — k)-stage
shift-register with feedback connections based on the coefficients of the generator
polynomial as shown in Figure 3.3. The pre-multiplication of the message poly-
nomial m(X) by X" * is accomplished by shifting the message polynomial from
the right-hand end of the encoding feedback shift-register as shown in Figure 3.3.

Suppose an (n,k) cyclic code C with a generator polynomial g(X) is used for
error control over a noisy channel. Let r(X) =79 + X +--- + Tn_1 X" ! be the

+ + Gate
8n—k-1

@9.»@_>._, oo —>@—biiif+=-@
Message X" m(X ) __I_, G\@Codeword

o

Parity-check
digits

Figure 3.3 An encoding circuit for an (n,k) cyclic code with generator polynomial
gX)=1+4gX+ - +g, o1 X F 14 Xk
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I’ I’ o< Gate
® ® e
®

N —> (XX Sp—k—1

-

r(X)

So
Received
Vector

Figure 3.4 A syndrome-computation circuit for an (n,k) cyclic code with generator polynomial
g(X)=14+g X+ +gnpa X"+ X"k

received polynomial. Then, r(X) is the sum of a transmitted polynomial v(X') and
an error polynomial e(X), i.e., r(X) = v(X) + e(X). The first step in decoding
r(X) is to compute its syndrome. The syndrome of r(X), denoted s(X), is given
by the remainder obtained from dividing r(X) by the generator polynomial g(X)
of code C. If s(X) =0, then r(X) is a code polynomial and is accepted by the
receiver as the transmitted code polynomial. If s(X) # 0, then r(X) is not a code
polynomial and the presence of transmission errors is detected. Computation of
the syndrome s(X) of r(X) again can be accomplished with a division circuit as
shown in Figure 3.4.

Similarly to the decoding of a linear block code described in Section 3.1.4, decod-
ing of a cyclic code involves associating the computed syndrome s(X) of a received
polynomial r(X) with a specific correctable error pattern e(X). Then the esti-
mated transmitted code polynomial ¥(X) is obtained by removing the estimated
error pattern e(X) from the received polynomial r(X), i.e., ¥(X) = r(X) — e(X).
For bounded distance decoding, the architecture and complexity of the decoding
circuit very much depend on the decoding algorithm devised for a specific class
of codes. For more on decoding of cyclic codes, readers are referred to references
[1,5,11].

Consider a systematic (n,k) cyclic code C. Let | be a non-negative integer less
than k. Consider the set of code polynomials whose [ leading high-order informa-
tion digits, v,_y, ..., Up_9,Un_1, are zeros. There are 2k=1 guch code polynomials.
If the [ zero information digits are deleted from each of these code polynomials, we
obtain a set of 2! polynomials over GF(2) with degree n — I — 1 or less. These
28—t shortened polynomials form an (n — I,k — [) linear block code. This code is
called a shortened cyclic code (or polynomial code) and it is not cyclic. A shortened
cyclic code has at least the same error-correction capability as the code from which
it is shortened. The encoding and syndrome computation for a shortened cyclic
code can be accomplished by the same circuits as employed by the original cyclic
code. This is so because the deleted [ leading zero information digits do not affect
the parity-check and syndrome computation. The decoding circuit for the original
cyclic code can be used for decoding the shortened code simply by prefixing each
received vector with [ zeros. This prefixing can be eliminated by modifying the
decoding circuit.

So far, we have discussed only the structure, encoding, and decoding of cyclic
codes, saying nothing about the existence of cyclic codes. Recall that the generator
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polynomial g(X) of an (n,k) cyclic code divides X™ + 1. With this fact, it can be
proved that any factor g(X) over GF(2) of X™ 4+ 1 with degree n — k can be used
as a generator polynomial of an (n,k) cyclic code. In general, any factor over GF(2)
of X™ + 1 generates a cyclic code.

BCH Codes

BCH (Bose-Chaudhuri-Hocquenghem) codes form a large class of cyclic codes
for correcting multiple random errors. This class of codes was first discovered by
Hocquenghem in 1959 [16] and then independently by Bose and Chaudhuri in
1960 [17]. The first algorithm for decoding of binary BCH code was devised by
Peterson [10]. Since then, the Peterson decoding algorithm has been improved and
generalized by others [1, 18]. In this section, we introduce a subclass of binary BCH
codes that is the most important subclass from the standpoint of both theory and
implementation.

Code Construction

BCH codes are specified in terms of the roots of their generator polynomials in
finite fields. For any positive integers m and t with m > 3 and ¢t < 2!, there
exists a binary BCH code of length 2™ — 1 with minimum distance at least 2¢ + 1
and at most mt parity-check digits. This BCH code is capable of correcting ¢ or
fewer random errors over a span of 2 — 1 transmitted code bits. It is called a
t-error-correcting BCH code.

Construction of a t-error-correcting BCH code begins with a Galois field
GF(2™). Let a be a primitive element in GF(2™). The generator polynomial g(X)
of the t-error-correcting binary BCH code of length 2" — 1 is the smallest-degree
(or minimum-degree) polynomial over GF(2) that has the following 2¢ consecutive
powers of a:

a,a?, a3, ... a%, (3.39)

as roots. It follows from Theorem 2.11 that g(X) has a,a?, ...,a?" and their
conjugates as all of its roots. Since all the nonzero elements of GF(2™) are roots
of X?"~1 4+ 1 and all the roots of g(X) are elements in GF(2™), g(X) divides
X2"=1 1 1. Since g(X) is a factor of X2"~! 41, it can be used to generate a
cyclic code of length 2™ — 1.

For 1 < i < 2t, let ¢;(X) be the minimal polynomial of o’. Then the generator
polynomial of the t-error-correcting binary BCH code of length 2" — 1 is given by
the least common multiple (LCM) of ¢1(X), p2(X), ..., p2c(X), i.e.,

g(X) = LCM{¢1(X), p2(X), ..., p2(X)}. (3.40)

If 7 is an even integer, it can be expressed as a product of an odd integer 7' and a
power of 2 as follows:

i=i2h
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s, . N : 5! . .
Then o' is a conjugate of o*, and hence o' and o' have the same minimal poly-
nomial, i.e.,

¢i(X) = ¢ (X).
Therefore, every even power of « in the sequence of (3.39) has the same minimal
polynomial as some previous odd power of « in the sequence. As a result, the
generator polynomial of the t-error-correcting binary BCH code of length 2 — 1
given by (3.40) can be simplified as follows:

g(X) = LCM{¢1(X), #3(X), ..., p2r-1(X)}. (3.41)

There are only ¢ minimal polynomials in the LCM expression of (3.41). Since the
degree of a minimal polynomial of an element in GF(2™) is at most m, the degree
of g(X) is then at most mt. Therefore, the t-error-correcting binary BCH code
generated by g(X) has at most mt parity-check bits and hence its dimension is
at least 2™ —mt — 1. For a given field GF(2™) with m > 3, the above construc-
tion gives a family of binary BCH codes of length 2™ — 1 with various rates and
error-correction capabilities. The BCH codes defined above are called primitive
(or narrow-sense) BCH codes since they are defined by consecutive powers of a
primitive element o in GF(2™).

Consider a primitive ¢-error-correcting BCH code C constructed using GF(2™),
whose generator polynomial g(X) has a, o2, ..., " and their conjugates as roots.
Then, for 1 <i < 2t, g(a') =0. Let v(X) =vg + 11X + -+ +vam 2X>" 2 be a
code polynomial in C. Since v(X) is divisible by g(X), a root of g(X) is also a
root of v(X). Hence, for 1 <i < 2t,

v(ai) = v + V10" + 1902 + -+ + vom a2 =, (3.42)
The above equality can be written as the following matrix product:
1
o
(?)0, Vly « ooy Ugm,Q) . QQi = 0. (3.43)
a(2".‘—2)i

Equation (3.43) simply says that the inner product of the codeword v =

(vo,v1, ..., vam_1) and (1,04, ...,a®"~2%) over GF(2™) is equal to zero. Form
the following 2t x (2™ — 1) matrix over GF(2™):
(1« a? e a?" =2 ]
1 a2 (a2)2 (a2 2m—2
H=|1 o (%7 (%) 2 (3.44)
Do @ (@
It follows from (3.43) that, for every codeword v = (vg,v1, ...,v3m_2) in the

t-error-correcting BCH code C of length 2™ — 1 generated by g(X), the following
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condition holds:
v-HT = 0. (3.45)

On the other hand, if a (2" — 1)-tuple v = (vg, v1, ..., vam_1) over GF(2) satisfies
the condition given by (3.45), then it follows from (3.43) and (3.42) that its cor-
responding polynomial v(X) = wvg +v1X + -+ +vom 2X2" 72 has a,a?, ..., a%
and their conjugates as roots. As a result, v(X) is divisible by the generator poly-
nomial g(X) of the t-error-correcting BCH code of length 2™ — 1, and hence is a
code polynomial. Therefore, the t-error-correcting primitive BCH code of length
2™ — 1 generated by the generator polynomial g(X) given by (3.41) is the null
space over GF(2) of H; and H is a parity-check matrix of the code.

For d < 2t, any d x d submatrix of the parity-check matrix H is a Vandermonde
matriz and its determinant is nonzero. This implies that any d columns of H are
linearly independent and hence cannot be summed to a zero column vector. It
follows from Theorem 3.3 that the BCH code given by the null space of H has
minimum distance at least 2¢ + 1. Hence, the BCH code can correct any error
pattern with ¢ or fewer random errors during the transmission of a codeword over
the BSC. The parameter 2t + 1 is called the designed minimum distance of the t-
error-correcting BCH code. The true minimum distance of the code may be greater
than its designed minimum distance 2¢ 4+ 1. So, 2t + 1 is a lower bound on the
minimum distance of the BCH code. The proof of this bound is based on the fact
that the generator polynomial of the code has 2t consecutive powers of a primitive
element « in GF(2) as roots. This bound is referred to as the BCH bound.

Example 3.1. Let GF(2°) be the code construction field which is generated by the prim-
itive polynomial p(X) =1 + X + X©. The elements of this field in three forms are given
in Table 3.3. Let o be a primitive element of GF(25). Set t = 3. Then the generator
polynomial g(X) of the triple-error-correcting primitive BCH code of length 63 has

04,052, (13, CY4,O(5,066,

and their conjugates as roots. Note that o, o, and o* are conjugate elements and have the
same minimal polynomial, which is 1 + X + X©. The elements o® and o are conjugates
and their minimal polynomial is 1 + X + X2 + X* + X6, The minimal polynomial of o
is 1+ X + X%+ X5+ X6, It follows from (3.41) that the generator polynomial of the
triple-error-correction primitive BCH code of length 63 is given by

gX)=(1+X+XOA+X+X*+ X'+ XO)(1+ X + X%+ X° + XO)
:1+X+X2+X3+X6+X7+X9+X15+X16+X17+X18.
Since the degree of g(X) is 18, the BCH code generated by g(X) is a (63,45) code with

designed minimum distance 7. However, it can be proved that the true minimum distance
is also 7.
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Table 3.3. GF(2°) generated by the primitive polynomial p(X) = 1+ X + X over GF(2)

3.3.2

Power Vector Power Vector
representation representation representation representation
0 (00000 0) a3? (100100)
1 (10000 0) a3 (010010)
o (010000) a3 (001001)
a? (001000) a® (110100)
o? (000100) o’ (011010)
ot (000010) 37 (001101)
o’ (000001) a®® (110110)
al (110000) o (011011)
ol (011000) a0 (111101)
a® (001100) att (101110)
a? (000110) at? (010111)
atl (000011) at? (111011)
all (110001) att (101101)
al? (101000) at (100110)
a'? (010100) ot (010011)
att (001010) a7 (111001)
al? (000101) a8 (101100)
att (110010) at? (010110)
al? (011001) o™ (001011)
al® (111100) adl (110101)
at? (011110) a? (101010)
a® (001111) a® (010101)
a? (110111) ot (111010)
a?? (101011) a®s (011101)
a® (100101) a8 (111110)
a? (100010) a7 (011111)
a? (010001) a®® (111111)
a?0 (111000) a® (101111)
a7 (011100) a0 (100111)
a®® (001110) abl (100011)
a® (000111) a®? (100001)
a0 (110011) a% =
ol (101001)

Decoding

Suppose a code polynomial v(X) of a t-error-correcting primitive BCH code
is transmitted over the BSC channel and r(X) is the corresponding received
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polynomial. The syndrome of r(X) is given by
S=(51,5,...,8) =r-H', (3.46)

which consists of 2t syndrome components. It follows from (3.44), (3.45), and
(3.46) that, for 1 < i < 2¢, the ith syndrome component is given by

S; = r(ozi) —ro4+ral+-+ T2m72a(2m—2)i7 (3.47)

which is an element in GF(2""). An effective algebraic hard-decision decoding algo-
rithm, called the Berlekamp—Massey algorithm [1, 18], has been devised assuming
as input the syndrome S (also see [2, 5, 11] for details).

Let e(X)=eg+e1 X + -+ +eam 2X2" 2 be the error pattern induced by the
channel noise during the transmission of the code polynomial v(X). Then the
received polynomial r(X)=v(X)+e(X). It follows from (3.47) that, for 1 <7 <2t,

S; =r(a') = v(a') + e(al). (3.48)
Since v(a?) = 0, we have

S; = e(a'), (3.49)
for 1 <14 < 2t. Suppose e(X) contains v errors at the locations ji, jo, ..., j,, where

0<j1<j2<---<j, <n.Then
e(X) =X+ X722 4. 4 X, (3.50)
From (3.49) and (3.50), we obtain the following 2t equalities that relate the error
locations, ji,j2, - .., ju, of €(X) and the 2¢ syndrome components, Si,Ss, ..., So:

Slze(a):aj1+aj2+---+aj“,

Sy =e(a?) = (@) + () + - + (o),
(3.51)

St = e(a™) = (a7)* + ()" 4 -+ + (7).

Note that the 2¢ syndrome components Si,S2, ..., 59 are known but the error

locations ji, jo, ..., Jj, are unknown. If we can solve the above 2t equations, we

can determine o', a2, ..., a7, whose exponents then give the locations of errors

in the error pattern e(X). Since the elements o/, a2, ... o in GF(2™) give the

locations of the errors in e(X), they are referred to as the error-location numbers.
For 1 <[ < v, define

B = at. (3.52)
Then the 2t equations given by (3.51) can be expressed in a simpler form as follows:

Si=p+02+-+ 0,

Sy =B} + B3+ + B, 559

Sor =B+ 85"+ + B
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The 2t equations given by (3.53) are called the power-sum symmetric functions.
Since they are nonlinear equations, solving them directly would be very difficult,
if not impossible. In the following, an indirect method for solving these equations
is provided.

Define the following polynomial of degree v over GF(2™):

o(X) =1+ 6 X)(1+ 6 X)---(1+6,X)

(3.54)
=og+o X+ - +0,XY
where og = 1 and
or=0+0+ -+ B,
oy = 1B2+ B1fBs + -+ Bu-1Bu,
o3 = [10203 + L1204 + - -+ + Bu-18v-20v-3, (3.55)
o, =182 Bu.
The polynomial o(X) has ﬁl_l, ﬁ;l, ..., 3,1 (the inverses of the location numbers
B1, B2, ..., Bv) as roots. This polynomial is called the error-location polynomial.

If this polynomial can be found, then the inverses of its roots give the error-
location numbers. Using (3.52), we can determine the error locations of the error
pattern e(X). The v equalities given by (3.55) are called the elementary-symmetric
functions which relate the coefficients of the error-location polynomial o(X) to
the error-location numbers, 31, (o, ..., By.

From (3.53) and (3.55), we see that the syndrome components Sy, Ss, ..., Sa
and the coefficients of the error-location polynomial o(X) are related through
the error-location numbers (1, 5o, ..., 3y. From these two sets of equations, it
is possible to derive the following equations that relate the coefficients of the
error-location polynomial o(X) to the syndrome components computed from the
received polynomial r(X) [1, 10, 18]:

S1+o01 =0,
S9 + 0151 + 209 = 0,
S3 + 0152 + 0951 + 303 =0,

: (3.56)
Sy +01S,1+ 025, 2+ -+ 0,151 +vo, =0,
Syi1+ 015, + 025, 1+ -+ 0,152 + 0,51 =0,

Since 1 4+ 1 = 0 under modulo-2 addition, we have io; = o; for odd i and i0; =0
for even i. The identities given by (3.56) are called the Newton identities.

If we can determine the coefficients, o1, 09, ..., 0., of the error-location polyno-
mial o(X) from the Newton identities, then we can determine ¢(X). Once o(X)
has been determined, we find its roots. By taking the inverses of the roots of o(X),
we obtain the error-location numbers, (1, (2, ..., 8, of the error pattern e(X).
From (3.52) and (3.50), we can determine the error pattern e(X). On remov-
ing e(X) from the received polynomial r(X) (i.e., adding e(X) to r(X) using



3.3 BCH Codes 117

modulo-2 addition of their corresponding coefficients), we obtain the decoded
codeword v(X). From the description given above, a procedure for decoding a
BCH code is as follows.

1. Compute the syndrome S = (S1, S, ..., S9;) of the received polynomial r(X).

2. Determine the error-location polynomial o(X) from the Newton identities.

3. Determine the roots, ﬁl_l, ﬂgl, .. 3,1 of o(X) in GF(2™). Take the inverses
of these roots to obtain the error-location numbers, 5 = o', o = a2, . . .,
B3, = o’v. Form the error pattern

e(X) = X7 + X7 4 - 4 X0,

4. Perform the error correction by adding e(X) to r(X). This gives the decoded
code polynomial v(X) =r(X) + e(X).

Steps 1, 3, and 4 can be carried out easily. However, Step 2 involves solving
the Newton identities. There will be in general more than one error pattern for
which the coefficients of its error-location polynomial satisfy the Newton identi-
ties. To minimize the probability of a decoding error, we need to find the most
probable error pattern for error correction. For the BSC, finding the most prob-
able error pattern means determining the error-location polynomial of minimum
degree whose coefficients satisfy the Newton identities given by (3.56). This can
be achieved iteratively by using an algorithm first devised by Berlekamp [1] and
then improved by Massey [18]. Such an algorithm is commonly referred to as the
Berlekamp-Massey (BM) algorithm.

The BM algorithm is used to find the error-location polynomial o(X) iteratively
in 2t steps. For 1 < k < 2t, the algorithm at the kth step gives an error-location
polynomial of minimum degree,

o®(X) = O'((]k) + U%k)X +-+ al(f)Xl’“, (3.57)

whose coefficients satisfy the first k Newton identities. At the (k4 1)th step,
the algorithm is used to find the next minimum-degree error-location polynomial
o*+1)(X) whose coefficients satisfy the first k + 1 Newton identities based on
o®)(X). First, we check whether the coefficients of o(*)(X) also satisfy the (k +
1)th Newton identity. If yes, then

(X)) = o®) (X) (3.58)
is the minimum-degree error-location polynomial whose coefficients satisfy the
first k& + 1 Newton identities. If no, a correction term is added to o®)(X) to form
a minimum-degree error-location polynomial,

oD (X) = of ) 4 oTX 4 gD Xl (3.59)

lk+

whose coefficients satisfy the first k + 1 Newton identities. To test whether the
coefficients of o(®)(X) satisfy the (k + 1)th Newton identity, we compute

di, = Sp+1 + ng)sk + ng)sk,1 + -4 U§5)Sk+1—lk- (3.60)
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Note that the sum on the right-hand side of the equality (3.60) is actually equal
to the left-hand side of the (k 4+ 1)th Newton identity given by (3.56). If dj = 0,
then the coefficients of o(®)(X) satisfy the (k 4+ 1)th Newton identity. If dj, # 0,
then the coefficients of o) (X) do not satisfy the (k + 1)th Newton identity. In
this case, 0(®)(X) needs to be adjusted to obtain a new minimum-degree error-
location polynomial a(k+1)(X ) whose coefficients satisfy the first £ + 1 Newton
identities. The quantity dj, is called the kth discrepancy.

If dj, # 0, a correction term is added to o®)(X) to obtain the next minimum-
degree error-location polynomial o(**1) (X). First, we go back to the steps prior to
the kth step and determine a step ¢ at which the minimum-degree error-location
polynomial is ¢ (X ) such that the ith discrepancy d; # 0 and i — [; has the largest
value, where I; is the degree of o()(X). Then

oD (X) = o™ (X) + dpd; ' X0 D(X), (3.61)
where
dpd; P X0 (X) (3.62)

is the correction term. Since i is chosen to maximize ¢ — [;, this choice of i is
equivalent to minimizing the degree k — (i — [;) of the correction term. We repeat
the above testing and correction process until we reach the 2tth step. Then

o(X) =o®(X). (3.63)

To begin using the above BM iterative algorithm to find o(X), two sets of ini-
tial conditions are needed: (1) for k = —1,set o V(X)) =1,d 1 = 1,11 = 0, and
—1—1_1=—1;and (2) for k =0,set 0D (X) =1,dy = Sy,lp = 0, and 0 — Iy = 0.
Then the BM algorithm for finding the error-location polynomial o(X) can be for-
mulated as follows.

Algorithm 3.1 The Berlekamp—Massey Algorithm for Finding the Error-
Location Polynomial of a BCH Code

Initialization. For k = —1, set o D(X)=1,d 1 =1,11=0,and -1 -1 1 =
—1.For k=0, set 0 (X)=1,dy =51, lp=0and 0—ly=0.

1. If k = 2t, output o*)(X) as the error-location polynomial ¢(X); otherwise go
to Step 2.

2. Compute dj and go to Step 3.

3.If dp =0, set o*tD(X) =oW®(X); otherwise, set o*D(X) =" (X)+
dpd; ' X* o) (X). Go to Step 4.

4. k — k+ 1. Go to Step 1.

If the number v of errors induced by the channel noise during the transmission
of a codeword in a t-error-correcting primitive BCH is ¢ or fewer (i.e., v <), the
BM algorithm guarantees to produce a unique error-location polynomial o(X) of
degree v that has v roots in GF(2™). The inverses of the roots of o(X) give the
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correct locations of the errors in the received sequence r(X). Flipping the received
bits at these locations will result in a correct decoding.

The BM algorithm can be executed by setting up and filling in the following
table:

Step Partial solution Discrepancy Degree Step/degree difference

k o®)(X) dy, I k— 1l
-1 1 1 0 ~1
0 1 Sy 0 0

1 oM (X) dy Iy 1-1

0'(2) (X) d2 l2 2 — l2
2t o) (X) — — —

Example 3.2. Let GF(2%) be a field constructed using the primitive polynomial p(X) =
1+ X + X* over GF(2) from Table 2.14. Let a be a primitive element of GF(2%). Suppose
we want to construct the triple-error-correction BCH code of length 2* — 1 = 15. The gen-
erator polynomial g(X) of this code is the minimum-degree polynomial over GF(2) that
has «, a?, a3, a*, a®, ab, and their conjugates as roots. The minimal polynomials of a,
ol anda’are 1+ X + X4 14+ X + X2+ X3+ X%, and 1 + X + X?, respectively. Then
it follows from (3.41) that the generator polynomial g(X) of the triple-error-correction
BCH code is
gX)=(1+X+XH1+X+X?+ X+ X1+ X+ X?)
=14+ X+ X%+ X+ X5+ X8+ X10,

Since the degree of g(X) is 10, the triple-error-correction BCH code generated by g(X)
is a (15,5) code.

Suppose the zero code polynomial is transmitted and r(X)= X3+ X5+ X2 is
received. In this case, the error polynomial e(X) is identical to the received polynomial.
To decode r(X), we compute its syndrome S = (S1, S, S5, S4, S5, 56), where

Si=r(a)=a®+a’+at2=1, Sy =r(a?)=ab +al? +a? =1,
S3 = r(a®) = a® + a'® + a3 = a0, Sy=r(a!) =a'? +a® 4 o’ =1,
S5 = r(a®) = a'® + a? 4+ a0 = 10, S5 = r(af) = a’® + a® 4+ a7 = ab.

With the above computed syndrome components, executing the BM algorithm results
in Table 3.4.

From Table 3.4, we find that the error-location polynomial is o(X) = o) (X) =
1+ X + a®X3. On substituting the indeterminate X of o(X) by the nonzero elements
of GF(2%), we find that the roots of o(X) are o, o', and a'?. The inverses of these
roots are a3 = a'?, a1 = o, and o '? = o?, respectively. Therefore, the locations

of errors of the error pattern e(X) are X3, X° and X'2) and the error pattern is
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Table 3.4. The decoding table for the (15,5) BCH code given in Example 3.2

Step Partial solution Discrepancy Degree Step/degree difference

k o®)(X) dp, I k—1
1 1 1 0 —1
0 1 1 0 0
1 1+ X 0 1 0
2 1+ X ab 1 1
3 1+ X +a°X? 0 2 1
4 14+ X +a’X? alo 2 2
5 1+ X +a°X3 0 3 2
6 1+ X +a°X3 — — —

e(X)= X3+ X%+ X'2. On adding e(X) to r(z), we obtain the zero code polynomial
which is the transmitted code polynomial. This completes the decoding process.

Finding the roots of the error-location polynomial o(X), determining the error-
location numbers, and the error correction can be carried out systematically
all together. The received polynomial r(X) = ro + 11X + -+ rom_1 ;X2 7170 4
oo+ rom_9 X 2" 2 is read out from a buffer register one bit at a time from the high-
order end (i.e., rom_g first). At the same time, the indeterminate X of o(X) is
replaced by the nonzero elements of GF(2™) in the order a, o2, ..., a2" 2 o?" 1,
one at a time with « first. For 1 <4 <2™ — 1, if o/ is a root of o(X) (i.e.,
o(a’) =0), then a~* =a?" 1% is an error-location number. In this case, the
received bit r9m _1_; is changed either from 0 to 1 or from 1 to 0 as it is shifted out
of the buffer register.

The BM algorithm can be used to find the error-location polynomial for either
a binary BCH code or a g-ary BCH code over GF(gq) with ¢ as a power of a
prime (see the next section). For application to a binary BCH code, it is possible
to prove that, if the first, third, ..., (2¢ — 1)th Newton identities are satisfied,
then the second, fourth, ..., 2tth Newton identities are also satisfied. This implies
that, with the BM algorithm for finding the error-location polynomial o(X), the
solution (=1 (X) at the (2k — 1)th step of the BM algorithm is also the solution
o(?¥)(X) at the 2tth step of the BM algorithm, i.e.,

oPH(X) = oD (X)), (3.64)

1 < k < t. The is demonstrated in Table 3.4.

Given the fact above, in executing the BM algorithm the (2k — 1)th and 2kth
steps can be combined into one step. Consequently, for decoding a binary BCH
code, the BM algorithm can be simplified as follows.
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Algorithm 3.2 The Simplified BM Algorithm for Finding the Error-Location
Polynomial of a Binary BCH Code

Initialization. For k= —1/2, set o("V/2(X)=1, d_1p=1, l_1),=0, and
2(—1/2) =149 =—1.Fork =0,set 0 (X) =1,dy = S1,lp = 0,and 0 — I = 0.

1. If k =t, output o(®)(X) as the error-location polynomial o(X); otherwise go
to Step 2.

2. Compute d = Sop+1 + O'Ek)SQk + Gék)SQk_l 4+ 4 Ul(f)Sng_lk and go to
Step 3.

3. If dp = 0, set o1 (X) = ¢(F)(X); otherwise, set

oF ) (X) = o®)(X) + dyd; L X206 (X)), (3.65)

where i is a step prior to the kth step at which the discrepancy d; # 0 and
2¢ — I; is the largest. Go to Step 4.
4. k — k+ 1. Go to Step 1.

The simplified BM algorithm can be executed by setting up and filling in the
following table.

Step  Partial solution Discrepancy Degree Step/degree difference

k a®)(X) dp, I 2%k — I,
—1/2 1 1 0 ~1

0 1 Sy 0 0

1 oM(X) dy I 21

2 o (X) da I 41y

t o®(X) — — —

Example 3.3. Consider the binary (15,5) triple-error-correction BCH code given in Exam-
ple 3.2. Using the simplified BM algorithm for binary BCH code, Table 3.4 is reduced to
Table 3.5.

Nonbinary Linear Block Codes and Reed—Solomon Codes

So far, we have considered only block codes with symbols from the binary field
GF(2). Block codes with symbols from nonbinary fields can be constructed in
exactly the same manner as for binary block codes. Block codes with code symbols
from GF(q), where ¢ is a power of a prime, are called g-ary block codes (or block
codes over GF(q)). A g-ary (n,k) block code has length n and ¢* codewords. A
message for a g-ary (n,k) block code consists of k information symbols from GF(q).
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Table 3.5. A simplified decoding table for the (15,5) BCH code given in Example 3.2

Step Partial solution Discrepancy Degree Step/degree difference

k o (X) dy, I 2%k — I,
-1 1 1 0 -1
0 1 1 0 0
1 1+ X ad 1 1
2 14+ X +a°X? al0 2 2
3 1+X+a°X3 0 3 3

Definition 3.3. A g-ary (n,k) block code of length n with ¢* codewords is called
a q-ary (n,k) linear block code if and only if its ¢* codewords form a k-dimensional
subspace of the vector space of all the ¢" n-tuples over GF(q).

All the fundamental concepts and structural properties developed for binary
linear block codes (including cyclic codes) in the previous three sections apply
to g-ary linear block codes with few modifications. We simply replace GF(2) by
GF(q). A g-ary (n,k) linear block code is specified by either a k x n generator
matrix G or an (n — k) x n parity-check matrix H over GF(q). Generator and
parity-check matrices of a g-ary (n,k) linear block code in systematic form have
exactly the same forms as given by (3.7) and (3.11), except that their entries are
from GF(q). Encoding and decoding of g-ary linear block codes are the same as for
binary codes, except that operations and computations are performed over GF(q).

A g-ary (n,k) cyclic code C is generated by a monic polynomial of degree n — k
over GF(q),

g(X)=go+ X+ Fgn 1 X" 4 XH (3.66)

where go # 0 and g; € GF(g). This generator polynomial g(X) is a factor of X™ —
1. A polynomial v(X) of degree n — 1 or less over GF(q) is a code polynomial if
and only if v(X) is divisible by the generator polynomial of the code.

Let GF(¢™) be an extension field of GF(¢) and a be a primitive element of
GF(¢™). A t-symbol-error-correcting primitive BCH code of length ¢ — 1 over
GF(q) is a cyclic code generated by the lowest-degree polynomial g(X') over GF(q)
that has o, 2, ..., a® and their conjugates as roots. For 1 < i < 2t, let ¢;(X) be
the (monic) minimal polynomial of o’ over GF(q). Then

g(X) = LCM{¢1(X), p2(X), ..., p2(X)}. (3.67)

Since the degree of a minimal polynomial of an element in GF(¢™) is at most m, the
degree of g(X) is at most 2mt and g(X) divides X?"~! — 1. The g-ary t-symbol-
correcting primitive BCH code has length ¢"”* — 1 with dimension at least ¢"* —
2mt — 1. Its parity-check matrix H given in terms of its roots has exactly the same
form as that given by (3.44). In the same manner, we can prove that no 2t or fewer
columns of H can be added to a zero column vector. Hence, the code has minimum
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distance at least 2¢ + 1 (BCH bound) and is capable of correcting ¢ or fewer random
symbol errors over a span of ¢"* — 1 symbol positions. For a given field GF(¢™),
a family of g-ary BCH codes can be constructed. The BM algorithm given in the
previous section can be used for decoding both binary and g-ary BCH codes.

The most important and most widely used class of g-ary codes is the class of
Reed—Solomon (RS) codes which was discovered in 1960 [19], in the same year
as the discovery of binary BCH codes by Bose and Chaudhuri [17]. For an RS
code, the symbol field and construction field are the same. Such codes can be put
into either cyclic or non-cyclic form. We define RS codes in cyclic form. Let «
be a primitive element of GF(q). For a positive integer ¢ such that 2t < ¢, the
generator polynomial of a t-symbol-error-correcting cyclic RS code over GF(q) of
length ¢ — 1 is given by

g(X) = (X —a)(X —a?)--- (X —a*)
=go+ g X + o+ g X+ X (3.68)

with g; € GF(q). Since o, a2, . .., " are roots of X971 — 1, g(X) divides X9~! — 1.
Therefore, g(X) generates a cyclic RS code of length g — 1 with exactly 2¢ parity-
check symbols. Actually, RS codes form a special subclass of g-ary BCH codes
with m = 1. However, since they were discovered independently and before g-ary
BCH codes and are much more important than other g-ary BCH codes in practical
applications, we consider them as an independent class of g-ary codes. Since the
BCH bound gives a minimum distance (or minimum weight) of at least 2¢ + 1
and g(X) is a code polynomial with 2t 4+ 1 nonzero terms (weight 2t + 1), its
minimum distance is exactly 2¢ 4+ 1. Note that the minimum distance 2¢ 4+ 1 of an
RS code is 1 greater than the number 2t of its parity-check symbols. A code with
minimum distance that is 1 greater than the number of its parity-check symbols is
called a mazimum-distance-separable (MDS) code. In summary, a ¢-symbol-error-
correction RS code over GF(g) has the following parameters:

Length q—1,
Number of parity-check symbols 2t,
Dimension q—2t—1,
Minimum distance 2t + 1.

Such an RS code is commonly called a (¢ — 1,¢ — 2t — 1,2t + 1) RS code over GF(q)
with the length, dimension, and minimum distance displayed.

In all practical applications of RS codes in digital communication or data-storage
systems, ¢ is commonly chosen as a power of 2, say ¢ = 2°, and the code symbols
are from GF(2°). If each code symbol is represented by an s-tuple over GF(2),
then an RS code can be transmitted using binary signaling, such as BPSK. In
decoding, every s received bits are grouped into a received symbol over GF(2%).
This results in a received sequence of 2° — 1 symbols over GF(2%). Then decoding
is performed on this received symbol sequence. Since RS codes are special g-ary
BCH codes, they can be decoded with the BM algorithm. The Euclidean algorithm
is also commonly used for decoding RS codes [1, 2, 5, 20].
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Figure 3.5 Error performances of the (255,239,17) and (255,223,33) RS codes over GF(28).

Example 3.4. A widely used RS code in optical communications, data-storage systems,
and hard-disk drives is the (255,239,17) RS code over GF(2%) which is capable of correct-
ing eight or fewer symbol errors. Another important RS code is the (255,223,33) RS code
over GF(28), which is the NASA standard code for deep-space and satellite communica-
tions. This code is capable of correcting 16 or fewer random symbol errors. The symbol
and block error performances of these two codes for the binary-input AWGN channel are
shown in Figure 3.5.

The (¢ — 1, — 2t — 1,2t 4+ 1) cyclic RS code C over GF(q) generated by g(X) =
(X —a)(X —a?)--- (X — a?) can be extended by adding an extra code symbol
to each codeword in C. Let v(X) = vg + v1X + -+ + v,_2X% 2 be a nonzero code

polynomial in C. Its corresponding codeword is v = (vg, v1, ..., v4—2). Extend this
codeword by adding the following code symbol (replacing X of v(X) by 1):
Voo = V(1)
=vp+ v+ -+ U2 (369)

This added code symbol is called the overall parity-check symbol of v. The
extended codeword is then vext = (Voo, v, v1, ..., vg—2). The extension results in
a (q,q — 2t — 1,2t + 2) code Cext, called an extended RS code. To determine the
minimum distance of the extended RS code, there are two cases to be consid-
ered. The first case is that v, = v(1) = 0. This implies that 1 is a root of v(X)
and hence v(X) is divisible by g*(X) = (X — 1)g(X). Consequently, v(X) is a
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nonzero codeword in the (¢ — 1, — 2t — 2,2t 4+ 2) RS code generated by g*(X) =
(X —1)g(X) = (X —1)(X —a)--- (X — a?) and the weight of v(X) must be at
least 2t + 2. Therefore, the extended codeword (vs = 0, v, ..., v4—2) has weight at
least 2t 4 2. The second case is that v, = v(1) # 0. In this case, adding the overall
parity-check symbol v, to v = (vg,v1, ...,v4-2) increases the weight of v by 1.
This implies that the weight of the extended codeword Vext = (Voo, V1, - - -, Vg—2)
is at least 2t + 2. Note that g(X) does not have 1 as a root. Hence the overall
parity-check symbol for the codeword corresponding to g(X) is nonzero. Adding
the overall parity-check symbol to the codeword corresponding to g(X) results in
an extended codeword of weight exactly 2t + 2. It follows from the above analysis
that the minimum weight of the extended (q,q — 2t — 1,2t + 2) RS code Ceyt is
exactly 2t + 2. This implies that the minimum distance of the extended RS code
Coxt 1s exactly 2t + 2.

Suppose ¢ — 1 is not a prime and can be factored as ¢ —1 = cn. Let a be
a primitive element in GF(q). Let 5 = a°. Then the order 3 is n. The n ele-
ments, 80 =1, 3,32, ..., /"1, form a cyclic subgroup of the multiplicative group
of GF(q). They also form all the roots of X™ — 1. For a positive integer ¢ such that
2t < n, let g(X) = (X —B)(X — %) (X — *). It is clear that g(X) divides
X™ — 1. Then all the polynomials of degree n — 1 or less over GF(q) that are divisi-
ble by g(X) give a nonprimitive cyclic (n,n — 2t,2t + 1) RS code. The parity-check
matrix of this nonprimitive RS code in terms of its roots is given by

1 ﬂ 52 .. /6an
2 2\2 . 2\n—1
H= 1 ﬁ (ﬂ:) . (8 ) (3.70)
i ﬁQt (5216)2 . (ﬁQt.)nfl

Suppose a (¢ — 1, — 2t — 1,2t + 1) RS code over GF(q) is used for error con-
trol over a noisy channel. Suppose a code polynomial v(X) =vg+v1 X +--- +
vq,qu_Q is transmitted. Let r(X) =ro+mX +--- + Tq,zXq_2 be the received
polynomial and let

e(X)=e;, X7 +ej, X2 ... 4+ e; X (3.71)

be the error pattern, where 0 < j; < jo < --- < j, < ¢ — 1 are the locations of
the errors in e(X) and ej,,ej,, ...,e;, are the values of errors at the locations
Ji,J2, - -, j» which are elements in GF(q). Any algebraic hard-decision decoding
method must find the locations and values of errors in e(X) given the 2¢ syndrome
components, S; = r(a), Sy = r(a?), ..., Sy = r(a?'). Two well-known and effi-
cient algorithms for decoding RS codes (or g-ary BCH codes) are the BM algorithm
and Euclid’s algorithm [20]. The computational complexities of these two algo-
rithms are about the same; however, Fuclid’s algorithm is much easier to under-
stand. In the following, we present the decoding procedure for Euclid’s algorithm.
For 1 < i < v, define

B; & ali. (3.72)
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The exponents of o', a2, ..., a’v are simply the locations of the errors in e(X).
We call 8y, Bs, ..., B, the error-location numbers. Define the following polynomial:
o(X)=1-/X)1-5X)---(1-06,X)

=g+ X +0X?+-- +0,X", (3.73)

where oy = 1. Note that o(X) has 8,1, 35 ', ..., 3, " (the reciprocals (or inverses)
of the error-location numbers) as roots. If we can determine o (X) from the 2¢ syn-

drome components Sy, So, ..., Sy, then the roots of o(X) give us the reciprocals
of the error-location numbers. From the error-location numbers, we can determine
the error locations, ji, j2, . .., ju. The polynomial o(X) is called the error-location
polynomial.
Define
S(X) =251+ 59X + -+ Sy X271, (3.74)
and

Zo(X) =51+ (S2 4+ 0151)X + (S3+ 0152 + O'QSl)XQ + -
+ (S() +01S5,1+---+ a,,,lSl)X”‘l. (3.75)

S(X) and Zy(X) are called the syndrome polynomial and error-value evaluator,
respectively. Once o(X) and Zo(X) have been found, the locations and values of
errors in the error pattern e(X) can be determined. Note that the degree of Zy(X)
is at least one less than the degree of the error-location polynomial o(X). The three
polynomials (X ), S(X), and Z(X) are related by the following equation [1]:

0(X)S(X) = Zo(X) modulo X% (3.76)

(i.e. 0(X)S(X) — Zo is divisible by X?'), which is called the key-equation. Any
method of solving this key-equation to find o(X) and Z(X) is a decoding method
for RS codes (or g-ary BCH codes). If the number of errors in e(X) is less than or
equal to ¢ (the error-correction capability of the code), then the key-equation has
a unique pair of solutions (o(X) and Zy(X)), with

deg[Zo(X)] < deg[o(X)] < t. (3.77)

The key-equation of (3.76) can be solved by using Fuclid’s iterative division
algorithm to find the greatest common divisor (GCD) of X?! and S(X). The first
step is to divide X* by S(X). This results in the following expression:

X = qu(X)S(X) + 2¢(X), (3.78)

where q;(X) and Z((Jl)(X ) are the quotient and remainder, respectively. Then,

we divide S(X) by Zél)(X). Let q2(X) and Z®) (X) be the resultant quotient and

remainder, respectively. Then, we divide Zél) (X) by Z62) (X). We repeat the above

division process. Let Zéi_2) (X) and Z(()i_l)(X) be the remainders at the (i — 2)th
and (¢ — 1)th division steps, respectively. Euclid’s algorithm for finding o(X) and
Z,(X) carries out the following two computations iteratively.
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1. At the ith division step with i =1,2,..., divide Z((]i_Q) (X) by Z((]i_l)(X) to
obtain the quotient q;(X) and remainder Zg’) (X).
2. Find ¢ (X) from

cD(X) = o (X) — q;(X)o "V (X). (3.79)
Iteration begins with the following initial conditions:

7SV (x) = x2, z0(X) = S(X),

AD(X) =0, oO(X) = 1. (3.80)

Iteration stops when a step p is reached for which
deg[Z{”)(X)] < deg[o® (X)] < . (3.81)
Then the error-location polynomial o(X) and error-value evaluator are given by
o(X) = o (X), (3.82)
Zo(X) = 2" (X). (3.83)

If the number of errors in e(X) is t or less, there always exists a step p < 2¢ for
which the condition given by (3.81) holds.

Once o(X) and the error-value evaluator Zy(X) have been found, the locations
and values of errors in the error pattern e(X) can be determined as follows.

1. Find the roots of o(X) and take the reciprocal of each of the roots, which
gives the error-location numbers o’t, a2, ..., a’. Then the exponents of «,
J1,J2, - -+ ju, give the locations of errors in the error pattern e(X).

2. Let o/(X) be the derivative of o(X). Then the error value at location j; is given
by

—Zo(ofji)

i) (3.84)

€j, =

The above two steps completely determine the error pattern e(X). Then the

estimated transmitted code polynomial is given by v*(X) = r(X) — e(X). The

iteration process for finding o(X) and Z(X) can be carried out by setting up and
filling a table as shown below:

Iteration step @ Z(()i)(X) a(X) o@(X)

X2 — 0
S(X) 1

N = O =
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Table 3.6. The steps of Euclid's algorithm for finding the error-location polynomial and the
error-value evaluator of the (15,9,7) RS code given in Example 3.5

i zy) (X) ai(X) o (X)
-1 X6 — 0
0 S(X) — 1
1 a4+ adX +aPX2+aPX3 + X4 a+aX a+aX
2 a’ +a’X all'+a8X o'+ a8X +a°X?

Example 3.5. Let GF(2%) be the field constructed from the primitive polynomial p(X) =
1+ X + X* (see Table 2.14). Let « be a primitive element of GF(2%). Consider the
triple-error-correction (15,9,7) RS code over GF(2%) generated by

g(X) = (X + a)(X +a”)(X +0”)(X + ") (X +a”)(X + ),

Suppose a code polynomial v(X) is transmitted and the received polynomial is r(X) =
a’X? + o' X10, The syndrome components of r(X) are

S1=r(a) =a®+a? =a7,

The syndrome polynomial is
S(X)=a"+a%X +aX? + a2 X? + oM X* + oM X5,
On executing Euclid’s algorithm, we obtain Table 3.6.
We find that at iteration step 2 the condition given by (3.81) holds. Hence
o(X) = P (X)
= ol +a8X +a°X? =M (14 a'X)(1 4+ a3X),
Zo(X) = o® + o X.
The roots of o(X) are a® and «a!'?. Their reciprocals are a!? and o® and hence there

are two errors in the estimated error pattern e(X) at the locations 3 and 10. The error
values at the locations 3 and 10 are

o —Zo(a™3) _ ad +a%a™3 _ 1 o
3 o' (a3) a3 (14 al%a3)  of )

e = _Zo(ailo) = ()[3 + 04204710 = &4 = 0411
10 o' (a~10) a1 1a10(1 + a3a-10) — of ‘

Therefore, the estimated error pattern is e(X) = a”X? 4+ o' X' and the decoded code-
word v*(X) = r(X) — e(X) is the all-zero codeword.
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Product, Interleaved, and Concatenated Codes

In this section, we present three well-known and widely used coding techniques to
construct long, powerful codes from short component codes. These coding tech-
niques are called product [21], interleaving, and concatenation [22], which are effec-
tive in correcting mixed types of errors, such as combinations of random errors
and bursts of errors (or random errors and erasures) [5].

Product Codes

Let C; be a binary (n1,k1) linear block code, and C2 be a binary (ng,k2) linear
block code. A code with nins symbols can be constructed by making a rectangular
array of ny columns and no rows in which every row is a codeword in C; and every
column is a codeword in Cs, as shown in Figure 3.5. The k1ks symbols in the upper-
right quadrant of the array are information symbols. The ka(n; — k1) symbols in
the upper-left quadrant of the array are parity-check symbols formed from the
parity-check rules for code Cq, and the ki(ng — ko) symbols in the lower-right
quadrant are parity-check symbols formed from the parity-check rules for Co. The
(n1 — k1)(ne — ko) parity-check symbols in the lower-left quadrant can be formed
by using either the parity-check rules for Co on columns or the parity-check rules
for C; on rows. The rectangular array shown in Figure 3.6 is called a code array
that consists of k1ko information symbols and nine — k1ko parity-check symbols.
There are 2¥1%2 such code arrays. The sum of two code arrays is an array obtained
by adding either their corresponding rows or their corresponding columns. Since
the rows (or columns) are codewords in C; (or Cz), the sum of two corresponding
rows (or columns) in two code arrays is a codeword in C; (or in Cz). Consequently,
the sum of two code arrays is another code array. Hence, the 2¥1%2 code arrays
form a two-dimensional (n1ng,k1k2) linear block code, denoted C; x Cq, which is
called the direct product (or simply product) of C; and Cs.

Encoding can be accomplished in two stages. A sequence of kiko information
symbols is first arranged as a ko X ki array A, the upper-right quadrant of the code
array given in Figure 3.6. At the first stage of encoding, each row of A is encoded
into a codeword in C;. This results in a ko x n array B. The first stage of encoding

V0,0 Vo1t Vomi—ki—1 | V0;ni—k St Vom, -1
V1,0 V11 Ulmg—ki—-1 | Uljng—k cee o Ulng -1
Vky—1,0 Vky—1,1 *°° Uky—1lmi—ki—1| Uko—1mi—k, " Uky—l,ni—1
Vk,,0 Vkyl " Ukyng—ki—1 Vky,ni—ky T Ukyny—1
Uny—1,0 Uny—1,1 " ° Ung—1lni—ki—1iUns—1ni—ki—1 *°° Uny—lni—1

Figure 3.6 A code array in a two-dimensional product code.
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is referred to as the row encoding. At the second stage of encoding, each column
of B is encoded into a codeword in Cy. After the completion of the second stage
of encoding, we obtain an ny X n; code array as shown in Figure 3.6. The second
stage of encoding is referred to as column encoding. The above two-stage encod-
ing of the information array A is referred to as row/column encoding. Clearly,
two-stage encoding can be accomplished by first performing column encoding of
the information array A and then the row encoding. This two-stage encoding is
referred to as column/row encoding. With row/column encoding, a code array is
transmitted column by column. A column codeword in Cs is transmitted as soon
as it is formed. With column/row encoding, a code array is transmitted row by
row. A row codeword in C; is transmitted as soon as it is formed. With two-stage
encoding, a transmitter buffer is needed to store the code array.

If the minimum weights (or minimum distances) of C; and Cy are d; and do,
respectively, then the minimum weight (or distance) of the product code C; x Co
is dide. A minimum-weight code array in the product code can be formed as
follows: (1) choose a minimum-weight codeword vy in C; and a minimum-weight
codeword v in Cy; and (2) form a code array in which all columns corresponding
to the zero-components of vy are zero columns and all columns corresponding to
the 1-components of vy are vo.

Decoding of a product code can be accomplished in two stages. Suppose a code
array is transmitted, either column by column or row by row. At the receiving end,
the received nino symbols are arranged back into an ne X ni array, called a received
array. Then decoding is carried out first on columns and then on rows (or first
on rows and then on columns), which is referred to as column/row decoding (or
row/column decoding). Residue errors that are not corrected at the first stage will
be, with high probability, corrected at the second stage. Decoding performance can
be improved by carrying out the column/row (row/column) decoding iteratively
[5, 21]. Residue errors that are not corrected in one iteration will be, with high
probability, corrected in the next iteration. This type of decoding is referred to as
iterative decoding, which will be discussed in detail in Chapter 7. The complexity
of two-stage decoding is roughly the sum of the complexities of the two component
code decodings.

A product code over GF(g) can be constructed by using two component codes
over GF(q).

Interleaved Codes

Let C be an (n,k) linear block code and A a positive integer. We can construct a
(An,Ak) linear block code C(\) by arranging A codewords from C as rows of a A X n
array as shown in Figure 3.7 and then transmitting the array, column by column.
This process basically interleaves A codewords in C such that two neighboring bits
of a codeword are separated by A — 1 bits from other A\ — 1 codewords. This code-
construction technique is called block interleaving and the parameter A is referred
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V0,0 Vo,1 s Vo,n—1
V1,0 V1,1 te V1,n—1
Ux—1,0 Ux—-1,1 *°° Ux—-1n-1

Figure 3.7 An block-interleaved array.

to as the interleaving depth (or degree). C(\) is called an interleaved code with
interleaving depth A.

At the receiving end, before decoding, every An received symbols must be rear-
ranged column by column back to an A X n array, called a received array. This
process is referred to as de-interleaving. Then each row of the received array is
decoded on the basis of C and a decoding algorithm. Interleaving is a very effec-
tive technique for correcting multiple bursts of errors. Let C be a t-error-correcting
code. Suppose a codeword in the interleaved code C(\) is transmitted and mul-
tiple bursts of errors occur during its transmission. After de-interleaving, if the
multiple bursts of errors in the received sequence do not cause more than ¢ errors
in each row of the received array, then row decoding based on C will correct the
errors in each row and hence corrects the multiple bursts of errors in the received
sequence. The de-interleaving simply makes the multiple bursts of errors in the
received sequence appear as random errors in each row of the received array.

Concatenated Codes

Let GF(2™) be an extension field of GF(2). Then each element in GF(2™) can be
represented by an m-tuple over GF(2). A simple concatenated code is formed by
two component codes, an (n1,k;) code C; over GF(2™) and a binary (n2,m) code Cs.
Let u = (ug, u1, ..., un,—1) be a codeword in C;. On expanding each code symbol
of u into an m-tuple of GF(2), we obtain an mn;-tuple w = (wg, w1, - . ., Wmn,-1)
over GF(2). This mn;-tuple w is called the binary image sequence of u. Encode
every m consecutive binary symbols of w into a codeword in Cy. This results in
a sequence of ning binary symbols, which consists of a sequence of n; binary
codewords in Cy. This concatenated sequence of ning binary symbols contains
kym information bits. Since there are 281™ codewords in Cy, there are 28 such
concatenated njng-bit sequences, which form a binary (ning,kym) linear block
code, called a concatenated code [7].

Encoding of a concatenated code consists of two stages as shown in Figure 3.8.
First a binary information sequence of kim bits is divided into k; bytes of m
information bits each. Each m-bit byte is regarded as an element in GF(2™).
At the first stage of encoding, the ki bytes, regarded as k; information symbols
over GF(2™), are encoded into an ni-byte codeword u in C;. The first stage of
encoding results in a coded sequence w of mn; bits (or n; m-bit bytes). At the
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Outer encoder Inner encoder
C1 (n1,k1) code Co (ng,m)
over GF(2™) binary code
Channe
Outer decoder Inner decoder
C1 (n1,k1) code Cs (ng,m) code

Figure 3.8 A concatenated coding system.

second stage of encoding, every group of m consecutive bits of w is encoded into
an no-bit codeword in Cs, resulting in a string of ny codewords in Cy. This string of
n1 codewords in Cs is then transmitted, one Cy codeword at a time, in succession.
Since C; and Cy are used at outer and inner encoding stages, respectively, as
shown in Figure 3.8, they are called outer and inner codes, respectively. If the
minimum distances of C; and Cy are di and do, then the minimum distance of the
concatenation of C; and Cy is dyds.

Decoding of a concatenated code is also done in two stages. First, decoding is
carried out for each inner no-bit received word as it arrives, based on a decoding
method for the inner code Cs, and the parity-check bits are then removed, leaving
a sequence of n1 m-bit bytes. This stage of decoding is called the inner decoding.
The n1 decoded bytes at the end of the inner decoding are then decoded based on
the outer code C; using a certain decoding method. This second decoding stage,
called the outer decoding, results in k1 decoded information bytes (or k3m decoded
information bits).

In concatenated coding systems, RS codes over extension fields of GF(2) are
commonly used as outer codes. In the above presentation, a binary linear block
code is used as the inner code. However, the convolutional codes to be presented
in the next chapter can also be used as inner codes. Usually simple codes are used
as inner codes and they are decoded with soft-decision decoding to achieve good
error performance.

Binary codes can also be used as outer codes. A concatenated code with both
binary outer and binary inner codes can be put into parallel form, in which a
single information sequence is encoded by two encoders independently using a
pseudo-random interleaver as shown in Figure 3.9. The encoding generates two
independent (or uncorrelated) sets of parity-check bits for the same information
sequence. At the receiving end, iterative decoding is performed using two decoders
based on the two independent sets of parity-check bits, with messages passing
between the two decoders. To achieve good error performance, both decoders use
soft-decision decoding. Parallel concatenation is also known as turbo coding, which
will be discussed in Chapter 7.
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Information sequence

Channel
Encoder
1 —— First set of parity-check bits
Pseudo-random
Interleaver Encoder
2 ——— Second set of parity-check bits

Figure 3.9 A parallel-concatenated coding scheme.

Quasi-Cyclic Codes

Let ¢ and b be two positive integers. Consider a tb-tuple over GF(2),
v = (V0,V1, .., Vi_1), (3.85)

that consists of ¢t sections of b bits each. For 0 < j < ¢, the jth section of v is a
b-tuple over GF(2),

V= (ijo,vjyl, .. .,Uj7b_1). (386)

Let V§»1) be the b-tuple over GF(2) obtained by cyclically shifting each component
of v; one place to the right. We call vﬁl) the (right) cyclic-shift of v;. Let

v = (v(()l),vgl), ...,Vﬁ)l). (3.87)

The tb-tuple v(!) is called the ¢-sectionized cyclic-shift of v.

Definition 3.4. Let b, k, and t be positive integers such that k < tb. A (tb,k)
linear block code Cy over GF(2) is called a quasi-cyclic (QC) code if the following
conditions hold: (1) each codeword in Cy. consists of ¢ sections of b bits each; and

(2) every t-sectionized cyclic-shift of a codeword in Cy is also a codeword in Cg.
Such a QC code is called a t-section QC' code.

Ift = 1, Cyc is a cyclic code of length b. Therefore, cyclic codes form a subclass of
QC codes. For k = ¢b with 1 < ¢ < t, the generator matrix Gy, of a binary (t¢b,cb)
QC code consists of a ¢ x t array of b x b circulants over GF(2). A b x b circulant
is a b x b matrix for which each row is a right cyclic-shift of the row above it and
the first row is the right cyclic-shift of the last row. For a circulant, each column
is a downward cyclic-shift of the column on its left and the first column is the
downward cyclic-shift of the last column. The top row (or the leftmost column)
of a circulant is called the gemerator of the circulant. The set of columns of a
circulant, read from bottom to top (or from top to bottom), is the same as the set
of rows of the circulant, read from left to right (or from right to left). Therefore,
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the rows and columns of a circulant have the same weight. A b X b zero matrix
may be regarded as a (trivial) circulant.
The generator matrix of a (tb,cb) QC code in systematic form is iven as follows:

G’O G070 GO,I ‘e GO,t—c—l I 0 e O
G’l GLO Gl,l cee Gl,t—c—l O I e O
Gyesys = : - : : . : : : . s
Ge-1 Ge1o Ge11 o Geite1 O O -0 1
P ch
(3.88)

where Lis a b x b identity matrix, O a b X b zero matrix, and G; j a b X b circulant
with 0 < i < cand 0 < j < t — ¢. The generator matrix of the form given by (3.88)
is said to be in systematic circular form. We see that the parity submatrix P on
the left-hand side of Gy sys is a ¢ X (t — ¢) array of b x b circulants. Ggceys is a
¢b x tb matrix over GF(2). Let

u=(up,uy, ..., Uc 1)
= (uo, u1, -, Uch—1)

be an information sequence of cb bits that consists of ¢ sections, of b bits each.
The codeword for u in systematic form is given by

v=uG =uyGog+u1Gy + - +u._1G._1. (389)

Example 3.6. Consider the four-section (20,10) systematic QC code generated by the
following generator matrix in systematic circular form:

[(10100[10001[10000[00000O0]
01010[11000]01000[00000
00101[01100[00100[00000
10010]00110[00010/00000

Gy 01001100011 00001]00000
11100010101 0[00000[10000
01100[00101]00000[01000
00110[10010[00000[00100
00011[01001[00000[000°10
10001]10100[00000[0000°1

Suppose the information sequence to be encoded is u = (ug, u;) = (10000,00011) which
consists of two sections, 5 bits each. The corresponding codeword for u is

vV = (Vo,Vl,V2,V3)
= (00110, 01100, 10000, 000011),
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which consists of four sections, 5 bits each. On cyclically shifting each section of v one
place to the right, we obtain the following vector:

v = (v vV vV viD)

= (00011, 00110, 01000, 10001),

which is the codeword for the information sequence u’ = (01000, 10001).

Encoding of a QC code in systematic circular form can be implemented using
simple shift-registers with linear complexity [23]. For 0 < i < cand 0 < j <t —¢,
let g; ; be the generator of the circulant G;; in the P-matrix of the generator

matrix Gy sys given by (3.88). For 0 <1 < b, let gl(lj) be the b-tuple obtained by

cyclically shifting every component of g; ; [ places to the right. This b-tuple g(l)

Z‘?j
is called the [th right cyclic shift of g; ;. It is clear that gz(g-) = gZ(bj) =g; ;. Let

u=(ug,uy, ..., uc1) = (ug,u1, .-, Uep_1) be the information sequence of cb bits
to be encoded. Divide this sequence into ¢ sections of b bits each, where the ith
section of wis u; = (Up, Uip+1, - - - U@r1)p—1) for 0 < i < c. Then the codeword for
u is v = uGycsys, which has the following systematic form:

vV = (pO)pl) .oy Pt—c, o, U1, ..., u071)7 (390)

where, for 0 < j <t —c¢, p; = (pj,0,Pj1, -- - Pjp-1) is a section of b parity-check
bits. It follows from v = uGcsys that, for 0 < j <t —c,

p; = U_QGOJ' + U1G1,j + -+ U-cfchija (391)
where, for 0 <1 < ¢,
0 1 b-1
u;G; ;= uibgz(,j) + Uz’b+1g§,j) +-+ U(i+1)b71g§,j ), (3.92)

It follows from (3.90) and (3.91) that the jth parity-check section p; can be
computed, step by step, as the information sequence u is shifted into the encoder.
The information sequence u = (ug, uy, ..., u.1) is shifted into the encoder in the
order from u._1 to ug, i.e., the section u._; is shifted into the encoder first and
ug last. For 1 <1 < ¢, at the [th step, the accumulated sum

Sij =Uc1Ge 1+ U 2Ge o+ -+ U Gey (3.93)

is formed and stored in an accumulator. At the (I + 1)th step, the partial sum
uc.;-1G¢;_1,; is computed from (3.92) and added to s; ; to form the accumulated
sum s;y1 ;. At the cth step, the accumulated sum s, ; gives the jth parity-check
section p;.

By application of the above encoding process and (3.92), the jth parity-check
section p; can be formed with a cyclic shift-register—adder-accumulator (CSRAA)

circuit as shown in Figure 3.10. At the beginning of the first step, ggb_fj)», the

(b — 1)th right cyclic-shift of the generator g._1 ; of the circulant G._; ; is stored
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B
b-bit feedback shift-register
1 2 3 b-1 b
Input a

AND AND AND AND AND

A

b-bit register

pj 1 2 3 b-1 b

Figure 3.10 A CSRAA encoder circuit.

in the feedback shift-register B, and the content of register A is set to zero. When
the information bit u.,_1 is shifted into the encoder and the channel, the product

ucb,lgg:? is formed at the output of AND gates, and is added to the content
stored in register A (zero at this time). The sum is then stored back into regis-
ter A. The feedback shift-register B is shifted once to the left. The new content

£b:12) When the next information bit u._o is shifted into the encoder

i
and the channel, the product ucb_gg((zb_f])- is formed at the output of the AND
gates. This product is then added to the sum ucb_lggb_fj)»
register A. The sum ucb_gg((f:l?])» + Ucb—lg((fflb)‘ is then stored back into A. The
above shift-add-store process continues. When the last information bit w1y,
of information section u._1 has been shifted into the encoder, register A stores
the partial sum u._1G._1 j, which is the contribution to the parity-check sec-
tion p; from the information section u._;. At this time, ggb:;; the (b — 1)th right
cyclic-shift of the generator g. o ; of circulant G. 5 ; is loaded into register B.
The shift-add-store process repeats. When the information section u._o has been
completely shifted into the encoder, register A stores the accumulated partial
sum u._2Ge 2 +u.1Ge_1j, that is the contribution to the parity-check sec-
tion p; from the information sections u.—; and u._». The above process repeats
until the last information section ug has been shifted into the encoder. At this
time, the accumulator register A contains the jth parity-check section p;. To form
t — ¢ parity-check sections, t — ¢ CSRAA circuits are needed, one for computing

each parity-check section. A block diagram for the entire encoder is shown in

inAisg

in the accumulator
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Input a CSRAA
—> , — 1,
> CSRZAA > D,
> CSRAA > b,
c

Figure 3.11 A CSRAA-based QC-LDPC code encoder.

Figure 3.11. All the parity-check sections are formed at the same time in parallel,
and they are then shifted into the channel serially. The encoding circuit consists of
t — ¢ CSRAA circuits with a total of 2(¢ — ¢)b flip-flops, (¢t — ¢)b AND gates, and
(t — ¢)b two-input XOR gates (modulo-2 adders). The encoding is accomplished
in linear time with complexity linearly proportional to the number of parity-check
bits (t — c)b.

In construction, a binary QC code Cy. is commonly specified by a parity-check
matrix, which is an array of (¢t — ¢) x t array of b x b circulants over GF(2) of the
following form:

Ao Ao e Agi1
Ao A R A
H- _ , _ (3.94)
A 10 A1 0 A1

It is a (t — ¢)b x tb matrix over GF(2). Cy. is given by the null space of H. If the
rank 7 of H is equal to its number (¢ — ¢)b of rows, we say that H is a full-rank
matrix. In this case, Cy is a (tb,cb) QC code. If H is not a full-rank matrix (i.e.,
the number of rows of H is greater than its rank), then the dimension of Cqy. is
greater than cb. Given the parity-check matrix H of a QC code Cy. in the form
of (3.94), we need to find its generator matrix in the systematic circulant form
of (3.88) for efficient encoding. There are two cases to be considered: (1) H is a
full-rank matrix; and (2) H is not a full-rank matrix.

We first consider the case that the parity-check matrix H of a QC code given
by (3.94) is a full-rank matrix, i.e., the rank r of H is (f — ¢)b. In this case, we
assume that the columns of circulants of H given by (3.94) are arranged in such
a way that the rank of the following (¢t — ¢) x (¢ — ¢) subarray of H (the leftmost
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t — ¢ columns of H) is (¢t — ¢)b, the rank of H,

App Ao “ee Apt—c
Ao A e At
D= . . . . (3.95)
A c10 Avc1n 0 A1t

The necessary and sufficient condition for the matrix G sys given by (3.88) to be
the generator matrix of Cy. with H given by (3.94) as a parity-check matrix is

HG,. . = [O], (3.96)
where [O] is a (t — ¢)b X cb zero matrix.

For 0 <i<cand0 < j <t—c, let g;,; bethe generator of the circulant G; ; in
the P-matrix of Gy sys. Once we have found the g; ;s from (3.96), we can form all
the circulants G;; of Ggesys- Let u = (1,0, ...,0) be the unit b-tuple with a “1”
in the first position, and 0 = (0,0, ...,0) be the all-zero b-tuple. For 0 < i < ¢, the
first row of the submatrix G; of Gy sys given by (3.88) is

g = (8i,08i1 " 8it-c10---0u0---0), (3.97)

where the unit b-tuple u is at the (t — ¢ + i)th position of g; (section-wise). The row
g; consists of ¢ sections, each consisting of b bits. The first ¢ — ¢ sections are simply
the generators of the ¢t — ¢ circulants G; 0, Gi 1, ..., Gj¢—c—1 of the ith submatrix
G of Gyegys. If follows from (3.96) that Hg! = 0 ( the all-zero (t — c¢)b-tuple) for
0 < i < c. Define

z; = (8i,08i,1 " Git—c—1) (3.98)
and
AO,tfc—i-i
At tcti
M; ey = ) i (3.99)
Atfcfl,tfc—i-i

with 0 <4 < ¢. My_c4, is simply the (¢t — ¢ + i)th column of circulants of H. Then
Hg;F = 0 gives the following equality:

Dz! + M;_. u’ = 0. (3.100)

Since D is a (t — ¢)b x (t — ¢)b square matrix and has full rank (¢t — ¢)b, it is non-
singular and has an inverse D~!. Since all the matrices and vectors are over GF(2),
it follows from (3.100) that

z; =D 'M; . u’. (3.101)

On solving (3.101) for 0 < i < ¢, we obtain zg,z1, ..., Z. 1. From zg,Z1, ..., Z. 1
and (3.98), we obtain all the generators g; ; of the circulants G; j of Gyc,sys. Then
G csys can be constructed readily.
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Now we consider the case for which the rank r of the parity-check matrix H
given by (3.94) is either less than the number (¢ — ¢)b of rows of H, or given by
r = (t — ¢)b, but there does not exist a (t — ¢) x (t — ¢) subarray D in H with
rank 7. For this case, the generator matrix of the QC code Cy. given by the null
space of H cannot be put exactly into the systematic circulant form given by
(3.88), however, it can be put into a semi-systematic circulant form that allows
encoding with simple shift-registers as shown in Figure 3.10. To construct the
generator matrix in semi-systematic circulant form, we first find the least number
of columns of circulants in H, say [ with t — ¢ <[ < ¢, such that these [ columns of
circulants form a (¢ — ¢) x [ subarray D*, whose rank is equal to the rank r of H.
We permute the columns of circulants of H to form a new (¢t — ¢) x ¢ array H* of
circulants, such that the first (or the leftmost) [ columns of H* form the array D*.
Note that the null space of H* gives a code that is combinatorially equivalent to
the code given by the null space of H, i.e., they give the same error performance
with the same decoding.

Let
Aoo  Aog1 - A
i Ao Ain - A
D= | R (3.102)
Atfc,[) Atfc,l e Atfc,lfl

Then, given D*, the generator matrix of the QC code Cg4. given by the null space
of H* can be put in the following semi-systematic circulant form:

Q
Gqc,semi-sys - T y (3103)
Gqc,sys
which consists of two submatrices Gy and Q. The submatrix Gg. g is a
(t — 1)b x tb matrix in systematic cirulant form,
Goo Goi1 -+ Gy I O --- O
. Gog Gig -+ Gy O I .-
Goesys = | - : R (3.104)
Gio Giggp o0 Geggr OO e 0

where each G; jisa b x bcirculant, Iisa b x bidentity matrix, and O isa b x b zero
matrix. Then the generators g; j of the b X b circulants Gy ; in G, i With 0 <7 <
t —land 0 < j < [ can be obtained by solving Equation (3.100) with D replaced by
D* and setting the bl — r linearly dependent elements in z; = (g;,08i,1 - - &ii-1) to
zeros. The linearly dependent elements in z; correspond to the linearly dependent
columns of D*.

The submatrix Q of Ggc semi-sys is an (Ib — ) x tb matrix whose rows are linearly
independent, and also linearly independent of the rows of the submatrix Gy, ¢s-
For Gy semi-sys to be a generator matrix of the null space of H*, Q must satisfy
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the condition H*QT = O, where O is a (t — ¢)b x (Ib — r) zero matrix. To obtain
Q, let do,dy, ...,d;_1 be the number of linearly dependent columns in the Oth,
Ist, ..., (I = 1)th columns of circulants in D*, respectively, such that

do+di+---+di_1=1b—r. (3.105)

For a b x b circulant, if its rank is b, then all the columns (or rows) are linearly
independent. If its rank A is less than b, then any A consecutive columns (or rows)
of the circulant are linearly independent and the other b — A columns (or rows) are
linearly dependent. Starting from this structure, we take the last b — d; columns
of the jth column of circulants of D* as the linearly independent columns. Then
the first dg, dy, ..., d;_1 columns of the Oth, 1st, ..., (I — 1)th columns of circulants
of D* are linearly dependent columns. Q can be put into the following circulant
form:

Qo Qo,0 Qo,1 e Qo,i—1 Oo,0 00,1 e Oop,t—1-1
Q1 Q1,0 Qi1 - Q1,1-1 O1,0 O11 - O1,i-1-1
Q= : = : : - : : : . : )
Qi1 Qi—10 Q11 - Q-1i-1 O Oim1n -0 Quoig—i-1
(3.106)

where (1) O ; is a d; x bzero matrix with 0 <i <land0 < j <t —1l;and (2) Q;;
is a d; x b partial circulant obtained by cyclically shifting its first row d; — 1 times
to form the other d; — 1 rows with 0 < 14,5 < L.

For 0 <1 <, let

q; = (Wiv 0)
= (qi,07 Qi 1y - -5 4ilb—1, Oa Oa cey 0) (3107)

be the first row of the ith submatrix Q; of Q, which consists of two parts, the right
part 0 and left part w;. The right part 0 = (0,0, ...,0) consists of (¢t — )b zeros.
The left part w; = (¢i,0, 4,1, - - -, ¢,1n—1) consists of [b bits, which correspond to the
b columns of D*. The b — r bits of w; that correspond to the linearly dependent
columns of D*, called dependent bits, have the following form:

(00’ "',OiflyuiaOiJrl? "'7Ol71)7 (3108)

where, for e # i, 0. is a zero d.-tuple and u; = (1,0, ..., 0) is a unit d;-tuple. From
the structure of w;, the number of unknown components in w; is r, the rank of
D* (or H¥).

The condition H*QT = O gives the following equation for 0 < i < I:

Agp Aogq . Agi qi,0
Aip Ay . A gi1

D*wiT =

—0. (3.109)

At c10 Apccia 0 A1 | | G
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On solving (3.109), we find w; = (¢i0,¢i1, - - -, @ip—1) for 0 < i < [. Divide w; into
[ sections, denoted w; o, w; 1, ..., W; 1, each consisting of b consecutive compo-
nents of w;. For 0 < 7, j < [, the partial circulant Q; ; of Q is obtained by using w; ;
as the first row, and then cyclically shifting it d; — 1 times to form the other d; — 1
rows. From the Q; ;s with 0 < 7, j <[, we form the Q submatrix of Gy semi-sys- By
combining Q and Gy, i into the form of (3.108), we obtain the generator matrix
G ycsemi-sys of QC code Cy. given by the null space of a non-full-rank array H of
circulants.

Given Ggegem-sys as described in (3.103), an encoder with [ CSRAA cir-
cuits of the form given by Figures 3.10 and 3.11 can be implemented. Encod-
ing consists of two phases. An information sequence a = (ag,a, ..., amp_r_1)
of th —r bits is divided into two parts, all) = (Ap—ry Qlb—r41y - -+ Qtp—r—1) and
a® = (ap,a1, ...,ap—r—1). Then a = (a(2), a(l)). The information bits are shifted
into the encoder serially in the order of bit as,_,._1 first and bit ag last. The first
part alV) of a, consisting of (t — 1)b bits, is first shifted into the encoder and is
encoded into a codeword v(!) in the subcode Céi) generated by Gy, g . The [ par-
ity sections are generated at the same time when a!) has been completely shifted
into the encoder, as described in the first case. After encoding of a), the second

part a® of a is then shifted into the encoder and is encoded into a codeword
v(? in the subcode C(SE) generated by Q. By adding v(!) and v(?), we obtain the
codeword v = v + v@ for the information sequence a = (a(z),a(l)).

To encode a? using Q, we divide a® into [ sections, agf), a§2) S e al(g)l, with

do,d1, ...,d;_1 bits, respectively. Then the codeword for a? is of the form

v = (v(()Q),VEQ), ...,vl(z)l,0,0, ... 0), (3.110)
which consists of ¢ — [ zero sections and [ nonzero sections, v(()Q),v?), ...,vl(f)l,
each section, zero or nonzero, consisting of b bits. For 0 < j < [,

2 2 2 2
v —a®qQq; +a?Qu + o+ ai Q. (3.111)

Since each Q; ; in Q with 0 <4, j < is a partial circulant with d; rows, encoding
of a® can be accomplished with the same | CSRAA circuits as used for encoding
a. For 0 < j <, at the end of encoding al"), the accumulator A of the jth

CSRAA stores the jth parity-check section vg.l) of v(U. In the second phase of

encoding, aéz),agz), ...,al(z)l are shifted into the encoder one at a time and the

generators, wo j, Wi j, ..., Wi_1j, of the partial circulants Qoj, Q1 j, ..., Q-1
are stored in register B of the jth CSRAA in turn. Then the cyclically shifts
B, doy,d1, ...,d;_1 times, respectively. At the end of dy +dy + - +dj_1 =1lb—r
shifts, the jth parity section, vgl) + v§2), is stored in the accumulator register A
of the jth CSRAA circuit.

Note that the codeword v = (vg, v1, ..., vy_1) for the information sequence a =
(a®,aM) is not completely systematic. Only the rightmost (¢ — 1)b bits of v are
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identical to the information bits in a®V), i.e., (Vi Ulbt1y - - s Vtp—1) = a). The next
Ib — r bits, v, Vpy1, ..., Up_1, of v are not identical to the information bits in a®,
The right-most bits vg, vy, ..., v-_1 of v are parity-check bits.

Repetition and Single-Parity-Check Codes

Repetition and single-parity-check codes are two very simple types of linear block
codes. A repetition code Cicp over GF(2) of length n is a binary (n,1) linear code
with a single information bit. The code is simply obtained by repeating a single
information bit n times. Therefore, it consists of only two codewords, namely the
all-zero codeword, (00...0), and the all-one codeword, (11...1). Obviously, its
generator matrix is

Grep=[11...1].

A single-parity-check (SPC) code Cgp. over GF(2) of length n is a binary
(n,n — 1) linear code for which each codeword consists of n — 1 information bits
and a single parity-check bit. Let u = (ug, u1, ..., un—2) be the message to be
encoded. Then a single parity-check bit ¢ is added to it to form an n-bit codeword
(c,up,uq, ..., up—2). This single parity-check bit ¢ is simply the modulo-2 sum of
the n — 1 information bits of the message u, i.e.,

c=1up+up+- -+ Up-2.

Hence, every codeword in Cgpe has even weight. Cypc simply consists of all the
n-tuples over GF(2) with even weight and hence its minimum distance is 2. Any
error pattern with an odd number of errors will change a codeword in Csp. into
a non-codeword and any error pattern with a nonzero even number of errors will
change a codeword in Cgp, into another codeword. This implies that Cgp. is capable
of detecting any error pattern containing an odd number of errors but not any
error pattern containing a nonzero even number of errors. Such SPC codes are
commonly used in communication and storage systems for simple error detection.

The generator matrix of an (n,n — 1) SPC code in systematic form is given as
follows:

. L1 0 0 00
. L0 10 00
Gpe= |1 L= 1.0 0 1 0.0
1 ] [t 00 0 0-1]

whereI,,_jisan (n — 1) x (n — 1) identity matrix. It is easy to check that the inner
product of the single row of the generator matrix G¢p of the (n,n — 1) repetition
code and any row of the generator matrix G, of the (n,n — 1) SPC code is zero,
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i.e., GrepGl,. = 0 (an n — 1 zero-tuple). Therefore, the (n,1) repetition code and
the (n,n — 1) SPC code are dual codes.
Repetition and SPC codes are extremely simple codes; however, they are quite

useful in many applications, as will be seen in later chapters.

3.1 Consider a binary linear block code with the following matrix as a generator
matrix:

G =

O = ==
== O -
—_ O O =
oo~ O
OO ==
O = = O
_ -0 O
= =)

1. Put the given generator matrix into systematic form and find all the codewords.

2. Find the parity-check matrix of the code in systematic form. Determine the
parity-check equations.

3. What is the minimum distance of the code?

4. Determine the weight distribution of the code.

3.2 Consider the code given in Problem 3.1 in systematic form. Suppose a
codeword is transmitted over the BSC with transition probability p = 0.01 and
r = (01110110) is the corresponding received vector.

1. Compute the syndrome of the received vector.

2. Find all the error patterns that have the syndrome you have computed.

3. Compute the probabilities of the error patterns you have found and determine
the most probable error pattern.

4. Compute the probability of an undetected error of the code given in Prob-
lem 3.1.

3.3 Prove that the Hamming distance satisfies the triangle inequality given by
(3.18).

3.4 Prove Theorem 3.1.

3.5 Prove Theorem 3.2.

3.6 Prove Theorem 3.3.

3.7 Construct a standard array of the code given in Problem 3.1 which realizes
the maximum-likelihood decoding for a BSC with transition probability p < 1/2.
Compute the probability of a decoding error based on the standard array that you
have constructed.

3.8 In astandard array for an (n,k) linear block code C, prove that (a) the sum
of two vectors in the same coset is a codeword in C; (b) no two vectors in the same
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coset or two different cosets are the same; (c) all the vectors in a coset have the
same syndrome; and (d) different cosets have different syndromes.

3.9 Using a standard array of a linear block code C for decoding, prove that, if
an error pattern is not a coset leader, then the decoding of a received vector is
incorrect.

3.10 Let C be a binary (n,k) linear block code with minimum distance dy;,. Let
t = [(dmin — 1)/2]. Show that all the n-tuples over GF(2) with weights ¢ or less
can be used as coset leaders in a standard array of C. Show that at least one n-tuple
over GF(2) with weight ¢ + 1 can not be used as a coset leader.

3.11 Determine the code given by the null space of the following matrix over
GF(2):

101100 0
00101100
0010110

H=(0 00 1 0 1 1/
1000 1 01
11000 1 0
001 100 0 1

If we regard matrix H as the incidence matrix of a bipartite graph, draw this
bipartite graph. What is the girth of this bipartite graph?

312 LetH=[1 1 --- 1]beal x nmatrix over GF(2) where all the entries
of the single row are the 1-element of GF(2). Determine the code given by the null
space of H and its weight distribution. This code is called a single-parity-check
(SPC) code. Draw the bipartite graph with H as the incidence matrix.

313 Letg(X)=1+X+ X%+ X*+ X°+ X84 X9 be the generator polyno-
mial of a (15,5) cyclic code over GF(2).

1. Construct the generator matrix of the code in systematic form.
2. Find the parity-check polynomial of the code.

3.14 Let a be a primitive element of the Galois field GF(2%) generated by the
primitive polynomial p(X) = 14 X2 4+ X (see Table 2.10). Find the generator
polynomial of the triple-error-correcting primitive BCH code of length 31.

3.15 Consider the primitive triple-error-correction BCH code over GF(2) con-
structed in Problem 3.14. Suppose a code polynomial v(X) is transmitted and
r(X) =1+ X%+ X?2!is the received polynomial. Decode r(X) using the BM algo-
rithm.

3.16 Consider the primitive tripe-error-correction (63,45) BCH code over GF(2)
constructed in Example 3.1. Suppose a code polynomial v(X) is transmitted and
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r(X) =1+ X% + X% is the received polynomial. Decode r(X) using the BM
algorithm.

3.17 Using the Galois field GF(2°) generated by the primitive polynomial
p(X) =1+ X? 4 X5 (see Table 2.10) find the generator polynomial of the triple-
error-correcting RS code C over GF(2°) of length 31. Let o be a primitive
element of GF(2%). Suppose a code polynomial v(X) of C is transmitted and
r(X) =a?+a?' X2 4 a"X?Y is the corresponding received polynomial. Decode
r(X) using Euclid’s algorithm.

3.18 Decode the received polynomial r(X) = a?+ a1 X2 +a"X? given in
Problem 3.17 using the BM algorithm.

3.19 For i =1 and 2, let C; be an (n;,k;) linear block code over GF(2) with
generator and parity-check matrices G; and H;, respectively.

1. Find a generator matrix of the product code C =C; x Cy in terms of Gy
and Go.

2. Find a parity-check matrix of the product code C = C; x C2 in terms of H;
and IIQ.

3.20 Let g(X) be the generator polynomial of an (n,k) cyclic code C. Suppose
we interleave C by a depth of A. Prove that the interleaved code Cj is also a cyclic
code with the generator polynomial g(X?).

3.21 Let C; and Cy be the outer and inner codes of a concatenated code C with
minimum distances d; and do, respectively. Prove that the minimum distance of
the concatenated code C is dy X ds.
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4.1

Convolutional Codes

The class of convolutional codes was invented by Elias in 1955 [1] and has been
widely in use for wireless, space, and broadcast communications since about 1970.
Their popularity stems from the relative ease with which the maximum-likelihood
sequence decoder may be implemented and from their effectiveness when concate-
nated with a Reed—Solomon code. Since the early 1990s, they have enjoyed new
respect and popularity due to the efficacy of concatenations of multiple convolu-
tional codes in turbo(-like) codes.

In this chapter, we introduce the class of convolutional codes. We first present
algebraic descriptions of convolutional codes, which were pioneered by Forney [2]
and extended by Johannesson and Zigangirov [3]. We also discuss various encoder
realizations and matrix representations of convolutional codes. We then discuss a
graphical (trellis) representation, which aids two optimal decoding algorithms, the
Viterbi algorithm [4, 5] and the BCJR algorithm [6]. Finally, we present techniques
for bounding the performance of convolutional codes based on the technique of
Viterbi [7]. Our discussion in this chapter will include only binary convolutional
codes. Extensions of the various details to the nonbinary case are straightforward.
See [8, 9] for additional information on convolutional codes, including tables of
optimal codes.

The Convolutional Code Archetype

Convolutional codes are linear codes with a very distinct algebraic structure. While
they can be utilized in block-oriented (packet-based) situations, their encoders
are frequently described as stream-oriented. That is, in contrast with a block
code, whose encoder assigns an n-bit codeword to each block of k data bits, a
convolutional encoder assigns code bits to an incoming information bit stream
continuously, in a stream-oriented fashion.

The convolutional code archetype is a four-state, rate-1/2 code whose encoder
is depicted in Figure 4.1. Observe that two code bits are produced for each data
bit that enters the encoder; hence, the rate is 1/2. The state of the encoder is
defined to be the contents of the two binary memory cells; hence, the encoder
is a four-state device. As with binary block codes, all operations are over the
binary field Fo, so the two adders in Figure 4.1 are modulo-2 adders. Observe that
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¢

Figure 4.1 A four-state, rate-1/2 convolutional code encoder.

@

the top and bottom parts of the encoder act as two discrete-time finite-impulse-
response filters with operations in Fy. The top filter has impulse response g(l) =
[111] and the bottom filter has impulse response g(® = [1 0 1]. It is from this
perspective that the nomenclature ‘‘convolutional” originates: encoder output cW
is the convolution of the input u and the impulse response g(!), and similarly for
encoder output ¢®). Thus, we may write, for j = 1,2,

D) —uwgl,

Moreover, since convolution in the time domain is multiplication in the transform
domain, this equation may be rewritten as

(D) = u(D)g (D),

where the coefficients of the polynomials in D are the elements of the correspond-
ing vectors so that ¢)(D) =1+ D + D? and ¢® (D) = 1+ D?. Note that D is
equivalently the discrete-time delay operator z~!, although D is generally used in
the coding literature.

We may also model the two encoding operations more compactly via the follow-
ing matrix equation:

V(D) @(D)] =u(D)][gM (D) ¢* (D)
= u(D)G(D).

The 1 x 2 matrix G(D) = [g(l)(D) 9(2)(D)} is the code’s generator matriz and

the polynomials g¥)(D) are called generator polynomials.

The codeword for such a convolutional encoder is generally taken to be the
word formed by multiplexing the bits corresponding to the polynomials c(l)(D)
and ¢® (D). For an input word length of ¢ (i.e., the degree of u(D) is £ — 1), the
output word length is 2¢ + 4. The added 4 bits are a consequence of two extra Os
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used to flush out the encoder memory, which results in four extra code bits. Thus,
in practice the code rate is £/(2¢ 4 4), which approaches 1/2 for large £. We remark
that, in addition to low-complexity encoding (as in Figure 4.1), convolutional codes
allow low-complexity decoding. This is a result of the highly structured but simple
relationship between the data word and the codeword.

The following sections provide the framework necessary for a more thorough
understanding of convolutional codes. Codes with rates other than 1/2 will be
considered, as will systematic codes. (Note that the code in Figure 4.1 is not
systematic.) We first consider a more general algebraic description of convolutional
codes than the one in the foregoing example. We then consider various encoder
realizations for the various classes of convolutional codes. Next, we present various
alternative representations of convolutional codes, including representation as a
linear block code and graphical representations. Next, we present optimal decoding
algorithms for convolutional codes operating over a binary-input AWGN channel,
with an eye toward their use in iterative decoders, to be discussed in subsequent
chapters. Finally, we present techniques for estimating the performance of these
codes on the AWGN channel.

Algebraic Description of Convolutional Codes

In order to present an algebraic description of convolutional codes, the following
notation for various algebraic structures is necessary. We denote by Fo[D] the ring
of polynomials over F9 in the indeterminate D, where g is a shorthand for the
finite field GF(2). Thus, an element of F3[D] may be represented by > 7 a;D"
for some integer s > 0, where a; € Fo. We denote by Fo(D) the field of rational
functions over Fy in the indeterminate D. Thus, an element of Fy(D) may be
represented as a ratio of polynomials, a(D)/b(D), for some a(D) and b(D) # 0
in F3[D]. Finally, we denote by Fo(D) the field of Laurent series over Fy in the
indeterminate D. Thus, an element of F2(D) may be represented by > "¢ s; D’ for
some integer 7, where s; € Fy. The following relationships are obvious: Fa[D] C
Fy(D) C Fo(D) . Note that n-tuples of elements of Fo(D), denoted by F5 (D), form
a vector space with Fo(D) as the scalar field.

Example 4.1. The polynomials 1 + D, 1 4+ D?, and D + D? + D3 are all elements of the
ring Fo[D] (and, hence, are in Fy(D) and Fo(D) as well). The rational functions

1+ D 1+ D 1+ D?
an
D+ D2+ D3 1+ D+ D?’ 1+D

are all elements of the field Fo(D). Note that the numerator of the third rational function
factors as 1+ D? = (1 + D)(1 + D) and so the third rational function reduces to 1 + D,
an element of Fy[D]. The first two are not elements of Fo[D], however. Application of
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long division to the second rational function yields

14+ D

iDL PP DA D A DA D DY

that is, a power series whose coefficients are 1011011011 ... Thus, (1 + D)/(1 + D + D?)
is clearly in Fo(D) as well as in Fy(D). The elements of Fo(D) must have power-
series coefficients that are periodic after some initial transient, as seen in the fore-
going example. To see this, first note that an element a(D)/b(D) € Fo(D) satisfies
a(D) =b(D)- Y2y siD* = b(D) - s(D). Now note that the only way that the product
between the power series s(D) and the polynomial b(D) can be a polynomial a(D) (which
has finite length, by definition) is if s(D) is periodic. Thus, an example of an element of
a series that is in Fo (D) but not in Fo(D) is one whose coefficients are not periodic, e.g.,
are randomly chosen.

Given these definitions, we may now proceed to define a binary convolutional
code. Whereas a linear binary block code of length n is a subspace of the vector
space 5 of n-tuples over the field o, a linear binary convolutional code of length
n is a subspace of the vector space F5 (D) of n-tuples over the field Fo(D). Thus,
given a convolutional code C, a codeword ¢(D) € C C F4(D) has the form

o(D) = [{V(D) (D) ... (D),

where ¢)(D) = 3722 cgj )Di is an element of Fy(D). Further, since C is a subspace
of F5(D), each ¢(D) € C may be written as a linear combination of basis vectors

{gi(D)}f:1 from that subspace,

k

(D) =)« (D)gi(D), (4.1)

i=1

where u() (D) € Fo(D) and k is the dimension of C. Analogously to linear block
codes, we may rewrite (4.1) as

c¢(D) =u(D)G(D), (4.2)
where u(D) = [uM(D) «(D) ... u®(D)] and the basis vectors g;(D) =
[gfl)(D) gl@) (D) ... gi(n)(D)] form the rows of the k x n generator matrix

G(D), so that the element in row ¢ and column j of G(D) is gZ(])(D).

In practice, the entries of G(D) are confined to the field of rational functions
Fa(D) so that encoding and decoding are realizable. (Additional necessary con-
straints on G(D) are given in the next section.) Further, while {u(i)(D)} and
{c(j)(D)} are still taken from Fo(D), they are restricted to be delay-free, that
is, 7 = 0. Observe that, if we multiply a matrix G(D) with entries in Fy(D) by
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the least common multiple of the denominators of its entries gl-(j )(D), we obtain
a generator matrix for the same code whose entries are confined to the ring of poly-
nomials Fo[D]. We denote this polynomial form of a generator matrix by Gty (D)
and emphasize that there exists a polynomial-form generator matrix for any real-
izable convolutional code. In that which follows, we will let G(D) represent a
generic generator matrix, so that it may be in either systematic or non-systematic
form, and its entries may be from Fy(D) or Fa[D].

There exists an (n — k) x n parity-check matriz H(D) whose null space is C.
This may be re-stated as

c(D)HY(D)=0
for any c¢(D) € C, or as
G(D)HY(D) = 0.

In the previous two equations, 0 represents a 1 x (n — k) zero vector and a k x
(n — k) zero matrix, respectively. As for linear block codes, G(D) and H(D) each
have a systematic form, Gsys(D) = [I|P(D)] and Hyys(D) = [PT(D)|I]. Also, as
for linear block codes, Ggys(D) is obtained by row reduction of G(D) combined
with possible column permutations to obtain the [I|P(D)] format. As we will see
in the following example, there also exists a polynomial form of the parity-check
matrix, denoted by Hy,o1y (D).

Example 4.2. Consider the generator matrix for a rate-2/3 convolutional code given by

1+D
1T DT 2 ;DQ 0 1+D
GD)=|1+LP+ 1 D
1+D 1+D2

If we (a) multiply the first row by (1 + D + D?)/(1 + D), (b) add the new first row to
the second row, and (c¢) multiply the new second row by 14 D, with all operations over
Fy(D), the result is the systematic form

1 0 14D+ D?
Gyys(D) = 0 1 14+ D3+ D4
1+D

Noting that the submatrix P(D) is the rightmost column of Ggys(D), we may immedi-
ately write

1+ D3+ D*
Hy,(D)=|1+D+D? ——— "~ 1
y( ) + D + 11D
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because we know that Hgys(D) = [PT(D)|I]. The least common multiple of the denomi-
nators of the entries of G(D) is (1 + D + D?)(1 + D?), from which

)
(1+ D)3 0 (14 D+ D*)(1+ D)3
(

GrovlP)= | (14 D4 D514 D) (1+D+D)(1+D)  D+D+D?)

Lastly, by multiplying each of the entries of Hyys(D) by 1 + D, we obtain
H,oy(D)=[1+D* 1+D*+D* 1+D].

We emphasize that G(D), Gsys(D), and Gpely (D) all generate the same code,
that is, their rows span the same subspace of F5 (D). In (4.2), u(D) represents the
data word to be encoded, and u(D)G(D) represents the codeword correspond-
ing to that data word. Thus, while the three generator matrices yield the same
code, i.e., the same list of codewords, they correspond to different u(D) — c(D)
mappings, that is, to different encoders. In that which follows we use ‘‘encoder”
and ‘‘generator matrix”’ interchangeably because they both describe the same
u(D) — c(D) mapping. In the next section we divide the different encoder possi-
bilities for a given code into four classes and we describe two realizations for any
given encoder, that is, for any given G(D).

Encoder Realizations and Classifications

When considering encoder realizations, it is useful to let D represent the unit-
delay operator, which is equivalent to 2! in the discrete-time signal-processing
literature. In the encoding operation represented by ¢(D) = u(D)G(D), we note

that there is a discrete-time transfer function gz-(j )(D) between input v (D) and
output ¢\ (D). Further, when an element ggj )(D) of G(D) is a polynomial from
F2[D], this transfer function may be implemented as if it were a finite-impulse-
response (FIR) filter, but with arithmetic over Fo. When gl-(j )(D) is a rational
function from Fa(D), it may be implemented as if it were an infinite-impulse-
response (IIR) filter, but with arithmetic over .

When gj(.i) (D) is a rational function, that is, ggj)(D) = a(D)/b(D), we assume
that it has the form
ap +arD + -+ + ayp D™

L+bD+ -+ by Dm

9(D) = (4.3)

so that b(D)|p_, = bp = 1. This assumption implies that gZ(j )(D) is a causal trans-
fer function and, hence, is realizable. To see this, note that, by definition, the
transfer function g(J )(D) implies that

)
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or, in the time domain with discrete-time parameter t,
bocgj) = aougi) + aluﬁ)l 4+ 4 amuﬁ)m
— blcgi)l - bgcgi)Q — = bmcﬁ)m.

Observe that by = 0 makes the situation untenable, i.e., Y cannot be determined

from the inputs ugz),ug?l, coy uﬁ’)m and the outputs cgi)l, cgi)g, coy ng,)m.

Figure 4.2 depicts the Type I IIR filter realization of the transfer function
gl-(j)(D) = a(D)/b(D) and Figure 4.3 presents the Type II IIR filter realization.
The Type I form is also called the controller canonical form or the direct canon-

ical form. The Type II form is also called the observer canonical form or the
transposed canonical form. When g(])(D) is a polynomial, that is, g(J)(D) =a(D),

(2 7
this is a special case of a rational function with (D) = 1. Thus, the implementa-
tion of gz@)(D) in this case is also depicted in Figure 4.2 or Figure 4.3, but with
bo = b3 =...=b, =0, that is, without the feedback. The derivations of both
types of realizations are explored in Problems 4.4 and 4.5. See also Sections 6.3
and 6.4 of [10], which discuss implementations of IIR systems.

In that which follows, we shall require that G(D) be delay-free, that is, that
G(D) correspond to a delay-free encoder. This implies that G(0) is not the zero
matrix or, equivalently, that D!, [ > 0, cannot be factored out of G(D). We shall
also require that G(D) be realizable, meaning that G(D) corresponds to a real-
izable encoder. When G(D) consists of rational functions, this means that the
denominators of all entries of G(D) have nonzero constant terms. (Consider the
impact of a zero constant term, by = 0, in either Figure 4.2 or Figure 4.3.) G(D)
in polynomial form is always realizable.

Figure 4.2 Type I realization of the transfer function ggj)(D) = a(D)/b(D), with by = 1. The
input is (Y (D) and the output is ¢ (D).
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input

L O o o hO

Figure 4.3 Type II realization of the transfer function glm(D) = a(D)/b(D), with bg = 1. The
input is (9 (D) and the output is ¢¥) (D).

Example 4.3. The Type I encoder realization of the rate-1/2 convolutional code with
generator matrix G(D) = [1+ D+ D? 1+ D?], originally depicted in Figure 4.1, is
presented in Figure 4.4(a). The Type I encoder for the systematic form of this code, for
which the generator matrix is

1+ D? ]

sys(D) = |1 ——=—F3
Ges(D) [ 1+D+D?

is presented in Figure 4.4(b). The Type II encoder for Ggys(D) is presented in Fig-
ure 4.4(c).

In the table below we give an example input/output pair for each of the encoders
in Figures 4.4(a) and 4.4(b). The examples were specifically selected to demonstrate
how different inputs lead to the same codeword in each case. The (semi-infinite) vector
notation is used in the table. In this notation a polynomial (power series) is repre-
sented by a vector (semi-infinite vector) of its coefficients. Thus, the vector representation
for u(D) = ug +u1D+uasD?*+...isu=[ug wu; wuz ... and the vector representa-
tion for cU) (D) = céj) + cgj)D + céj)D2 + .. iscl) = [céj) cgj) céj) . .},j =1,2. As
indicated in Figures 4.4(a) and 4.4(b), in the table the vector c is the codeword corre-
sponding to multiplexing the bits of ¢(!) and ¢(?), as is done in practice.

Figure 4.4(a) encoder Figure 4.4(b) encoder

u(D) 1 1+ D+ D?
u 10... 1110...
V(D) 1+ D+ D? 1+ D+ D?
(D) 1+ D? 1+ D?
cW 1110... 1110...
c®? 1010. .. 1010...

c 111011000. .. 111011000. ..
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(a) —O——O—> (D)

u(D) multiplexed

output ¢

C(z)( D)

»

(1
() > (D) 5(_ multiplexed

(,‘(2)(D) output ¢

u(D)

(C) u(D) » C(l)(D)

—> ¢ P(D)

Figure 4.4 Encoder realizations of the non-systematic and systematic versions of the rate-1/2
convolutional code given in Example 4.3 with generator matrix G(D) = [1+ D + D? 1+ D2].
(a) Type I realization of a non-systematic encoder. (b) Type I realization of a systematic
encoder. (c) Type II realization of a systematic encoder.

Figure 4.5 presents the Type I encoder realization corresponding to the generator
matrix G(D) of the rate-2/3 convolutional code given in Example 4.2,

1+D

_— 0 1+ D
_ |1+ D+ D2
G(D) = D
1+D 1+ D2

Note that, in an attempt to minimize the number of delay elements, 1 + D was imple-
mented as (1 + D?)/(1+ D + D?) and 1(1 + D) was implemented as (1 + D)/(1 + D?).
However, we can reduce the number of encoder delay elements further for this code by
implementing the encoder for

1 0 1+D+D?
Gyys(D) = 0 1 ! + D?+ D*
14+ D

in the Type II form as depicted in Figure 4.6. Note that a single shift-register may be
shared in the computation of the third column of Ggys(D) since all operations are linear.
As we will see in Section 4.5, each elimination of a delay element results in a halving of the
complexity of trellis-based decoders. In other words, decoder complexity is proportional
to 2#, where p is the number of encoder delay elements; y is called the encoder memory.




156

Convolutional Codes

——®
A

(D) g B oy

) 4

) 4

) 4
H—> D)

»(®) » (2 (D)
A ) 4
»(+) » (D)

u(D) —*%%—’D—HE—‘

Figure 4.5 Type I encoder realization of G(D) for the rate-2/3 encoder of the convolutional
code given in Example 4.2 and discussed further in Example 4.3.

“() » (D)

D
uy(D) > (D)
— (D)

Figure 4.6 Type II encoder realization of Ggys(D) for the rate-2/3 convolutional code given in
Examples 4.2 and 4.3.

There exist four classes of encoders or, equivalently, four classes of generator
matrices. Example 4.3 gives examples of encoders for three of these classes. The
first example, corresponding to G(D) for the rate-1/2 code, is within the class
of non-recursive non-systematic convolutional (RSC) encoders. The second and
fourth examples, corresponding to Ggys(D) for the rate-1/2 and rate-2/3 codes,
respectively, are instances of recursive systematic convolutional (RSC) encoders.
The third example, corresponding to G(D) for the rate-2/3 code, is an instance of
a recursive non-systematic convolutional (RSC) encoder. Not included in Example
4.3 is an example of a non-recursive systematic convolutional (RSC) encoder, a
simple instance of which has G(D) = [1 1+ D+ D?|. The word ‘“recursive”
indicates the presence of at least one rational function in G(D) or, equivalently,
the presence of feedback in the encoder realization. Conversely, a ‘‘non-recursive”’
encoder indicates the absence of any rational functions in G(D), that is, G(D) is
in polynomial form, so that the encoder realization is devoid of any feedback. In
fact, in the literature a recursive systematic encoder is often called a systematic
encoder with feedback, and similar nomenclature exists for the other three classes.
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Table 4.1. Convolutional encoder classes

Convolutional encoder class Example G(D)

Non-recursive non-systematic (RSC) [1+D+D? 1+ D?

1+ D?
Recursive systematic (RSC) [1 + ]

1+ D+ D?
1+D
B % 0 14D
Recursive non-systematic (RSC) 1+D+D 1 D
1+D 1+ D?
Non-recursive systematic (RSC) 1 1+ D+ D?

The four convolutional encoder classes are summarized in Table 4.1, together
with their abbreviations and example generator matrices. A generator matrix
G(D) may be realized as either a Type I or a Type II encoder for all four encoder
classes listed in Table I. It is important to observe that, while we use G(D) and
“encoder” interchangeably, an “‘encoder” (the u(D) — c¢(D) mapping) is distinct
from the “‘encoder realization” (Type I or Type II circuit).

Within a given encoder class there exist many encoders (generator matrices) for
a given convolutional code. For example, scaling each entry of a generator matrix
G (D) by the same arbitrary polynomial changes the encoder, but does not change
the code. As another example, replacing a given row in G(D) by the sum of that
row and another row does not change the code. The notion that many encoders
exist for a single code and, on top of that, two encoder realizations exist, leads us
to ask the following questions, each of which will be addressed below.

1. Is one encoder class superior to the others?

2. Are there any encoders to be avoided?

3. Since decoder complexity is proportional to 2¥, can an encoder class and encoder
realization be selected such that the encoder realization has the minimum num-
ber of delay elements?

4. What are typical values for n, k, and p and, given such typical values, how does
one design a convolutional code?

Choice of Encoder Class

The answer to the first question depends on the application. For example, many
applications require that the encoder be systematic so that the data are readily
observable in the code stream. As another example, parallel turbo codes (Chap-
ter 7) require that the constituent convolutional codes be of the recursive type,
and usually systematic. For many applications the encoder class matters very lit-
tle, particularly applications in which the convolutional code is not a constituent
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code of a turbo(-like) code. As seen in Example 4.3 and as we shall see in the
discussion below of the third question, the choice of encoder class can affect the
encoder memory .

Catastrophic Encoders

The answer to the second question is that catastrophic encoders are to be
avoided, a topic we develop via the following example. Consider the rate-1/2
code with G(D) = [1+ D? 1+ D]. Note that the entries of G(D) have the
common polynomial factor 1 + D. Now set the encoder input u(D) =1/(1+ D)
so that the resulting codeword is ¢(D) =[1+ D 1]. Observe that the input
1/(1 + D) expands into the power series 1+ D + D? + D3 + ... corresponding
to the binary input sequence of coefficients u = 1111 .. .. Thus, the input has an
infinite Hamming weight. On the other hand, the two output sequences are ¢ =
[c®  ¢®]=[11000... 1000...], which has a Hamming weight of three. In
practice, these two sequences would be multiplexed, yielding the code sequence
¢ =111000....

Now consider that any decoder implementation must have a finite memory ‘‘win-
dow.” Even in the absence of noise, this decoder, which initially observes the three
1s from the encoder output, will eventually see only zeros in its memory window.
Because the all-zeros input word maps to the all-zeros codeword, any decoder will
eventually produce zeros at its output, whereas the correct encoder input sequence
was all ones. Such a phenomenon is called catastrophic error propagation and this
encoder is called a catastrophic encoder. Formally, an encoder is a catastrophic
encoder if there exists an infinite-weight input that yields a finite-weight output.
Clearly, a systematic encoder can never be catastrophic. (The literature often
loosely uses the term ‘‘catastrophic code’” when in fact it is only the encoder that
can be catastrophic.)

For rate-1/n convolutional codes, the generalization of the above example is
as follows. Let G(D) = [g(l)(D) gd(D) ... ¢ (D)], where only one sub-
script is necessary for the entries g(j)(D) since there is only one row. We let
the gU)(D) be polynomials without loss of generality since, if G(D) contains
rational functions, it is a simple matter to put it into polynomial form. Sup-
pose now that the {¢¥)(D)} have a common polynomial factor, a(D), so that
g9 (D) = a(D)fY) (D). Now let the encoder input be u(D) = 1/a(D), which is
clearly not a polynomial, but a rational function of infinite length when expanded
into a power series. The codeword corresponding to u(D) would then be ¢(D) =
[fO(D) (D) ... fM(D)], which has finite weight since {fU)(D)} are
polynomials. Thus, a rate-1/n encoder is catastrophic if (and only if) ged{g") (D)}
is a non-monomial (a polynomial with more than one term).

To generalize the catastrophic encoder for rate-k/n convolutional codes, we
first define {A()(D)} to be the determinants of the set of (}) possible k x k
submatrices of the generator matrix G(D). Then the encoder is catastrophic if
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ged{AD(D), i=1,2, ..., (})} is a non-monomial. See [8] or [3] for a proof of
this fact.

Minimal Encoders

We now address the third question: encoders that achieve the minimum encoder
memory are called minimal encoders. Consider first a rate-1/n code represented
by G(D) = [¢V(D) ¢P(D) ... ¢™(D)] in polynomial form. Clearly, if
this code is catastrophic, the entries ¢¥)(D) of G(D) have a common (non-
monomial) polynomial factor and this representation of the encoder is not
minimal. However, if the greatest common factor of the {g¥)(D)} is factored
out, then the resulting generator matrix (encoder) will be minimal. Alterna-
tively, one may convert this generator matrix into the RSC form Ggys(D) =
1 g (D)/gM(D) ... g(”)(D)/g(l)(D)], which automatically removes any
common factor after the rational functions ¢\¥)(D)/¢™") (D) are reduced to their
lowest terms. Note that a rate-1/n minimal encoder is non-catastrophic (and this
fact extends to all code rates).

A close inspection reveals that the Type I realization is naturally suited to rate-
1/n codes in the RSC format. This is because each of the n — 1 parity bits may be
computed by ‘“‘tapping off”’ of the same length-p shift-register in the appropriate
locations and summing (over Fq). In this way, the Type I circuit of Figure 4.2
may be considered to be a single-input/multiple-output device, as is necessary
when computing n — 1 parity bits for each input bit. On the other hand, the
Type II realization is particularly ill-suited as an encoder realization of Ggys(D)
given above because it has rate 1/n. In summary, a minimal encoder for a rate-
1/n convolutional code is obtained by applying the Type I encoder realization to
Ggys(D), or to G(D) with the ged factored out of its entries.

Example 4.4. For the rate-1/2 code of Example 4.3, the Type I encoder realization for
G(D) and the Type I and Type II encoder realizations for Ggys(D) are all minimal with
= 2, whereas the Type II realization of G(D) has u = 4.

Consider the rate-1/3 code with G(D) =[1+D* 1+ D+ D?+ D?* 1+ D?.If we
divide out the ged, 1 + D, from each of the entries of G(D), we obtain G(D) = [1+ D +
D? 1+ D? 1+ D). The Type I and Type II realizations for this generator matrix are
presented in Figures 4.7(a) and (b), which we observe have memories ;4 = 2 and p = 5,
respectively. Noting that

1+ D2 1+ D
1+D+D2 1+D+ D2

Gsys(D) =

the Type I and II realizations for this systematic generator matrix are presented in
Figures 4.7(c) and (d), which we observe have memories = 2 and pu = 4, respectively.
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Figure 4.7 Encoder realizations for the rate-1/3 code of Example 4.4. (a) Type I RSC encoder.
(b) Type II RSC encoder. (¢) Type I RSC encoder. (d) Type II RSC encoder.

Note that the Type I realization applied to Ggys(D) yields a minimal encoder as claimed
above. Note also that the Type I realization applied to G(D), after we have divided out
the ged from its entries, also yields a minimal encoder.
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Next we consider a rate-k/(k + 1) code whose encoder is represented in polyno-
mial form by

Gpoly(D) = [gz(j) (D):| )
or in systematic form by

D)/h (0() )
Ggys(D) = b h (D?/h L) , (4.4)

hO(D)/hO(D)

where h(j)(D)’j 40 and h(9)(D) are relatively prime polynomials. We may imme-
diately write, from (4.4),

Hyyo(D) = [AO(D)/n® (D) h*D(D)/mO(D) ... K(D)/n (D) 1]
(4.5)

and

Hyoy (D) = [K®(D) h*D(D) ... a0(D) wO(D) |. (4.6)

We now argue that the Type II realization of Ggys(D) as given by (4.4) is a min-
imal encoder since the rational functions in Ggys(D) are in lowest terms and the
Type Il realization is naturally suited to rate k/(k + 1). Note that the encoder real-
ization is completely specified by the k + 1 parity-check polynomials {h(j ) (D)}fzo
and ged{h(O(D), (D), ..., (D)} =1 under the relatively prime assump-
tion and the delay-free encoder assumption. The Type II realization is naturally
suited to rate-k/(k + 1) codes in the systematic format in (4.4) because the single
parity bit may be computed by ‘“tapping into” the same length-p shift-register
at the appropriate adders. Thus, the Type II circuit of Figure 4.3 may be consid-
ered to be a multiple-input /single-output device as is necessary when computing
a single parity bit from k input bits. On the other hand, the Type I realization is
particularly ill-suited as an encoder realization of Ggys(D). In summary, a mini-
mal encoder for a rate-k/(k + 1) convolutional code is obtained by applying the
Type II encoder realization to Ggys(D) or, equivalently, to Hyo, (D) with the ged
factored out of its entries.
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Example 4.5. Returning to the rate-2/3 code of Example 4.2, we have

G (D) = | (1+D)? 0 (1+ D+ D?)(1+ D)
)= 1 D D14 D) A1+ D+D)(1+D)  DA+D+D?) |
[ 1+ D3
Lo 111)
GSYS(D) = 14+ DS +D4
1 -
0 1+ D
i 3 3 4
H.(D) < [LHDY 1eDieDt ]
|1+ D 1+D

Hpoly(D):[1+D3 1+D3+D4 1+D].

Note that the element 1+ D + D? in Ggys(D) and Hgys(D) in Example 4.2 has been
adjusted to (1 + D?)/(1 + D) so that the expressions above conform to the forms given in
(4.4), (4.5), and (4.6). Clearly, h{®) (D) = 1 + D. The Type II implementation of Gyys(D),
which gives the minimal encoder, is depicted in Figure 4.6, where a memory size of p = 4
is evident. The Type I implementation of Gpoly (D) requires g = 9 when a length-5 shift-
register is used to implement the top row of Gpoly(D) and a length-4 shift-register is
used to implement the bottom row of Gyoly(D). The shift-registers in each case are
shared by the elements in a row, with appropriate taps connecting a binary adder to
the shift-register. The Type II implementation of Gpoly (D) requires g = 9 when circuit
sharing is utilized: one circuit is used to implement the factor (1 + D)3 in the first row of
Gyoly (D) and one circuit is used to implement the factor (1 + D + D?) in the second row
of Gpory (D). The Type II implementation of Ggys(D) requires o = 6, which is achieved
when the element (14 D?)/(1+ D) in Ggys(D) is implemented as 1 + D + D?.

In the foregoing discussion of minimal encoder realizations for rate-1/n and rate-
k/(k 4+ 1) convolutional codes, we saw that the first step was to put the generator
matrix in systematic form. The minimal realization for the rate-1/n case is then
achieved by the Type I form and that for the rate-k/(k + 1) case is achieved
by the Type II form. For the general rate-k/n convolutional code, where k/n is
neither 1/n nor k/(k+ 1), the first step is again to put the generator matrix
in systematic form. However, the minimal realization of this generator matrix
may be neither Type I nor Type II. This topic is beyond our scope (see [3] for
a comprehensive treatment), but we have the following remarks: (1) in practice,
only rate-1/n and rate-k/(k + 1) are used, and tables of these codes appear in
minimal form; (2) in the rare event that a rate-k/n convolutional code is required,
one may use standard sequential-circuit minimization techniques to achieve the
minimal encoder realization.
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Design of Convolutional Codes

Regarding the fourth question listed in Section 4.3, for reasons affecting decoder
complexity, typical values of n and k are very small: k=1, 2, 3 and n =2, 3,
4. Typical code rates are 1/2, 1/3, 1/4, 2/3, and 3/4, with 1/2 by far the most
common rate. Higher code rates are generally achieved by puncturing a lower-rate
code, which means that code bits at the encoder output are periodically deleted
and hence not transmitted. For example, to achieve a rate-2/3 convolutional code
by puncturing a rate-1/2 encoder, one need only puncture every fourth code bit
at the encoder output. Since each group of four code bits is produced by two
information bits, but only three of the four will be sent, rate 2/3 has been achieved.
Convolutional code rates close to unity (e.g., 0.95) are not viable in practice,
with or without puncturing, because of the implications for encoder and decoder
complexity as well as performance. Tables of puncturing patterns may be found
in references [3, 8, 9].

As mentioned briefly in Example 4.3, the complexity of the (optimum) convo-
lutional decoder (see Section 4.5) is proportional to 2¥, where p is the encoder
memory. Thus, typical values of p are less than 10, with g = 6 corresponding to
the industry-standard rate-1/2 convolutional code, which has generator polyno-
mials ¢)(D) =14 D + D? 4 D3 + D% and ¢ (D) =1 + D?> + D* + D° + DS,
It is conventional to represent these polynomials as octal numbers, where the

coefficients g[()l) and g(()2) of D correspond to the least-significant bit of the octal

M 17

numbers. Thus, in octal notation, these generator polynomials are g, ;,, =

and g((i)tal = 155.

While convolutional codes possess very nice algebraic structure, no satisfactory
algebraic design algorithm exists for designing convolutional codes. Code design
has been performed in the past via computer search. In the computer-aided-design
approach, one usually specifies n, k, and u, and chooses a (recursive) systematic
encoder realization to ensure that the code is non-catastrophic. Then the computer
algorithm runs through an exhaustive list of encoder connections (polynomials),
each time examining the resulting code for its distance spectrum. The distance
spectra (dmin and beyond, plus multiplicities) are determined via a Viterbi-like

algorithm (see Section 4.5 for a discussion of the Viterbi algorithm).

Alternative Convolutional Code Representations

In the previous two sections we favored an algebraic description of convolutional
codes, which we have seen is very useful in terms of encoder realization and clas-
sification. Under this section, we consider alternative representations of convolu-
tional codes that are useful for many other aspects of convolutional codes, such as
decoding, code design, and analysis.
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Convolutional Codes as Semi-Infinite Linear Codes

In our algebraic description of a convolutional code, the information word
u(D) = [uM(D) v (D) ... u¥(D)] was mapped to a codeword c(D) =
(D) (D) ... ™ (D)]viaagenerator matrix (or encoder) G(D), where
u(D) and 9 (D) are elements of the field Fy(D) and the entries gZ(])(D)
of G(D) are elements of the field F2(D) or the ring Fo[D]. It is often use-
ful to take a more system-theoretic view and represent u(?(D), ¢U)(D), and
gz(] )(D) by (generally semi-infinite) vectors of their coefficients, denoted by u®,
C(]‘), and gZ(J ), respectively. Thus,'the \lfector‘ representation of u(z)(D) = u(()l) +
ugz)D + ug)D2 + ..., is ul® = [uél) ugz) ug) ], and similarly for ¢U) and
gl(j). Under this vector notation, we may write u = [u® u® ... u®)] and
c=[c® c¢® ... c™]. Wewould like to determine a generator matrix that is
a function of { gl(] s

Since multiplication in the D domain is convolution in the coefficient domain,
we may replace ¢9) (D) = Zle u(i)(D)gl(j)(D) by

k

=3 ul g gl (4.7)
=1

Given this, one may loosely write c = u ® G for some generator matrix G depend-
ing on {ggj )}. However, this notation is awkward and not too useful. We can

replace the convolution operation in (4.7) with a multiplication operation by
employing a matrix that explicitly performs the convolution. Specifically, we have

TG EQ) .i">
J J
i j i i i 90 91 Y2
e A TS| I
:u(i)GZ@,
where u® = lug) uf? of) .| g" = [g) o% % .| and

G GG

90 Y91 Y932 "
a) gz'(,]()) 91(,]1) gi(,jQ) T
i @ @ ()
gz,O gz,l 1,2
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We may then replace (4.7) by

=3 MOrel®l (4.8)

where

GY

Finally, we have that encoding in the coefficient domain may be represented by
the product

c =uG, (4.9)
where
G G .
G= Gy’ Gg) Gy (4.10)
o' o - af

Encoding via (4.9) puts the codeword into the unmultiplexed format c =
[c® @ .. ¢M)], whichis analogous to ¢(D) = [¢(D(D) (D) ... ™)
(D)]. However, in practice, the convolutional encoder outputs are multiplexed in a
round-robin fashion, so that one bit is taken from ¢! (D), then ¢ (D), ..., then
") (D), after which a second bit is taken from ¢)(D), and so on. This leads to
the multiplexed codeword format

c = [cél) 082) c(()n) cgl) ng) cgn) cg) c§2) cg") }
(4.11)
It will be convenient to have also the multiplexed information word format
u = [u(()l) u((]Q) u(()k) ugl) u§2) ugk) ugl) ug) ugk) ]
(4.12)

We may then write

C/ — u/G‘/,
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where G’, also called a generator matriz, is given by

¢! n 1 n 1 n
R e S Lt SR )
1 . n :1 - :n :1 A n
g oave o gl gl o g
1 n 1 n
gte gy gl o gl
G' = ) n D (4.13)
S IERER N R
1 n
iy a4
.1 n
9o o
or
(G, G} G, Gy -]
G, G G
G = (U SR (4.14)
N
where

1 n

9§,l) 9%,1)

Gi=|: .

(1) (n)

Ikl 0 kg

Example 4.6. We are given the rate-1/2 convolutional code with generator matrix
G(D) =[g™ (D) ¢ (D)) =[1+D+D* 1+D%so0that gV = [gf" o of"] =

2)

[111] and gy = [géo) gél) gé = [1 0 1]. The generator matrix corresponding to the
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multiplexed codeword is given by

'gél)g(g?) ggl)g?) (1 (2)
1) (2 1) (2 1) (2
g(())g(()) @ 2 1) (2)

1) (2
90 "Y0 91 "9 gé )gé)

(11 10 11
11 10 11

Consider a rate-2/3 convolutional code with

G(D) = 1+D 0 1
" |14+D? 1+D 1+D+D?*|’

From this, we have ggl) = [g% ggll) gglg} =[110], gél) = [gé)g géll) 9512)} =
[10 1], gf) = [0 0 0], and so on, so that from (4.13)

(101 100000
111011101
101100000
111011101
101100 .
111011
101 .
111

G/

It is even possible for the multiplexed generator-matrix representation to accommodate
the recursive systematic encoder

1
1 0
1+D
Gys(D) = D2
1
0 14+ D
of this code. In this case, the following is obvious: ggl) =[100 ..., gél) =000 ..],

gf) =[000 ...],and gg) =[100 ...]. Since g13(D) = 1/(1 + D) has the sequence rep-
resentation 111... and go3(D) = D?/(1 + D) has the sequence representation 00111.. .,
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it follows that ggs) =[111..]and gég) =[00111 ...]. We then have

101001 001 001
010000001001
101001001 .
010000001
101 001 .
010000
101 .
010

G/

In Example 4.6, we gave the form of G’ for a specific rate-2/3 RSC encoder. The
form of G’ for the general systematic encoder of the form

d" () ... ¢"(D)
GSYS(D) =11 - )
g (D) . g (D)

()

where each g,”’ (D) is a rational function in general, is given by

IP,OP; 0P,
, 1P, OP, OP,
Goys = IP)OP,OP, |

where I is the k£ x k identity matrix, O is the k£ x k all-zero matrix, and P; is the
k x (n — k) matrix given by

—k+1
QS oL ﬁ?
P, = : R
(n—k+1) (n)
Ik, gy
Here, gl(]l') is the coefficient of D' in the series expansion of ggj )(D).
It is easy to check that the corresponding parity-check matrix H’Sys is given by
CPI -
PTOo PlI
T T T
H,, = P, O P; O Pyl . (4.15)

PTo PIo PO PlI
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Unless the code rate is 1/2, finding H' for the non-systematic case is non-
trivial. For the rate-1/2 non-systematic case for which G(D) = [¢(V(D) ¢®(D)],
clearly H(D) = [¢®(D) ¢™")(D)] since G(D)HT (D) = 0 in this case. The non-
multiplexed parity-check matrix is then

H=[G; G]
(so that GHT = 0), where, for j = 1,2,
G G 0)
2

G A

J J J
. g g g .« e e
GY) = 7 T o)

90 g1 D)

The multiplexed version of the parity-check matrix is then

(H, H, H, Hj

Hy, H} H,
H = Hy, H , (4.16)
Hj

where
H; = [gl@) " ] -

For the general non-systematic case, i.e., for code rates other than 1/2, one usually
puts G(D), and hence G, in systematic form, from which the parity-check matrix
Hy, given by (4.15) follows.

Example 4.7. Consider again the rate-1/2 convolutional code with generator matrix
G(D)=[1+4+ D+ D? 1+ D?. We have g(t) = [g(()l) g%l) gél) =[111] and g® =

[962) g§2) gég) =[1 0 1], so that

101 111
101 111
H = 101 111
and
11 01 11
11 01 11

H = 11 01 11




170

442

Convolutional Codes

Graphical Representations for Convolutional Code Encoders

There exist several graphical representations for the encoders of convolutional
codes, with each of these representations playing different roles. We find it useful,
and sufficient, to describe the graphical models for our archetypal encoder, specif-
ically, the rate-1/2 encoder described by G(D) = [1+ D+ D?> 1+ D?. The
procedure for deriving graphical models for other convolutional codes is identical.

We start with the finite-state transition-diagram (FSTD), or state-diagram,
graphical model for G(D). The encoder realization for G (D) was presented earlier
in Figure 4.4(a) and the encoder state is defined to be the contents of the two
memory elements in the encoder circuit (read from left to right). From that fig-
ure and the state definition, we may produce the following state-transition table
from which the code’s FSTD may be easily drawn, as depicted in Figure 4.8(a).

(a)

(W)

State
00 L

10

01

11

Figure 4.8 (a) FSTD for the encoder of Figure 4.4(a). The edge labels are ¢ (i)ca(3)|u(i) or
output|input. (b) A trellis diagram for the encoder of Figure 4.4(a) for input length L and
input containing two terminating zeros.
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The state diagram is useful for analytically determining the distance spectrum
of a convolutional code [8, 9] and it also leads directly to the code’s trellis dia-
gram, which is simply the state diagram with the dimension of discrete time added
in the horizontal direction. The trellis diagram for our example code is presented
in Figure 4.8(b); it has been drawn under the assumption that the encoder starts
in the 00 state, as is usually the case in practice. Note that the trellis stages between
times ¢ and ¢+ 1, ¢ > 2, are essentially exact replicas of the state diagram. We
remark that a list of code sequences of any given length may be obtained from the
trellis by tracing through all possible trellis paths corresponding to that length,
along the way picking off the code symbols which label the branches (or edges)
within each path:

Input Current state Next state Output
1) .(2)
(2

Uj Uj—1Uj—2 Ui Ui—1 c;

0 00 00 00
1 00 10 11
0 01 00 11
1 01 10 00
0 10 01 10
1 10 11 01
0 11 01 01
1 11 11 10

When we consider trellis-based decoding in the next subsection, we will see that,
unless the final trellis state is known, the last several decoded bits (about 5 bits)
will be somewhat unreliable. To counter this circumstance, the system designer
will frequently terminate the trellis to a known state. Clearly this necessitates the
appending of u bits to the information sequence, resulting in an increase in coding
overhead (or, equivalently, a decrease in code rate). A clever way to circumvent
this inefficiency while still maintaining the advantage of trellis termination is via
tail-biting. The encoder of a tail-biting convolutional code assumes the RSC or
RSC forms and initializes the encoder state with the final y bits in the informa-
tion sequence so that the initial and the final encoder state are identical. Note
that this has the effect of rendering both the initial and the final encoder state
unknown (albeit identical). However, with a little increase in decoder complexity,
the decoder can be made to be near optimal and, in particular, the reliability of
all of the decoded bits is made more uniform.

Trellis-Based Decoders

There exist several decoders for convolutional codes, including the majority-logic
decoder, the sequential decoder, the Viterbi decoder, and the BCJR decoder [8].
The choice of algorithm depends, of course, on the application. Because of their
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relative importance in the field of convolutional and turbo codes, we discuss
only two convolutional decoders. The first is the maximum-likelihood sequence
decoder (MLSD) which is implemented via the Viterbi algorithm [4]. The MLSD
minimizes the probability of code-sequence error. The second is the bit-wise max-
imum a posteriori (MAP) decoder which is implemented via the BCJR algorithm
[6]. We will often call the bit-wise MAP decoder simply the MAP decoder. The
MAP decoder minimizes the probability of information-bit error. Generally, the
performance characteristics of the two decoders, as measured either in bit error
rate or in codeword error rate, are very similar. For this reason and the fact that
the BCJR is approximately three times as complex as the Viterbi algorithm, the
BCJR algorithm was ignored for many years. However, the BCJR algorithm was
resurrected as a necessary ingredient to a turbo decoder.

MLSD and the Viterbi Algorithm

Our focus is the binary symmetric channel (BSC) and the binary-input AWGN
channel (BILAWGNC). For the sake of uniformity, for both channels, we denote
the ith channel input by xz; and the ith channel output by y;. Given chan-
nel input z; = ¢; € {0,1} and channel output y; € {0,1}, the BSC has channel
transition probabilities P(y;|z;) given by

P(y; # x|z; = x) = ¢,
Py, = zlz; =) =1 —¢,

where ¢ is the crossover probability. (For simplicity of notation, we renumber the
code bits in (4.11) so that the superscripts may be dropped.) For the BFAWGNC,
the code bits are mapped to the channel inputs as x; = (—1)% € {£1}. The BI-
AWGNC has the channel transition probability density function (pdf) p(y;|z;)
given by
1
Ns) =

p(yl| Z) \/%0'

where o2 is the variance of the zero-mean Gaussian-noise sample n; that the chan-

nel adds to the transmitted value z; (so that y; = x; + n;). Considering first the
BSC, the ML decision is

exp|—(yi — 2:)? /(207)],

¢ = argmax P(y[x),
C
which was shown in Chapter 1 to reduce to
¢ = argmin dy(y, x),
C

where dy(y,x) represents the Hamming distance between y and x (note that
x = c¢). For the BILAWGNC, the ML decision is

¢ = arg max p(y|x),
C
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which was shown in Chapter 1 to reduce to

¢ = argmindg(y, X),
Cc

where dg(y,x) represents the Euclidean distance between y and x (note that
x = (—1)°).

Thus, for the BSC (BI-AWGNC), the MLSD chooses the code sequence ¢ that
is closest to the channel output y in a Hamming (Euclidean) distance sense. In
principle, one could use the trellis to exhaustively search for the sequence that is
closest to y, since the trellis enumerates all of the code sequences. The computation
for L trellis branches would be

L
TL=> X, (4.17)
=1

where ); is the [th branch metric, given by

Z du (yl]), > Z y )@ acl]) for the BSC, (4.18)

= Z dz (yl(j),:vl(j)) = z”: (yl(j) - xl(j))Q for the BLAWGNC, (4.19)
j=1

j=1

where we have returned to the notation of (4.11) so that zl(j) = cl(j) for the BSC

and 2\ = (—=1)2” for the BLAWGNC. The metric in (4.18) is called a Hamming
metric and the metric in (4.19) is called a Euclidean metric.

Clearly, the number of computations implied by argminedy (y,x) and
arg min. dg (y,x) is enormous, since L trellis stages imply 2% code sequences
for a rate-k/(k + 1) code. However, Viterbi [4] noticed that the complexity can be
reduced to O(2") with no loss in optimality under the following observation. Con-
sider the two code sequences in Figure 4.8(b) which begin with [00 00 00...] and
[11 10 11...], corresponding to input sequences [0 0 0...] and [1 0 0...]. Observe
that the trellis paths corresponding to these two sequences diverge at state 0/time
0 and remerge at state 0 after three branches (equivalently, after three trellis
stages). The significance of this remerging after three stages is that thereafter the
two paths have identical extensions into the latter trellis stages. Thus, if one of
these two paths possesses the superior cumulative metric I'; at time [ = 3, then
that path plus its extensions will also possess superior cumulative metrics. Conse-
quently, we may remove the inferior path from further consideration at time [ = 3.
The path that is maintained is called the survivor. This argument applies to all
merging paths in the trellis and to trellises with more than two merging paths per
trellis node at times [ > 3, and it leads us to the Viterbi-algorithm implementation
of the MLSD.
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Algorithm 4.1 The Viterbi Algorithm

Definitions

1. )\ (¢, s) = branch metric from state s’ at time [ — 1 to state s at time [, where
s,s€{0,1,...,2# —1}.
2. T';_1(s") = cumulative metric for the survivor state s’ at time [ — 1; the sum of
branch metrics for the surviving path.
3. I'j(¢, s) = tentative cumulative metric for the paths extending from state s’ at
time [ — 1 to state s at time I; T'y(s', s) = T_1(s") + N (¢, 9).

Add—Compare—Select Iteration

Initialize. Set I'g(0) =0 and T'g(s') = —oo for all ¢ € {1,...,2# —1}. (The
encoder, and hence the trellis, is initialized to state 0.)

for!=1to L

. Compute the possible branch metrics A\;(s', s).

. For each state s’ at time [ — 1 and all possible states s at time [ that may be

reached from s’, compute the tentative cumulative metrics I'j(s', s) = T'j_1(s') +
A (8, s) for the paths extending from state s’ to state s.

. For each state s at time [, select and store the path possessing the minimum

among the metrics I')(s', s). The cumulative metric for state s will be T';(s) =

ming{I;(s', 5)}. (See Figure 4.9 for a depiction of Steps 2 and 3.)

end

Iy_1(s0)

Ty_y(s) = min{T_(sp) + Ay(sp, ), Ty (1) + A(s), 9)}

5
YRIGY

Figure 4.9 Depiction of Steps 2 and 3 of the ACS operation of the Viterbi algorithm for a
rate-1/n code and a distance metric. For a rate-k/(k + 1) code, 2* branches merge into each
state. For the correlation metric discussed below, “min” becomes “max.”
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Decision Stage
There are several ways to choose the ML code sequence (hence, ML information
sequence) and we list a few here.

Block-oriented approach 1. Assuming an information sequence kL bits in length,
after L add—compare-select (ACS) iterations (equivalently, L trellis stages),
choose the trellis path with the best cumulative metric (ties are decided arbi-
trarily). L here must be relatively large to realize the full strength of the code,
say, L > 50pu.

Block-oriented approach 2. Assuming a non-recursive convolutional code,
append u zeros to the information sequences so that the trellis is forced to
the zero state at the end of the information sequence. After the final ACS iter-
ation, the ML trellis path will be the survivor at state zero. Again, L should be
relatively large.

Stream-oriented approach 1. This approach exploits the fact that survivors tend
to have a common “tail,” as demonstrated in Figure 4.10. After the ith ACS
iteration, the decoder traces back § branches along an arbitrary surviving path
and produces as its output decision the information bit(s) that label the branch
at the (I — 0)th trellis stage. Thus, this is effectively a sliding-window decoder
that stores and processes information within § trellis stages as it slides down the
length of the trellis. The value of the decoding delay ¢ used is usually quoted to
be four or five times the memory size. However, it is better to employ computer
simulations to determine this value since it depends on the code. Alternatively,
one can employ a computer search algorithm over the code’s trellis to determine
the maximum path length among the minimum-weight code sequences that
diverge from the all-zeros path at state 0/time 0 and remerge later. § would be
set to a value greater than this maximum path length.

Stream-oriented approach 2. After the [th ACS iteration, choose the trellis path
with the best cumulative metric and trace back § branches. The corresponding
output decision is selected as the bit(s) that labels the branch at the (I — d)th
trellis stage.

l

/|

-0

Figure 4.10 An example of survivors sharing a common tail in a four-state trellis. Because of
this tail, a decision may be made for the (I — §)th trellis stage, in accordance with the label on
the trellis branch indicated by the arrow.
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The Euclidean distance metric given in (4.19) for the BILAWGNC can be sim-
plified as follows. Observe that

L n

o _ : G _ @Y

arg min di(y,x) = arg min g (yl —x )
I=1 j=

1
= arg mcinz Z [(yl(j)>2 + (xl(j)>2 — 2yl(j)xl(j)]
L n ) )
= arg méxx Z Z yl(]):nl(j),

where the last line follows since the squared terms on the second line are inde-
pendent of ¢. Thus, the AWGN branch metric in (4.19) can be replaced by the
correlation metric

A= Zyl(j)xl(j) (4.20)
j=1

under the BI-AWGNC assumption.

Example 4.8. Figure 4.11 presents a Viterbi decoding example on the BSC using block-
oriented decision approach 1 on the BSC. Figure 4.12 presents a Viterbi decoding example
on the BI-AWGNC using block-oriented decision approach 1 and the correlation metric.

00]0 0 000 1_ 00]0 1 000 2

111 111

assume
we start
in state 00

Figure 4.11 A Viterbi decoding example for the code of Figure 4.8 on the BSC. Here

y = [00,01,00,01]. Non-surviving paths are indicated by an “X” and cumulative metrics are
written in bold near merging branches. There is no outright minimum-distance path in this
example. Any of the paths of distance 2 will do as the ML path.
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State
++[0 -1.2  ++40 2.6 ++[0 2.1 ++|0 3.8
00 & o
10 assume . . ) 3.4
we start
in state 00
01 g 2.6

decoded sequence: 1000

Figure 4.12 A Viterbi decoding example for the code of Figure 4.8 on the BILAWGNC. Here
y=[-0.7 —0.5, —0.8 —0.6, —1.1 +0.4, +0.9 + 0.8]. Non-surviving paths are indicated
by an “X” and cumulative metrics are written in bold near merging branches. The ML path is
the one with the cumulative metric of 3.8.

Differential Viterbi Decoding

It is possible to employ a (lower-complexity) differential Viterbi algorithm for the
decoding of certain rate-1/n non-recursive, non-systematic convolutional codes
on the BILAWGNC [11]. In particular, the algorithm applies to such convolutional
codes whose generator polynomials have the same degree p and have first and
last coefficients equal to “17’: g(()l) =...= g(()n) =1 and 9;(}) =...= gl(tn) = 1. This
characteristic holds for most of the best rate-1/n codes. For example, it applies to

CONN @ _
ctal = 117 and g i, = 155,

octal

(i) =T and g(Q) = 5 that

octal octal

the industry-standard convolutional code for which g

and it applies to the rate-1/2, memory-2 code with g
was examined in the previous section.

The differential algorithm derives from the fact that (after the initial yu stages)
trellises for rate-1/n RSC codes are composed of multiple “butterflies” of the form
shown in Figure 4.13. Note that the two states at time [ — 1 have the forms (u, 0)
and (u, 1), where u = (u;_1, %2, ...,u—u+1) is the contents of the first p —1
memory elements in the memory-u encoder. At time [, the two states have the
forms (0,u) and (1,u). Note also that the labels on the two branches that diverge
from a given state at time [ are complements of each other. Lastly, the two labels
on one pair of diverging branches are equal to the two labels on the other pair.
These facts allow us to display the various metrics for the butterfly as in Figure
4.14. As seen in the figure, the four branch metrics {\;(s', s)} in Figure 4.14 can
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ey] (n)
(“,0) o nd 0. u)
El(l)’ . .’El(n)
El(l), . .’El(n)
(u, 1) (1, )
M, e
time /-1 time /

Figure 4.13 A generic butterfly from a trellis of a rate-1/n convolutional codes whose generator
polynomial coefficients are “1” in the first and last place.

T, ,(u, 0) I(0, u)

(1) (1, w)

Figure 4.14 The butterfly corresponding to the butterfly of Figure 4.13 with cumulative and
branch metrics displayed.

take on only one of two values, +X or —\, a consequence of the fact that diverging
branches are complements of each other (see also Equation (4.20)).

In view of Figure 4.14, observe that the tentative cumulative metric difference
at state (0,u) is

Dl(ov U) = ATl 1 + 2,

where AT;_; = T';_1(u,0) — T';_1(u, 1). Similarly, the tentative cumulative metric
difference at state (1,u) is

Dl(l, u) = AFl_l — 2.
This can be compactly written as
Dy(w) = AT + (=1)"2),

where u; € {0,1} is the encoder input at time .
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From Figure 4.14, the following survivor-selection rules may be determined:

the survivor into state (0, u) comes from
state (u,0), if D;(0,u) >0
state (u,1), if D;(0,u) < 0;

the survivor into state (1, u) comes from
state (u,0), if Dy(1,u) >0
state (u,1), if D;(0,u) < 0;

where an arbitrary decision may be made if D; =0. It is easily shown that
these survivor-selection rules can be alternatively represented as in Figure 4.15.
Observe from this that in order to determine the two survivors in each butter-
fly within the full trellis one must first determine max {|AT;_1],|2A|} and then
find the sign of ATy if |AT;_1| is maximum, or find the sign of X if |2)| is
maximum. Once the survivors have been found, their cumulative metrics can be
determined via

Fl(ul, u) = Fl_l(u, ul_#) + (—1)ul (—1)”1"‘)\.

Note that the core operation is effectively compare-select-add (CSA) as opposed
to add—compare-select. It can be shown that a reduction of approximately 33% in
additions is achieved by employing the differential Viterbi decoder instead of the
conventional one.

[AT,_;| > |2\ [AT,_;| < 2\
Al >0 A>0
(u, 0) 0, u) (u,0) #¥———— (0, u)
(1,u) w0
AT, <0 A<0
(u, 0) (0, u)
0, w)
: (u, 1) (1,u)
(u, 1) (1,u)

Figure 4.15 Survivor-selection rules for the butterfly of Figure 4.14.
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Bit-wise MAP Decoding and the BCJR Algorithm

Whereas the MLSD minimizes the probability of sequence error, the bit-wise
MAP decoder minimizes the bit-error probability. While they have similar per-
formance characteristics, both bit-wise and sequence-wise, they have different
applications. For example, the MAP decoder is used in turbo decoders and turbo
equalizers where soft decoder outputs are necessary.

The bit-wise MAP decoding criterion is given by

@ = argmax P(uy),
u

where P(w|y) is the a posteriori probability (APP) of the information bit w;
given the received word y. For this discussion, we will favor u; € {+1, —1} over
u; € {0, 1} under the mapping {0 < +1,1 <> —1}, and similarly for other binary
variables. With u; € {41, —1}, the bit-wise MAP rule simplifies to

@ = sign[L(w)], (4.21)
where L(u;) is the logarithmic a posteriori probability (log-APP) ratio defined as
Pu = +1|Y)}
L(u) £ 1o [ :
() =108 | pu = —1ly)

The log-APP ratio is typically called the log-likelihood ratio (LLR) in the literature
and we shall follow this convention here.

For convenience, we consider the BCJR-algorithm implementation of the MAP
decoder applied to a rate-1/2 RSC code on a BLAWGNC. Generalizing to other
code rates is straightforward. The BCJR algorithm for the BSC will be consid-
ered in Problem 4.20. Further, the transmitted codeword ¢ will have the form
c=[c1,co, ...,cp] = [u1,p1,u,pa, ..., ur,pr] with ¢; 2 [ug, py], where u; signifies
the systematic bit, p; signifies the parity bit, and L is the length of the encoder
input sequence including termination bits. The received word y = ¢ + n will have
the form y = [yla Y2, - -ny] = [y%7y€7yg7yg7 o '72/%7 yz]a where Y = [yzvb7yﬂa and
similarly for n.

Our goal is the development of the BCJR algorithm for computing the LLR
L(uy) given the received word y. In order to incorporate the RSC code trellis into
this computation, we rewrite L(u;) as

> p(sii1=15,5=35)
U+

L =1
() = log Y.p(sic1 =585 =35,y)
e

(4.22)

where s; is the encoder state at time [, U™ is the set of pairs (s, s) for the state tran-
sitions (5,1 = ') — (s; = s) which correspond to the event u; = +1, and U~ is
similarly defined for the event u; = —1. To write (4.22) we used Bayes’ rule, total
probability, and then canceled out 1/p(y) in the numerator and denominator.
We see from (4.22) that we need only compute p(s',s,y) = p(s;-1 = ', 51 = s,y)
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for all state transitions and then sum over the appropriate transitions in the numer-
ator and denominator. We now present the crucial results which facilitate the
computation of p(s',s,y).

Lemma 4.1. The pdf p(s',s,y) may be factored as

p(s',8,y) = a1 () (s, 5)Bi(s), (4.23)

where

[

Oél(S) p(Sl = Svyl1>a

’YZ(S/?S) p(sl = S7yl‘sl—1 = Sl)?
Bi(s) £ p(ylilsi = s),

(>

and y5 = [Ya, Yat1, - - Yb)-
Proof. By several applications of Bayes’ rule, we have

- L
p(sl7 S, Y) = p(s/v S, Y1 1a Y, yl+1)

=p Y1+1‘5 S Y1 JJI)P(S S Y1 7yl)

p(ym\s s,y ,yz>p<s uls', v >‘p<8’,y’f1)
p(yials)p(s,wls)p( s yi )

=B ()1 (s s)au-r (),

where the fourth line follows from the third because the variables omitted on the
fourth line are conditionally independent. O

Lemma 4.2. The probability a;(s) may be computed in a “forward recursion”
via

=Y (s, )i (s), (4.24)

where the sum is over all possible encoder states.
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Proof. By several applications of Bayes’ rule and the theorem on total probability,
we have

a(s) & p(s,yll)

= ZP(S’, s,yll)
8/

= Zp<s, uls', ylfl)p(S’, ylf1>
S/

=> p(s, szS’)p(S’, ylfl)
S/

=> (s, s)aua(s),
s/

where the fourth line follows from the third due to conditional independence of
I-1
yi - O

Lemma 4.3. The probability 5,(s) may be computed in a “backward recursion”
Via

By (s Zﬁl s)vi(s', 5) (4.25)

Proof. Applying Bayes’ rule and the theorem on total probability, we have
Bia(s) £ p(yils)

= p(yl.sls)
S

= p(ylals s, u)p(s, uls))
S

- Zp(ylLH\S)p(S,yz\s’)
_Zﬁl 71 s’ s

where conditional independence led to the omission of variables on the fourth
line. Il

The recursion for the {«a;(s)} is initialized according to

1, s=0,
@0(%) =10, 50,
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following from the reasonable assumption that the convolutional encoder is ini-
tialized to the zero state. The recursion for the {3;(s)} is initialized according
to

o ={5 150

which assumes that “termination bits” have been appended at the end of the data
word so that the convolutional encoder is again in state zero at time L.

All that remains at this point is the computation of v;(s', s) = p(s, yi|s’). Observe
that v;(s’, s) may be written as

_ P(s',s) p(s,s,m)

n(s' ) = P(s) ' P(s,s)

= P(s|s)p(uls', 5)

= P(u)p(yi|w), (4.26)

where the event w; corresponds to the event s’ — s. Note that P(s|s’) =
Pr(s' — s) =0 if s is not a valid state from state s’ and Pr(s’ — s) = 1/2 oth-
erwise (since we assume a binary-input encoder with equal a priori probabilities
P(u;) = P(s|s")). Hence, v;(s',s) = 0if 8 — s is not valid and, otherwise,

2
V(s s) = ];(rzlz) exp [—W] (4.27)
1 —u P —
S U S RV 24

where 02 = Ny /2.

In summary, we may compute L(u;) via (4.22) using (4.23), (4.24), (4.25), and
(4.27). This “probability-domain” version of the BCJR algorithm is numerically
unstable for long and even moderate codeword lengths, so we now present the
stable “log-domain” version of it. (Note that, in the presentation of the Viterbi
algorithm, it was easy to immediately go to the log domain, although there exists
a probability-domain Viterbi algorithm.)

In the log-BCJR algorithm, «;(s) is replaced by the forward metric

&y(s) = log(cu(s))
10%2041 1(8)n(s', 5)

logzexp (@11(5) + (5", 5)), (4.29)
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where the branch metric 3;(s', s) is given by

:YZ(SI’ S) = log /VI(Slv 5)

ly — al)?
202

We will see that the first term in (4.30) may be dropped. Note that (4.29) not only

defines @;(s), but also gives its recursion. These log-domain forward metrics are
initialized as

=— log(47702) — (4.30)

ag () = {_(l’o’ S;E’O' (4.31)

The probability 3;_;(s’) is replaced by the backward metric
Bzfl(sl) 2 log(8-1(s))

= log (Z exp( )+ 7,(8, s))) (4.32)

with initial conditions

w={% 0

under the assumption that the encoder has been terminated to the zero state.
As before, L(u;) is computed as

—[;Oélfl(sl) (s, 8) By(s)
Liw) =log | S~ T 5)

LU~

=log Zexp (&lfl(sl) +3(s',5) + Bz(s))]

(4.33)

—log [Z exp (al 1(s") + 7 (8's s) + Bl(s)>] : (4.34)

It is evident from (4.34) that the constant term in (4.30) may be ignored since
it may be factored all the way out of both summations. At first glance, Equa-
tions (4.29)—(4.34) do not look any simpler than the probability-domain algorithm,
but we use the following results to attain the simplification.

It can be shown (Problem 4.19) that

e’ +eY

Now define

max*(z,y) 2log (e* + e¥) (4.36)
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so that, from (4.35),
max”(z,y) = max(x,y) + log(l + ef‘xfyl). (4.37)
This may be extended to more than two variables. For example,
max*(z,y, z) £ log(e® + e¥ + €7),
which may be computed in pair-wise fashion according to
max”(z,y, z) = max*[max*(z,y), z].
Given the function max*(-), we may now rewrite (4.29), (4.32), and (4.34) as
a(s) = InsE,LX* [u_1(s") + (8, )], (4.38)
Bioa(s') = max” [By(s) + Fu(s', )] (4.39)
and
Liw) = max” & 1-1(5) + 31 (5',5) + Bi(s)]
—max (& 1-1(8) + (', 5) + Bi(s)|. (4.40)

Figure 4.16 illustrates pictorially the trellis-based computations that these three
equations represent. It is also illuminating to compare Figure 4.16 with Figure 4.9.
Consider also Problem 4.22. The log-domain BCJR, algorithm is presented below.

Algorithm 4.2 The Log-Domain BCJR Algorithm

Assumptions

We assume as above a rate-1/2 RSC encoder, a data block u of length L, and
that the encoder starts and terminates in the zero state (the last p bits of u
are so selected). In practice, the value —oo used in initialization is simply some
large-magnitude negative number.

The Algorithm
Initialize a(s) and B (s) according to (4.31) and (4.33).
fori=1to L

* get yi = [y} y7]

o compute 3,(s',5) = —||y; — ¢1]|* /(262) for all allowable state transitions s’ — s
(note that ¢; = ¢;(s', ) here)*

e compute &;(s) for all s using the recursion (4.38)

end

L We may alternatively use %,(s’, s) = wy}/o? +plyf/o2. (See Problem 4.21.)
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S1 - ,
a_1(s]) 71(1,8)
S
}7] (S’Z,S) a (S)
a;_1(s) @, (s) = max* (of two sums)
Br-1(s")

a;-1(0)

a1 (1)
—————— input =0 (+1)
input=1(-1)

a;-1(2)

a,-13)

L(u;) = max* {&l—l +7, + f3, for dashed lines} — max* {&l—l +7, + f3, for solid lines}

Figure 4.16 An illustration of the BCJR algorithm. The top diagram illustrates the forward
recursion in (4.38), the middle diagram illustrates the backward recursion in (4.39), and the
bottom diagram depicts the computation of L(w;) via (4.40).
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for | = L to 2 step —1
e compute (3, (') for all s using (4.39)

end

fori=1to L

e compute L(u;) using (4.40)
e compute hard decisions via @; = sign[L(u;)]

end

We see from (4.38), (4.39), and (4.40) how the log-domain computation of
L(w;) is vastly simplified relative to the probability-domain computation. From
(4.37), implementation of the max*(-) function involves only a two-input max(-)
function plus a look-up table for the “correction term” log(l + e—lm—yl). The size of
the look-up table has been investigated in [12] for specific cases. When max*(z, y)
is replaced by max(-) in (4.38) and (4.39), these recursions become forward and
reverse Viterbi algorithms, respectively. The performance loss associated with this
approximation in turbo decoding depends on the specific turbo code, but a loss
of about 0.5 dB is typical [12].

Performance Estimates for Trellis-Based Decoders

ML Decoder Performance for Block Codes

Before we present formulas for estimating the performance of maximum-likelihood
sequence decoding (Viterbi decoding) of convolutional codes on the BSC and BI-
AWGN channels, we do this for linear binary block codes. This approach is taken
because the block-code case is simpler conceptually, the block-code results are
useful in their own right, and the block-code results provide a large step toward
the convolutional-code results. We assume that the codeword length is N, the
information word length is K, the code rate is R, and the minimum distance is dp;p -

To start, we observe that both channels are symmetric in the sense that for
the BSC Pr(y =1jz =1) =Pr(y =0|z =0) and for the BI-AWGN channel
p(y|z) = p(—y| — =), where x and y represent the channel input and output,
respectively. Given these conditions together with code linearity, the probability
of error given that some codeword ¢ was transmitted is identical to the probability
of error given that any other codeword ¢’ was transmitted. Thus, it is convenient
to assume that the all-zeros codeword 0 was transmitted in performance analyses.
We can therefore bound the probability of codeword error P, using the union
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bound as follows:
P, = Z Pr(error|c) Pr(c)

= Pr(error|0)
= Pr(Ug.o decide €|0)

< Z Pr(decide €|0), (4.41)
)

where € denotes the decoder output. The probability Pr(decide &|0), which is the
probability that the decoder chooses ¢ given that 0 was transmitted, is called the
two-codeword error probability (or pair-wise error probability). It is derived under

the assumption that only two codewords are involved: ¢ and 0.
As we will see, both for the BSC and for the AWGN channel, Pr(decide €|0) is a
function of the Hamming distance between ¢ and 0, that is, the Hamming weight w
of €. Further, if & and & both have weight w, then Pr(decide €¢|0) = Pr(decide &|0)

and we denote this common probability by P,. In view of this, we may rewrite
(4.41) as

N
Poy < Y APy, (4.42)
W=dmin

where A, is the number of codewords of weight w.

For the BSC, when w is odd, P,, £ Pr(decide a codeword & of weight w |0) is the
probability that the channel produces [w/2] or more errors that place the received
word closer to & than to 0 in a Hamming-distance sense. ([z] is the integer greater
than or equal to x.) Thus, we focus only on the w nonzero positions of & to write

> <w> (1 —eg)wJ for w odd,
p _ Ji=twm \J

w w . .
Pr(w/2)+ > <;U) el(1—e)¥7 for w even,

j=w/2+1

(4.43)

where the term

Pr(w/Q) 2 ;(wu/}2> Ew/2(1 - €>w/2

accounts for the fact that ties in the decoder are resolved arbitrarily when w is even.

For the BILAWGN channel, let m(c) denote the channel representation of the
codeword c. For example, m(0) = [+v/E., +VE¢, +VE., +VE., ...] and m(&) =
m([1110 ...])) = [-VEe, —VEe, —VE¢, +VE., .. ], where E, is the average code-
bit energy on the channel and is related to the code rate R and the average data-bit
energy By as E. = REy. Now, P, is the probability that the white-noise sequence
results in a receiver output r that is closer to m(&) than it is to m(0) in a Euclidean-
distance sense. However, m(&) and m(0) are separated by the Euclidean distance
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dp = 2/ wE,. = 2y/wRE,. Thus, since the white noise has variance o2 = No/2
in all directions, P, is the probability that the noise in the direction of ¢ has
magnitude greater than dg/2 = \/wRE}; that is,

P, = Q(Zi) - Q(ﬂ / 2”}\}:)&). (4.44)

The bit error probability P, another commonly used performance measure, can
be obtained from the above results. We first define A;,, to be the number of
weight-w codewords produced by weight-¢ encoder inputs. Then the probability
of bit error can be bounded as

N\H

N K
Z Z i A Po (4.45)
=1

W=dmin

1 N
== Z By P,

wW=dmin

where B,, £ Zfil 1A; 4 is the number of nonzero information bits corresponding
to all of the weight-w codewords. P, in the above expressions is given by (4.43)
r (4.44), depending on whether the channel is BSC or BILAWGN.

Weight Enumerators for Convolutional Codes

Because digital communication links are generally packet-based, convolutional
codes are often used as block codes. That is, the inputs to a rate-k/n convolutional
encoder in this case are blocks of K information bits, which produce blocks of
N = K(n/k) code bits. When a convolutional code is treated as a block code,
all of the results of the preceding subsection apply. However, as we will see, it is
more convenient to settle for approximations of the bounds given above. This is so
because the computation of A,, and A;,, (or B,,) can be demanding (although it
is possible; see Chapter 8). Recall that A,, is the number of weight-w codewords.
Or, in the context of the code’s trellis, it is the number of weight-w paths that
diverge from the all-zeros trellis path one or more times in L = K /k trellis stages.
Finding {A,} is possible by computer for all practical codes, and so this is one
possible avenue. Then, the formulas of the previous section may be utilized.

Traditionally, however, one uses an alternative weight spectrum {A! }, where
Al, is the number of weight-w paths that diverge from the all-zeros trellis path
one time in L trellis stages. The attractiveness of A/, stems from the fact that the
entire spectrum {4} } is easily found analytically for small-memory codes, or by
computer for any practical code. These comments apply as well to the alternative
weight spectrum {A; , }, where A}  is the number of weight-w paths, correspond-
ing to weight-i encoder inputs, that diverge from the all-zeros trellis path one time
in L trellis stages.
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all-zeros path,
/'/ assumed correct path

o Single
error event

all-zeros path,

/ assumed correct path

\ L] o o
multiple ~

error events

Figure 4.17 An illustration of nonzero code paths comprising single error events and multiple
error events.

We remark, incidentally, that a portion of a path that diverges/remerges from/to
the correct path is called an error event. Thus, as shown in Figure 4.17, we say
that a path that diverges/remerges from/to the correct path multiple times has
multiple error events; otherwise, it has a single error event.

Consider any convolutional code and its state diagram and trellis. It is possible
to determine {A; ,} via computer by having the algorithm traverse the L-stage
trellis until all paths have been covered, updating the A;w tables along the way.
Alternatively, the state diagram can be utilized to analytically determine {4; ,}.
To do this, recognize that diverging from the all-zeros trellis path one time is
equivalent to leaving state zero in the state diagram and returning to that state
only once. Thus, we can count the cumulative information weight and codeword
weight in either the trellis or the state diagram. However, signal flow-graph tech-
niques allow us to perform this computation analytically using the state diagram.
Note that {A],} is obtainable from {A] ,} since A}, = >, A} .

Example 4.9. Consider again the rate-1/2 encoder described by G(D)=[1+ D +
D? 1+ D?) whose state diagram and trellis are presented in Figure 4.8. We are inter-
ested in all of the paths that leave state Sy = 00 and then return to it some time later.
Thus, we split the state diagram at state Sy. Then, in order to exploit signal flow-graph
techniques, we re-label the state-transition branches with bivariate monomials whose
exponents contain the information weight and code weight. For example, the label 11|1
would be replaced by the label I'W?2 = IW?2 and the label 01|0 would be replaced by
the label I°W?! = W. The resulting split state diagram is shown in Figure 4.18.

The split state diagram is now regarded as a transform-domain linear system with input
So, and output S}, whose subsystem gains are given by the new branch labels. If one
obtains the transfer function S{/Sy of this linear system, one has actually obtained the
input-output weight enumerator (I0-WE) A'(I, W) =",  A; ,J'W™. This is because



4.6 Performance Estimates for Trellis-Based Decoders 191

Figure 4.18 The branch-labeled split state diagram for the RSC rate-1/2 convolutional encoder
with octal generators (7,5).

taking the product of the gains of the form I‘W™ that label a series of branches has
the effect of adding exponents, thereby counting the information weight and code weight
along the series of branches. The transfer-function computation also keeps track of the
number of paths from Sy to S for the weight profiles (4, w); these are the coefficients A; .

The most obvious way to compute A'(I,W) = 5}/Sy is to write down a system of
linear equations based on the split state diagram and then solve for Sj,/Sy. For example,
from Figure 4.18 we may write

Sy = IW?Sy,
S1 = WSy + WSs,
S = IW S35+ IW.S,,

and so on. The solution is

Iwb
1—2IW
= IW° + 21°WO + 43W7 + 8I*WS + ... .

A1, W) = S}/So =

Thus, A} 5 = 1 (one weight-5 path created by a weight-1 encoder input), A5 g = 2 (two
weight-6 paths created by weight-2 encoder inputs), A3 ; = 4 (four weight-7 paths created
by weight-3 encoder inputs), and so on. Note that the codeword weight enumerator A'(W)
may be obtained from A'(I, W) as

A(W) = A(ILW)|;_,
W5
1—2W
— WS+ 2WC AW +8WS + ... .
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Thus, AL = 1 (one weight-5 path), Az = 2 (two weight-6 paths), A7 = 4 (four weight-7
paths), and so on. Of course, A’(W) may be obtained more directly by using branch
labels of the form W™ in the split state diagram (which effectively sets I = 1).

By analogy to the definition of B,,, we define Bl, 2 32X iAj ,, the number of nonzero
information bits corresponding to all of the weight-w paths the diverge from state zero
(at an arbitrary time) and remerge later. The values B, may be obtained as coeflicients

of the enumerator

B'(W) = LZ_A’(I, W)}

W5
T 1 4W +4W2
= W5 +4W° + 12W7 +32W8 + ... .

I=1

Example 4.10. An even simpler approach to arriving at A’(I, W) avoids writing out a
system of linear equations. The approach involves successively simplifying the split state
diagram until one obtains a single branch with a single label that is equal to A'(I, W).
This is demonstrated in Figure 4.19 for the code of the previous example. Except for the
last flow graph, whose derivation is obvious, explanations are given for the derivation
of each flow graph from the one above it. For extremely large split state diagrams, one
generally utilizes a computer program based on Mason’s gain rule.

The techniques in the foregoing examples allow us to derive A’(I, W) for infor-
mation words and codewords of unlimited length. For finite-length codewords, the
techniques may be simply modified to obtain an augmented weight enumerator
A(I,W,B) =3 ws Aiwp "W B® where A; ,, is the number of weight-w paths
spanning b trellis7b7ranches, created by weight-i7 encoder inputs. The split-state-
diagram labels in this case are of the form I'W™B, where the exponent of B is
always unity since it labels and accounts for a single branch.

Following this procedure for our example code above results in

IwbsB3
1 —IW (B + B2)
= IW°B3 + IPWSB* + I’WSB°> + ... |

A'(I,W,B) =

Thus, the weight-5 path consists of three trellis branches. Also, one weight-6 path
consists of four branches and the other consists of five (both correspond to weight-2
inputs). Note that A'(I, W) = A'(I, W, B)|g_;.

Suppose now we are interested in codewords in the above code corresponding
to length- K information words. Then we can find the weight enumerator for this
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Figure 4.19 Successive reduction of the split state diagram of Figure 4.18 to obtain the transfer
function.

situation by omitting the terms in A’(I, W, B) whose B exponents are greater
than K.

ML Decoder Performance for Convolutional Codes

For packet-based communications, we make the assumption that the rate-k/n
convolutional encoder accepts K information bits and produces N code bits. As
mentioned at the beginning of the previous section, traditional flow-graph tech-
niques yield only weight-enumerator data for incorrect paths that have single error
events (e.g., A, or A! ). On the other hand, our P, and P, performance bounds
for (N,K) linear codes, Equations (4.42) and (4.45), require enumerator data for
all incorrect paths (A, and A;,). Chapter 8 shows how one can carefully obtain
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A, and A;,, from A; ~or A, . Here, we make a couple of approximations that
simplify our work and result in simple formulas. We will see that the approximate
formulas are sufficiently accurate for most purposes.

The first approximation is that at most one error event occurs in each code block.
This is clearly inaccurate for extremely long code blocks and low SNR values, but
it is quite accurate otherwise, as we will see in the example below. The second
approximation is that the number of different locations at which an error event
may occur in a code block is L = K/k. The more accurate value is L — ¢ locations,
where £ is the length of the error event measured in trellis stages, but in practice
(<L L.

Given these two approximations, we may write

Ay ~ LA,
and
Ai,w ~ LA;’w.

Application of these relations to (4.42) and (4.45) yields

N K N
PSS Y LA'wa:Z > AP, (4.46)

W=dmin W=dmin

and

1 N
== > B,Pu, (4.47)
=d,;

where B), is as defined above. As before, P, in the above expressions is given by
(4.43) for the BSC and (4.44) for the BILAWGN channel.

Example 4.11. We demonstrate the accuracy of Equations (4.46) and (4.47) in
Figure 4.20, which displays these bounds together with simulation results for our running-
example rate-1/2 code for which p = 2, gg?tal =7, and g((fclal = 5. The figure presents P.,,
curves for K = 100, 1000, and 5000. Observe that for all three P., curves and the P,
curve there is close agreement between the bounds (solid lines) and the simulation results
(circles). Also included in the figure are the P, bound (4.47) and P, simulation results
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Rate—1/2 convolutional codes on the BPSK Channel: Simulations and Bounds

E,/N, (dB)

Figure 4.20 Maximum-likelihood decoding performance bounds and simulation results for the
rate-1/2 convolutional codes of Example 4.11 on the BILAWGN channel.

for the p = 6 industry-standard code for which ggi)tal =117 and gc(i)tal = 155 (see Section
4.3.4). Tt was found by computer search that, for this code, [Byg, B11, ..., B21] = [36,
0, 211, 0, 1404, 0, 11633, 0, 77433, 0, 502690, 0]. Clearly, from the figure, this limited-

weight-spectrum information is sufficient to obtain a tight bound.

4.1 Find the power series s(D) for the rational function

a(D) 1+ D+ D?
b(D) 1+ D+ D3

and note that, after a transient, its coefficients are periodic. Show that a(D) =
b(D)s(D).
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4.2 Show that, if the entries of the generator matrix G(D) are confined to the
field of rational functions, Fo(D), then the entries of the minimal representation
of the parity-check matrix H(D) must also be confined to Fa(D).

4.3 Find Guys(D), Hgy(D), Gpoy(D), and Hpay(D) for the rate-2/3

convolutional-code generator matrix given by

1+D
S ; S5 14D 0
GD)= |1+ 1+ 1 D
1+D 1+ D?

4.4 Show that the transfer function

(D) = ap+a1D+ -+ a, D™
I\ = T D+ - 4 b D

can be implemented as in Figure 4.2. To do so write ¢)(D) as

((D) = <u<i>(D) . b(lD)> -a(D). (4.48)

Then sketch the direct implementation of the leftmost “filtering” operation
v(D) = u(D) - 1/b(D), which can be determined from the difference equation

(4)
vp =y —b1vg1 — bovpo — - — by V.

Next, sketch the direct implementation of the second filtering operation in (4.48),
c9)(D) = v(D)a(D), which can be determined from the difference equation

ng) = aovlgi) + alvﬁ)l + -+ amvt(i)m.
Finally, sketch the two “filters” in cascade, the 1/b(D) filter followed by the a(D)
filter (going from left to right), and notice that the m delay (memory) elements
may be shared by the two filters.

4.5 Show that Figures 4.2 and 4.3 implement equivalent transfer functions and
that Figure 4.3 is the transposed form of Figure 4.2. That is, note that Figure 4.3
may be obtained from Figure 4.2 by (a) changing all nodes to adders; (b) changing
all adders to nodes; (c) reversing the directions of the arrows; and (d) naming the
input the output, and vice versa.

4.6 Show that every non-systematic encoder is equivalent to a systematic encoder
in the sense that they generate the same code. Show that for every non-recursive
non-systematic encoder there exists an equivalent recursive systematic encoder in
the sense that they generate the same code.

4.7 Consider the rate-2/3 convolutional code in Example 4.2. Let the input for
the encoder G(D) be u(D)=[1 1+ D] and find the corresponding codeword
c(D) =[c1(D) c2(D) c3(D)]. Find the input which yields the same codeword
when the encoder is given by Ggys(D). Repeat for Gyl (D).
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4.8 Show that every rate-1/n convolutional code has a catastrophic encoder.
Repeat for rate-k/n.

4.9 Determine whether either of the following encoders is catastrophic:
G(D)=[1+D+D*+ D3+ D* D+ DY,

(1+ D)3 0 (1+ D+ D*)(1+ D)3

G(D) = [(1+D+D2)(1+D2) (1+D+D*(1+D) D(1+D+D?

4.10 Generalize the catastrophic-code condition for rate-1/n convolutional codes
to the case in which the entries of G(D) are rational functions. Using this result,
determine whether either of the following encoders is catastrophic:

14+ D
G(D) = [1+D+D2

D 1+ D?
G(D) = .
(D) [1+D+D2 1+D3]
4.11 Consider the four generator matrices given in the previous two problems.

14|,

(a) Determine to which class of encoder each of these generator matrices belongs
(RSC, RSC, RSC, or RSC). If an encoder is not systematic, find its systematic
form.

(b) Sketch the Type I and Type II realizations of the systematic and non-systematic
versions of each of these codes.

4.12 Consider a rate-2/3 convolutional code with

_|1+D o0 1
" |14+D? 14D 1+D+D?|

Show that the memory required for the Type I and Type Il realizations of Gy (D)
is p = 3 and p = 6, respectively. Show that

Gpoly(D)

1
1 0 ——
1+ D
Gsys(D): 52 )
0
1+D

and that the memory required for its Type I realization is p = 3. Finally, show
that the Type II realization of Ggys(D) requires only p = 2. Thus, the Type II
realization of Ggys(D) is the minimal encoder as claimed in Section 4.3.3 for rate-
k/(k 4+ 1) convolutional codes.

4.13 Sketch the minimal encoder realizations for the code corresponding to the
following generator matrices:

(a) G(D)=[1+D* 1+D* 14D+ D?+ D3,
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1+ D3 1+D* (1+D+ D*(1+ D3
(1+D+D*»(1+D?% 1+D* 1+D+D*+D?
4.14 Suppose a generator matrix G(D) is in polynomial form and the maximum
degree of any polynomial in G(D) is two. Give the form of (4.13) specialized to
this case.

(b) G(D) =

4.15 Find the multiplexed generator matrix G" and the multiplexed parity-check
matrix H' for the rate-1/2 encoder matrix

G(D)=[1+D*+D*+D* 1+ D+ D*].
Find Ggys(D) corresponding to G(D) and repeat for the encoder matrix Ggys(D).

4.16 Consider the rate-2/3 convolutional code with polynomial parity-check
matrix

H(D) = [he(D) hi(D) ho(D)]
=[1+D 1+D* 1+ D+ D?].
Show that a generator matrix for this code is given by
_ hi(D) ho(D) 0
0 ho(D) hi(D) ]’
Find the multiplexed generator matrix G’ and the multiplexed parity-check matrix
H'. Find Ggys(D) and repeat for Geys(D).
4.17 Assuming the BILAWGNC, simulate Viterbi decoding of the rate-1/2 con-
volutional code whose encoder matrix is given by
G(D)=[1+D*+D*+D* 1+ D+ D*].

Plot the bit error rate from P, = 10~! to P, = 1075. Repeat for the BCJR decoder
and comment on the performance of the two decoders.

4.18 Assuming the BILAWGNC, simulate Viterbi decoding of the rate-2/3 con-
volutional code whose parity-check matrix is given by (see Problem 4.16)

H(D) = [h2(D) hi(D) ho(D)]
=[1+D 1+D* 1+ D+ D?].

G(D)

Plot the bit error rate from P, = 107! to P, = 10%. Repeat for the BCJR decoder
and comment on the performance of the two decoders.

4.19 Show that

e’ +e¥
maX(:E,y)Zlog m .

Hint: First suppose = > y.

4.20 Derive the BCJR algorithm for the BSC. Initialization from the channel
output values proceeds as follows. Let y; € {0,1} be the BSC output and ¢; €
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{0,1} be the BSC output at time i. Define £ = Pr(y; = b¢|¢; = b) to be the error
probability. Then

1—¢ wheny; =b,
Pr(c; = bly;) = { e when 33/2 =b°

and, from this, we have
_ 1—¢
L(cily:) = (=1)* log< 5 )

4.21 Show that in the log-domain BCJR algorithm we may alternatively use the
branch metric ,(s', s) = wy}"/o? + piy /o?.

4.22 Show that there is a BCJR algorithm equivalent to the one presented in the
chapter, as follows. Define

min® (z,y) £ —log(e ™ +e7Y)
= min(z,y) + log(l + ef‘xfy‘).

A similar definition exists when more than two variables are involved, for example,
min*(z,y,z) = —log(e ™ + e ¥ + e *). Define also

& (s) & —log(au(s))
= —log Y exp(—di_1(s') — ¥i(s', 9))

= min} {d_1(s') + F,(s,5)}
’?l(sla S) £ _log ’Yl(sla S)
_y—al’
202
Blfl(s/) £ —log (/Blfl(s/))

— _log (Z exp( —3(d, s))>

=mmgﬂ<wwm58}

(ignores a useless constant),

)

Specify the initial conditions and show that L(u;) can be computed as

>_ai-1(s") (s’ s) By (s)
)8

U+
>_ai-1(8) (s, 8) Bi(s)
e

= Iglgl* [61—1(51) + 75, 8) + By (5)}

L(w) = log

— min® a1 () +A1(s5) + Bils)|.
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4.23 Repeat Example 4.9 for the RSC code with
G(D) = {1 HD} _
1+ D+ D?
Find also the augmented weight enumerator A’'(I, W, B). You should find, after
dividing the denominator of A’(I, W, B) into its numerator, that the series begins
as I3W°B3 + I’WoB* + (I3W7 + I4W6)B5 + .-+ . Show in the state diagram of
the code the four paths corresponding to these four terms.
4.24 Repeat Example 4.10 and Figure 4.16 for the RSC code with
G(D) - [1 1+D} ,
1+ D+ D?
Compare your results with those of the RSC code of Figure 4.16 for which
G(D)=[1+D+D?* 1+D].
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5.1.1

Low-Density Parity-Check Codes

Low-density parity-check (LDPC) codes are a class of linear block codes with
implementable decoders, which provide near-capacity performance on a large set
of data-transmission and data-storage channels. LDPC codes were invented by
Gallager in his 1960 doctoral dissertation [1] and were mostly ignored during the
35 years that followed. One notable exception is the important work of Tanner
in 1981 [2], in which Tanner generalized LDPC codes and introduced a graphical
representation of LDPC codes, now called a Tanner graph. The study of LDPC
codes was resurrected in the mid 1990s with the work of MacKay, Luby, and others
[3-6], who noticed, apparently independently of Gallager’s work, the advantages
of linear block codes with sparse (low-density) parity-check matrices.

This chapter introduces LDPC codes and creates a foundation for further study
of LDPC codes in later chapters. We start with the fundamental representations
of LDPC codes via parity-check matrices and Tanner graphs. We then learn
about the decoding advantages of linear codes that possess sparse parity-check
matrices. We will see that this sparseness characteristic makes the code amenable
to various iterative decoding algorithms, which in many instances provide near-
optimal performance. Gallager [1] of course recognized the decoding advantages
of such low-density parity-check codes and he proposed a decoding algorithm for
the BILAWGNC and a few others for the BSC. These algorithms have received
much scrutiny in the past decade, and are still being studied. In this chapter, we
present these decoding algorithms together with several others, most of which are
related to Gallager’s original algorithms. We point out that some of the algorithms
were independently obtained by other coding researchers (e.g., MacKay and Luby
[4, 5]), who were unaware of Gallager’s work at the time, as well as by researchers
working on graph-based problems unrelated to coding [8].

Representations of LDPC Codes

Matrix Representation

We shall consider only binary LDPC codes for the sake of simplicity, although
LDPC codes can be generalized to nonbinary alphabets as is done in Chapter
14. A low-density parity-check code is a linear block code given by the null space
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of an m x n parity-check matrix H that has a low density of 1s. A reqular LDPC
code is a linear block code whose parity-check matrix H has column weight g and
row weight r, where r = g(n/m) and g < m. If H is low density, but its row and
column weight are not both constant, then the code is an irreqular LDPC code.
For irregular LDPC codes, the various row and column weights are determined by
one of the code-design procedures discussed in subsequent chapters. For reasons
that will become apparent later, almost all LDPC code constructions impose the
following additional structural property on H: no two rows (or two columns) have
more than one position in common that contains a nonzero element. This property
is called the row-column constraint, or simply, the RC' constraint.

The descriptor “low density” is unavoidably vague and cannot be precisely
quantified, although a density of 0.01 or lower can be called low density (1% or
fewer of the entries of H are 1s). As will be seen later in this chapter, the density
need only be sufficiently low to permit effective iterative decoding. This is in fact
the key innovation behind the invention of LDPC codes. As is well known, opti-
mum (e.g., maximum-likelihood) decoding of the general linear block code that
is useful for applications is not possible due to the vast complexity involved. The
low-density aspect of LDPC codes accommodates iterative decoding, which typi-
cally has near-maximum-likelihood performance at error rates of interest for many
applications. These ideas will be made clearer as the student progresses through
this chapter.

As will be seen below and in later chapters, the construction of LDPC codes
usually involves the construction of H, which need not be full rank. In this case,
the code rate R for a regular LDPC code is bounded as

R>1-"=-1-9
n T

with equality when H is full rank.

Graphical Representation

The Tanner graph of an LDPC code is analogous to the trellis of a convolutional
code in that it provides a complete representation of the code and it aids in the
description of decoding algorithms. A Tanner graph is a bipartite graph (intro-
duced in Chapter 2), that is, a graph whose nodes may be separated into two
types, with edges connecting only nodes of different types. The two types of nodes
in a Tanner graph are the variable nodes (or code-bit nodes) and the check nodes
(or constraint nodes), which we denote by VNs and CNs, respectively. The Tan-
ner graph of a code is drawn as follows: CN ¢ is connected to VN j whenever
element h;; in H is a 1. Observe from this rule that there are m CNs in a Tanner
graph, one for each check equation, and n VNs, one for each code bit. Further,
the m rows of H specify the m CN connections, and the n columns of H specify
the n VN connections. Accordingly, the allowable n-bit words represented by the
n VNs are precisely the codewords in the code. Throughout this book, we shall
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check
nodes

vari(eilble A 5
modes g1 23

Figure 5.1 The Tanner graph for the code given in Example 5.1.

use both the notation CN ¢ and VN j and the notation CN ¢; and VN v;, where
v; is the jth variable node or the jth code bit, depending on context.

Example 5.1. Consider a (10,5) linear block code with w. =2 and w, =4 with the
following H matrix:

111 100O0O0O0O0
100011 1O0O0O0
H=|{0 1 0 01 00110
001 0O01O01O0°1
0001O0O01O0T171

The Tanner graph corresponding to H is depicted in Figure 5.1. Observe that VNs 0, 1,
2, and 3 are connected to CN 0 in accordance with the fact that, in the zeroth row of H,
hoo = ho1 = ho2 = hos = 1 (all others are zero). Observe that analogous situations hold
for CNs 1, 2, 3, and 4, which correspond to rows 1, 2, 3, and 4 of H, respectively. Note, as
follows from vHT = 0, that the bit values connected to the same check node must sum
to zero (mod 2). We may also proceed along columns to construct the Tanner graph. For
example, note that VN 0 is connected to CNs 0 and 1 in accordance with the fact that,
in the zeroth column of H, hgg = h19 = 1. The sum of rows of H is the all-zero vector, so
H is not full rank and R > 1 —5/10. It is easily seen that the first row is dependent (it
is the sum of the other rows). From this, we have rank(H) =4 and R =1 —4/10 = 3/5.

The Tanner graph of an LDPC code acts as a blueprint for the iterative decoder
in the following way. Each of the nodes acts as a locally operating processor and
each edge acts as a bus that conveys information from a given node to each of
its neighbors. The information conveyed is typically probabilistic information,
e.g., log-likelihood ratios (LLRs), pertaining to the values of the bits assigned to
the variable nodes. The LDPC decoder is initiated by n LLRs from the channel,
which are received by the n VN processors. At the beginning of each half-iteration
in the basic iterative decoding algorithm, each VN processor takes inputs from
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the channel and each of its neighboring CNs, and from these computes outputs
for each one of its neighboring CN processors. In the next half-iteration, each CN
processor takes inputs from each of its neighboring VNs, and from these computes
outputs for each one of its neighboring VN processors. The VN« CN iterations
continue until a codeword is found or until the preset maximum number of itera-
tions has been reached.

The effectiveness of the iterative decoder depends on a number of structural
properties of the Tanner graph on which the decoder is based. Observe the six
thickened edges in Figure 5.1. A sequence of edges such as these which form a closed
path is called a cycle (see Chapter 2). We are interested in cycles because short
cycles degrade the performance of the iterative decoding algorithms employed by
LDPC codes. This fact will be made evident in the discussion of the decoding
algorithms later in this chapter, but it can also be seen from the brief algorithm
description in the previous paragraph. It should be clear from the description that
cycles force the decoder to operate locally in some portions of the graph (e.g.,
continually around a short cycle) so that a globally optimum solution is impossible.
Observe also from the decoder description the necessity of a low-density matrix
H: at high densities (about half of the entries are 1s), many short cycles will exist,
thus precluding the use of an iterative decoder.

The length of a cycle is equal to the number of edges which form the cycle,
so the length of the cycle in Figure 5.1 is 6. A cycle of length [ is often
called an [l-cycle. The minimum cycle length in a given bipartite graph is called
the graph’s girth. The girth of the Tanner graph for the example code is clearly 6.
The shortest possible cycle in a bipartite graph is clearly a length-4 cycle,
and such cycles manifest themselves in the H matrix as four 1s that lie on the
four corners of a rectangular submatrix of H. Observe that the RC constraint
eliminates length-4 cycles.

The Tanner graph in the above example is regular: each VN has two edge con-
nections and each CN has four edge connections. We say that the degree of each
VN is 2 and the degree of each CN is 4. This is in accordance with the fact that
g = 2 and r = 4. It is also clear from this example that mr = ng must hold for all
regular LDPC codes since both mr and ng are equal to the number of edges in
the graph.

As will be shown in later chapters, it is possible to more closely approach capac-
ity limits with irregular LDPC codes than with regular LDPC codes. For irregular
LDPC codes, the parameters g and r vary with the columns and rows, so such
notation is not useful in this case. Instead, it is usual in the literature to spec-
ify the VN and CN degree-distribution polynomials, denoted by A(X) and p(X),
respectively. In the polynomial

d,
AX) =) x4 (5.1)
d=1
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Agq denotes the fraction of all edges connected to degree-d VNs and d,, denotes the
maximum VN degree. Similarly, in the polynomial

d.
p(X)=> paX*, (5.2)
d=1

pq denotes the fraction of all edges connected to degree-d CNs and d, denotes the
maximum CN degree. Note that, for the regular code above, for which g = 2 and
r =4, we have A\(X) = X and p(X) = X3.

Let us denote the number of VNs of degree d by N, (d) and the number of CNs
of degree d by N.(d). Let us further denote by E the number of edges in the graph.
Then it can be shown that

n m

E=— S , (5.3)
JiAX)X [ p(X)dX
. . n)\d/d
N(d) = Ep,/d = _mpa/d__ 5.5
(d) pa/ folp(X)dX (5.5)

From the two expressions for £ we may easily conclude that the code rate is
bounded as
1
X)dX
Rz1—T:1—M. (5.6)
n Jo MX)dX
The polynomials A\(X) and p(X) represent a Tanner graph’s degree distributions
from an “edge perspective.” The degree distributions may also be represented from
a “node perspective” using the notation A\(X) and p(X), where the coefficient A4
is the fraction of all VNs that have degree d and p, is the fraction of CNs that
have degree d. It is easily shown that

s Aa/d
T IAX)dX 5.7)
- Pd/d
Pd = fol ,O(X)dX . (5'8)

Classifications of LDPC Codes

As described in the next chapter, the original LDPC codes are random in the sense
that their parity-check matrices possess little structure. This is problematic in that
both encoding and decoding become quite complex when the code possesses no
structure beyond being a linear code. More recently, LDPC codes with structure
have been constructed.
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The most obvious type of structure is that of a cyclic code. As discussed in
Chapter 3, the encoder of a cyclic code consists of a single length-(n — k) shift
register, some binary adders, and a gate. The nominal parity-check matrix H of
a cyclic code is an n X n circulant; that is, each row is a cyclic-shift of the one
above it, with the first row a cyclic-shift of the last row. The implication of a
sparse circulant matrix H for LDPC decoder complexity is substantial: because
each check equation is closely related to its predecessor and its successor, imple-
mentation can be vastly simplified compared with the case of random sparse H
matrices for which wires are randomly routed. However, beside being regular, a
drawback of cyclic LDPC codes is that the nominal H matrix is n x n, indepen-
dently of the code rate, implying a more complex decoder. Another drawback is
that the known cyclic LDPC codes tend to have large row weights, which makes
decoder implementation tricky. On the other hand, as discussed in Chapter 10,
cyclic LDPC codes tend to have large minimum distances and very low iteratively
decoded error-rate floors. (See a discussion of floors in Section 5.4.6.)

Quasi-cyclic (QC) codes also possess tremendous structure, leading to simplified
encoder and decoder designs. Additionally, they permit more flexibility in code
design, particularly irregularity, and, hence, lead to improved codes relative to
cyclic LDPC codes. The H matrix of a QC code is generally represented as an
array of circulants, e.g.,

H=| : - (5.9)

where each matrix A,. is a Q x @ circulant. For LDPC codes, the circulants must
be sparse, and in fact weight-1 circulants, which means that the weight of each
row and column of the circulants is 1, are common. To effect irregularity, some of
the circulants may be the all-zeros () x () matrix using a technique called masking
(see Chapters 10 and 11). Chapter 3 discusses how the QC characteristic leads to
simplified encoders. Chapter 6 discusses how QC codes permit simplified, modular
decoders. The second half of the book presents many code-design techniques that
result in QC codes.

In addition to partitioning LDPC codes into three classes — cyclic, quasi-cyclic,
and random (but linear) — the LDPC code-construction techniques can be par-
titioned as well. The first class of construction techniques can be described as
algorithmic or computer-based. These techniques will be introduced in Chapter 6
and covered in greater detail in Chapters 8 and 9. The second class of construction
techniques consists of those based on finite mathematics, including algebra, com-
binatorics, and graph theory. These techniques are covered in Chapters 10-14. We
note that the computer-based construction techniques can lead to either random
or structured LDPC codes. The mathematical construction techniques generally
lead to structured LDPC codes, although exceptions exist.
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V() Vl VZ Vn -2 Vn -1

Figure 5.2 A Tanner graph for a G-LDPC code. Circle nodes represent code bits as before, but
the square nodes represent generalized constraints.

Generalized LDPC Codes

It is useful in the study of iteratively decodable codes to consider generalizations
of LDPC codes. Tanner was the first to generalize Gallager’s low-density parity-
check code idea in his pioneering work [2], the paper in which Tanner graphs were
introduced. In the Tanner graph of a generalized LDPC (G-LDPC) code, depicted
in Figure 5.2, constraint nodes (CNs) are more general than single parity-check
(SPC) constraints. In fact, the variable nodes (VNs) may represent more complex
codes than the repetition codes they represent in standard LDPC codes [7], but
we shall not consider such “doubly generalized” LDPC codes here.

In Figure 5.2, the CNs Cy, C1, .. ., Cy, 1 signify the m, code constraints placed
on the code bits connected to the CNs. Note that, while a bipartite graph gives a
complete description of an LDPC code, for a generic G-LDPC code the specifica-
tions of the component (linear) block codes are also required. Let us define m as
the summation of all the redundancies introduced by the m. CNs, namely,

me—1
m = E myg,
=0

where m; = n; — k; and (ny, k;) represent the parameters of the component code
for constraint node C;, whose parity-check matrix is denoted by H;. Then the rate
of a length-n G-LDPC code satisfies

R>1-2
n

with equality only if all of the check equations derived from the CNs are linearly
independent.

Let V = {Vj}?;é be the set of n VNs and C = {C’i};i“(;l be the set of m. CNs in
the bipartite graph of a G-LDPC code (Figure 5.2). The connection between the
nodes in V' and C can be summarized in an m, X n adjacency matrix I'. We now
introduce the relationship between the adjacency matrix I' and the parity-check
matrix H for a G-LDPC code.
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While T' for an LDPC code serves as its parity-check matrix, for a G-LDPC
code, to obtain H, one requires also knowledge of the parity-check matrices H;
of the CN component codes. The n; 1s in the ith binary row of ' indicate which
of the n G-LDPC code bits are constrained by constraint node C;. Because the
parity checks corresponding to C; are represented by the rows of H;, H is easily
obtained by replacing the n; 1s in row ¢ of I by the columns of H;, for all 7. The
zeros in row ¢ are replaced by a length-m; all-zero column vector. Note that this
procedure allows for the case when C; is an SPC code, in which case H; has only
one row. Note also that H will be of size m x n, where m = Z?;CO_I m;.

Message Passing and the Turbo Principle

The key innovation behind LDPC codes is the low-density nature of the parity-
check matrix, which facilitates iterative decoding. Although the various iterative
decoding algorithms are suboptimal, they often provide near-optimal performance,
at least for the error rates of interest. In particular, we will see that the so-called
sum—product algorithm (SPA) is a general algorithm that provides near-optimal
performance across a broad class of channels. The remainder of this chapter is ded-
icated to the development of the SPA decoder and a few other iterative decoding
algorithms.

Toward the goal of presenting the near-optimal sum—product algorithm for the
iterative decoding of LDPC codes, it is instructive to step back and first look at
the larger picture of generic message-passing decoding. Message-passing decoding
refers to a collection of low-complexity decoders working in a distributed fashion
to decode a received codeword in a concatenated coding scheme. Variants of the
SPA and other message-passing algorithms have been invented independently in a
number of different contexts, including belief propagation for inference in Bayesian
networks and turbo decoding for parallel concatenated convolutional codes (which
are the original ‘“‘turbo codes”). Researchers in belief propagation liken the algo-
rithm to the distributed counting of soldiers and the inventors of turbo codes were
inspired by turbo-charged engines in which the engine is supplied an increased
amount of air by exploiting its own exhaust in a feedback fashion. In this section
we develop an intuition for message-passing decoding and the so-called turbo prin-
ciple through a few simple examples. This will be followed by a detailed presenta-
tion of the SPA message-passing decoder in the next section for four binary-input
channels: the BEC, the BSC, the AWGNC, and the independent Rayleigh channel.

We can consider an LDPC code to be a generalized concatenation of many
SPC codes. A message-passing decoder for an LDPC code employs an individ-
ual decoder for each SPC code and these decoders operate cooperatively in a
distributed fashion to determine the correct code bit values. As indicated in the
discussion above, Tanner graphs often serve as decoder models. In the context of
a message-passing decoder, the check nodes represent SPC decoders that work
cooperatively to decode the received word.
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Example 5.2. As our first decoding example, Figure 5.3 shows how an SPC product code
may be represented as an LDPC code and iteratively decoded. Figure 5.3(a) gives the
product code array and Figure 5.3(b) gives the parity-check matrix. The graph-based
decoder model is depicted in Figure 5.3(c). The top check nodes in the graph represent
the row SPC decoders and the bottom check nodes represent the column SPC decoders.
Figure 5.3(d) presents an example decoding on the BEC, which may be taken to be
standard iterative row/column decoding on the BEC, a technique that has been known
for several decades. As an example decoding operation, because each row and column of
the code array corresponds to an SPC codeword, we know that the middle erasure in
the received word must equal 1 since 1 + e+ 0 =0 (mod 2). Note in Figure 5.3(d) how
certain erasures may be resolved only by the row decoder and other erasures may be
resolved only by the column decoder, but by working together all erasures are eventually
resolved. Although it is not necessary for this simple example, one can equivalently
view this decoding from the point of view of the Tanner graph in which the component
SPC decoders iteratively solve for the erasures: first the top decoders and then the
bottom decoders, and so on. This decoder is also equivalent to the iterative erasure-
filling algorithm to be discussed in Section 5.7.1.

(a)

Row checks
(row decoder)

()

Codeword
(received word)

Column checks
(column decoder)

@ feleln elel 1]e| 1ol
1le]|O 111]0 1{1]0 1{1]0
0]e|e 0]e|e 0]e]l 0]1]1

Received After row After column After row
word decoding decoding decoding

Figure 5.3 (3,2) x (3,2) SPC product code as an LDPC code. (a) The product-code array. (b)
The parity-check matrix H. (c) The Tanner graph; each CN represents an SPC erasure
decoder. The six CNs correspond to the six rows of H and the rows and columns of the
product code array. (d) An iterative decoding example on the BEC.
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We can continue to expand this point of view of message passing with a
crossword-puzzle analogy. In solving a crossword puzzle, as one iterates between
“Across” words and “Down” words, the answers in one direction tend increas-
ingly to help one to find the answers in the other direction. Certainly it is more
difficult to first find all of the “Across” words and then all of the “Down” words
than it is to iterate back and forth, receiving clues (messages) from intersecting
words.

We consider a final illustrative example of the idea of message passing in a
distributed-processor system. This example allows us to introduce the important
notion of extrinsic information. It also makes clear (without proof) the fact that
message-passing decoding for a collection of constituent decoders arranged in a
graph is optimal provided that the graph contains no cycles, but it is not optimal
for graphs with cycles. The example is the well-known soldier-counting problem
in the Bayesian-inference literature [8].

Consider Figure 5.4(a), which depicts six soldiers in a linear formation. The goal
is for each of the soldiers to learn the total number of soldiers present by counting
in a distributed fashion (imagine that there is a large number of soldiers). The
counting rules are as follows. Each soldier receives a number from one side, adds

1

K\K\/\/\K\
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N

Figure 5.4 Distributed soldier counting. (After Pearl [8].) (a) Soldiers in a line. (b) Soldiers in a
tree formation. (c) Soldiers in a formation containing a cycle.
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one for himself, and passes the sum to the other side. The soldiers on the ends
receive a zero from the side with no neighbor. The sum of the number that a soldier
receives from one side and the number the soldier passes to that side is equal to
the total number of soldiers, as can be verified in Figure 5.4(a). Of course, this
sum is meaningful only on one side for the soldiers at the ends.

Consider now the simple tree formation in Figure 5.4(b). Observe that the third
soldier from the left receives messages from three neighboring soldiers and so the
rules need to be modified for this more general situation. The modified rule set
reduces to the above rule set for the special case of a linear formation. The modified
counting rules are as follows. The message that an arbitrary soldier X passes to
arbitrary neighboring soldier Y is equal to the sum of all incoming messages, plus
one for soldier X, minus the message that soldier Y had just sent to soldier X. The
soldiers on the ends receive a zero from the side with no neighbor. The sum of the
number that a soldier receives from any one of his neighbors plus the number that
the soldier passes to that neighbor is equal to the total number of soldiers, as can
be verified in Figure 5.4(b).

This message-passing rule introduces the concept of extrinsic information. The
idea is that a soldier does not pass to a neighboring soldier any information
that the neighboring soldier already has, that is, only extrinsic information is
passed. It is for this reason that soldier Y receives the sum total of messages that
soldier X has available minus the information that soldier Y already has. We
say that soldier X passes to soldier Y only extrinsic information, which may be
computed as

Ix_y = Z Iz x —Iy_x+1Ix
ZeN(X)

= Z Iz x + Ix, (5.10)
ZeN(X)-{Y}

where N (X) is the set of neighbors of soldier X, I'x_y is the extrinsic information
sent from soldier X to soldier Y (and similarly for Iz .x and Iy_x), and Ix is
sometimes called the intrinsic information. Ix is the “one” that a soldier counts
for himself, so I'x = 1 for this example.

Finally, we consider the formation of Figure 5.4(c), which contains a cycle. The
reader can easily verify that the situation is untenable: no matter what counting
rule one may devise, the cycle represents a type of positive feedback, both in
the clockwise and in the counter-clockwise direction, so that the messages passed
within the cycle will increase without bound as the trips around the cycle continue.
This example demonstrates that message passing on a graph cannot be claimed to
be optimal if the graph contains one or more cycles. However, while most practical
codes contain cycles, it is well known that message-passing decoding performs very
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Figure 5.5 A depiction of the turbo principle for concatenated coding schemes. (a) Extrinsic
information Ix_y from decoder X to decoder Y. (b) Extrinsic information Iy_ x from decoder
Y to decoder X. (¢) A compact symmetric combination of (a) and (b).

well for properly designed codes for most error-rate ranges of interest. It is for this
reason that we are interested in message-passing decoding.

The notion of extrinsic-information passing described above has been called the
turbo principle in the context of the iterative decoding of concatenated codes in
communication channels. A depiction of the turbo principle is contained in Figure
5.5. In the figure, 1%l = ZZeN(X) Iz_x + Ix, and similarly for %%l Ty and
Iy represent intrinsic information received from the channel. Note that Figure 5.5
is simply a block diagram of Equation (5.10), which was discussed in connection
with Figure 5.4(b). We remark that addition and subtraction operations in (5.10)
can be generalized operations, such as the “box-plus” (H) operation introduced
later in this chapter.

For simplicity, our discussion of soldier counting omitted the details of the actual
iterative counting procedure: the values given in Figure 5.4 represent the values
after the procedure had already reached convergence. The top sequence of five
numbers in Figure 5.4(a) would be initialized to all zeros and then be updated as
(1,1,1,1,1) — (2,2,2,2,1) — (3,3,3,2,1) — (4,4,3,2,1) — (5,4,3,2,1); updat-
ing stops when no numbers change. The sequence of five numbers at the bottom of
Figure 5.4(a) would be computed in a similar fashion (the updated sequences are
simply the reverse of those just given). The situation is nearly identical for iterative
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decoding schemes with multiple decoders. Thus, the message being passed from
decoder X to decoder Y in Figure 5.5(a) will happen multiple times in practice,
although the timing depends on the selected scheduling scheme which coordinates
the message passing among the various decoders. The most commonly used flood-
ing schedule will be discussed in the next section.

The Sum—Product Algorithm

In this section we derive the sum—product algorithm for general memoryless
binary-input channels, applying the turbo principle in our development. As spe-
cial cases, we consider the BEC, the BSC, the BILAWGNC, and the independent
Rayleigh fading channel. We first present an overview of the SPA, after which the
so-called log-domain version of the SPA is developed.

Overview

In addition to introducing LDPC codes in his seminal work in 1960, Gallager also
provided a near-optimal decoding algorithm that is now called the sum—product
algorithm. This algorithm is also sometimes called the belief-propagation algo-
rithm (BPA), a name taken from the Bayesian-inference literature, where the
algorithm was derived independently [8]. The algorithm is identical for all memory-
less channels, so our development will be general.

The optimality criterion underlying the development of the SPA decoder is
symbol-wise maximum a posteriori (MAP). Much like optimal symbol-by-symbol
decoding of trellis-based codes (i.e., the BCJR algorithm), we are interested
in computing the a posteriori probability (APP) that a specific bit in the
transmitted codeword v = [vg v1 ... v,_1]| equals 1, given the received word
y=1[yoy1 .. yn_1]. Without loss of generality, we focus on the decoding of bit
vj, so that we are interested in computing the APP,

Pr(v; = 1ly),
the APP ratio (also called the likelihood ratio, LR),

Pr(v; = 0ly)

|yy & 2 “WV/
1) = pr(w, = 1ly)

or the more numerically stable log-APP ratio, also called the log-likelihood ratio
(LLR),

L(vjly) = log<Pr(Uj — O‘Y)) :

Pr(v; = 1ly)

Here and in that which follows, the natural logarithm is assumed for LLRs.
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Figure 5.6 Graphical representation of an LDPC code as a concatenation of SPC and REP

codes. “m” represents an inter leaver.

L

Figure 5.7 A VN decoder (REP code decoder). VN j receives LLR information from the
channel and from all of its neighbors, excluding message L;_,; from CN i, from which VN j
composes message L;_,; that is sent to CN i.

The SPA for the computation of Pr(v; = 1|y), l(v;|y), or L(v;]y) is a distributed
algorithm that is an application of the turbo principle to a code’s Tanner graph.
This is more easily seen in Figure 5.6, which presents a different rendition of the
Tanner graph of Figure 5.1. Figure 5.6 makes more obvious the notion that an
LDPC code can be deemed a collection of SPC codes concatenated through an
interleaver to a collection of repetition (REP) codes. Further, the SPC codes are
treated as outer codes, that is, they are not connected to the channel. The edges
dangling from the VNs in Figure 5.6 are connected to the channel. We can apply
the turbo principle of Figure 5.5 to this concatenation of SPC and REP codes as
follows.

Figure 5.7 depicts the REP (VN) decoder situation for a VN with degree greater
than the degree-2 VNs of Figure 5.6. Note that the VN j decoder receives LLR
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Figure 5.8 A CN decoder (SPC decoder). CN ¢ receives LLR information from all of its
neighbors, excluding message L;_; from VN j, from which CN ¢ composes message L;_;
that is sent to VN j.

information both from the channel and from its neighbors. However, in the com-
putation of the extrinsic information L;_;, VN j need not receive L;_.; from CN
i since it would be subtracted out anyway per Equation (5.10) or Figure 5.5.
Figure 5.8 depicts the SPC (CN) decoder situation. Similarly to the VN case, in
the computation of L;_.; for some specific j, CN i need not receive L;_;, for its
impact would be subtracted out anyway.

The VN and CN decoders work cooperatively and iteratively to estimate L(v;|y)
for 7 =0,1,...,n — 1. Throughout our development, we shall assume that the
flooding schedule is employed. According to this schedule, all VNs process their
inputs and pass extrinsic information up to their neighboring check nodes; the
check nodes then process their inputs and pass extrinsic information down to
their neighboring variable nodes; and the procedure repeats, starting with the
variable nodes. After a preset maximum number of repetitions (or iterations) of
this VN/CN decoding round, or after some stopping criterion has been met, the
decoder computes (estimates) the LLRs L(v;|y) from which decisions on the bits
v; are made. When the cycles are large, the estimates will be very accurate and
the decoder will have near-optimal (MAP) performance. The development of the
SPA below relies on the following independence assumption: the LLR quantities
received at each node from its neighbors are independent. Clearly this breaks down
when the number of iterations exceeds half of the Tanner graph’s girth.

So far, we have provided in Figures 5.7 and 5.8 conceptual depictions of the
functions of the CN and VN decoders, and we have described the distributed
decoding schedule in the context of Figure 5.6. At this point, we need to develop
the detailed operations within each constituent (CN and VN) decoder. That is,
we digress a bit to develop the MAP decoders and APP processors for REP and
SPC codes. These decoders are integral to the overall LDPC decoder which will
be discussed subsequently.
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Repetition Code MAP Decoder and APP Processor

Consider a REP code in which the binary code symbol ¢ € {0,1} is transmitted
over a memoryless channel d times so that the d-vector r is received. By definition,
the MAP decoder computes the log-APP ratio

L) — o e =U0)

or, under an equally likely assumption for the value of ¢, L(c|r) is the LLR

Lclr) = 1g<llj£;jl)§)

This simplifies as

d—1
[ Pr(rile =0)
=0
d—1
[ Pr(rle=1)
=0

(=)

L(Tl’x) ;

L(c|r) = log

I I
F MR
= O

-~
Il
o

where L(r;|z) is obviously defined. Thus, the MAP receiver for a REP code com-
putes the LLRs for each channel output r; and adds them. The MAP decision is
¢ =0if L(c|r) > 0 and ¢é = 1 otherwise.

In the context of LDPC decoding, the above expression is adapted to compute
the extrinsic information to be sent from VN j to CN i (cf. Figure 5.7),

Lj—>i = Lj + Z Li’—»j- (511)
PeN(5)—{i}
The quantity L; in this expression is the LLR value computed from the channel
sample y;,

Pl"(Cj = O|yj)>
Pr(c; = 1ly;)
Note that the update equation (5.11) follows the format of (5.10). In the context

of LDPC decoding, we call the VN an APP processor instead of a MAP decoder.
At the last iteration, VN j produces a decision based on

LY =L+ > Li;. (5.12)
iEN(4)

Lj = L(cjly;) = 10g<
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Single-Parity-Check Code MAP Decoder and APP Processor

To develop the MAP decoder for an SPC code we first need the following result
due to Gallager.

Lemma 5.1. Consider a wvector of d independent binary random variables
a=[ag, a1, ...,a4-1] in which Pr(a; =1) = pgl) and Pr(a; =0) = p(()l). Then the
probability that a contains an even number of 1s is

1, 1ﬁ (1 _ gp(”) (5.13)
2 2.4 1

and the probability that a contains an odd number of 1s is
1 11
5 =5 I (1-201"). 14
3 3 1_10 (120 (5.14)

Proof. The proof is by induction on d. (Problem 5.9.) O

Armed with this result, we now derive the MAP decoder for SPC codes. Consider
the transmission of a length-d SPC codeword c over a memoryless channel whose
output is r. The bits ¢; in the codeword ¢ have a single constraint: there must be

an even number of 1s in c. Without loss of generality, we focus on bit ¢y, for which
the MAP decision rule is

¢p = arg n?{lax} Pr(co = b|r, SPC),

where the conditioning on SPC is a reminder that there is an SPC constraint
imposed on c¢. Consider now

Pr{cop = 0|r, SPC} = Pr{c;,ca, ...,c4-1 has an even no. of 1s|r}
1 1 d—1
=5+3 11:11 (1 —2Pr(¢ = 1|r)),

where the second line follows from (5.13). Rearranging gives
d-1
1—2Pr(co = 1|r, SPC) = [[ (1 - 2Pr(c; = 1)), (5.15)
=1
where we used the fact that p(co = Olr, SPC) =1 — p(co = 1|r, SPC). We can

change this to an LLR representation using the easily proven relation for a generic
binary random variable with probabilities p; and po,

1—2p; = tanh( log< >) = tanh(iLLR), (5.16)
p1
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where here LLR = log(po/p1). Applying this relation to (5.15) gives

d-1
1 1
tanh<2L(co|r, SPC)> = Htanh<2L(q|m))

or

d-1
L(co|r, SPC) = 2tanh™! (H tanh(iL(q\m))). (5.17)
=1

Thus, the MAP decoder for bit ¢y in a length-d SPC code makes the decision
¢o = 0 if L(cp|r, SPC) > 0 and éy = 1 otherwise.

In the context of LDPC decoding, following (5.17), when the CNs function
as APP processors instead of MAP decoders, CN i computes the extrinsic
information

1
Liﬂj = 2tanh_1 H tanh<2Leri> (518)
J'eN(@)—{7}

and transmits it to VN j. Note that, because the product is over the set N (i) — {j}
(cf. Figure 5.8), the message L;_,; has in effect been subtracted out to obtain the
extrinsic information L;_;. Ostensibly, this update equation does not follow the
format of (5.10), but we will show in Section 5.4.5 that it can essentially be put in
that format for an appropriately defined addition operation.

The Gallager SPA Decoder

Equations (5.11) and (5.18) form the core of the SPA decoder. The information
L;_; that VN j sends to CN ¢ at each iteration is the best (extrinsic) estimate
of the value of v; (the sign bit of L; ;) and the confidence or reliability level of
that estimate (the magnitude of L;_.;). This information is based on the REP
constraint for VN j and all inputs from the neighbors of VN j, excluding CN i.
Similarly, the information L;_; that CN i sends to VN j at each iteration is the
best (extrinsic) estimate of the value of v; (sign bit of L;_.;) and the confidence or
reliability level of that estimate (magnitude of L;_.;). This information is based on
the SPC constraint for CN ¢ and all inputs from the neighbors of CN i, excluding
VN j.

While (5.11) and (5.18) form the core of the SPA decoder, we still need an
iteration-stopping criterion and an initialization step. A standard stopping crite-
rion is to stop iterating when VH™' = 0, where ¥ is a tentatively decoded codeword.
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The decoder is initialized by setting all VN messages L;_.; equal to

Lj = L(vjly;) = log<m> , (5.19)

for all j, i for which h;; = 1. Here, y; represents the channel value that was actually
received, that is, it is not a variable here. We consider the following special cases.

BEC. In this case, y; € {0,1,e} and we define p = Pr(y; = e|v; = b) to be the
erasure probability, where b € {0, 1}. Then it is easy to see that

1 when y; = b,
Pr(v; =bly;) =< 0 when y; = b°,
1/2  when y; =e,

where b€ represents the complement of b. From this, it follows that

400, y; = 0,
L(vjly;) = ¢ —00, y; =1,
0, yj =e.

BSC. In this case, y; € {0,1} and we define e = Pr(y; = b°|v; = b) to be the
error probability. Then it is obvious that

1—¢ wheny; =b,

PI‘(’Uj = b|yj) = { e when y; = b°.

From this, we have

Llujly) = (-1 o 155,
Note that knowledge of ¢ is necessary.

BI-AWGNC. We first let z; = (—=1)" be the jth transmitted binary value;
note x; = +1(—1) when v; = 0(1). We shall use z; and v; interchangeably here-
after. The jth received sample is y; = x; + n;, where the n; are independent and
normally distributed as N/ (O, 02). Then it is easy to show that

Pr(z; = z|y;) = [1 + exp(—Qij«"/UQ)]il,

where € {£1} and, from this, that
L(vjly;) = 2y;/0°.

In practice, an estimate of o2 is necessary.

Rayleigh. Here we assume an independent Rayleigh fading channel and that
the decoder has perfect channel state information. The model is similar to that
of the AWGNC: y; = ajx; +nj, where {a;} are independent Rayleigh ran-
dom variables with unity variance. The channel transition probability in this
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case is

Pr(z; = zly;) = [1+ exp(—2ajyjaz/02)]_1.

Then the variable nodes are initialized by

L(vsly;) = 20y, /0>,

In practice, estimates of o; and o? are necessary.

Algorithm 5.1 The Gallager Sum—Product Algorithm

1.

Initialization: For all j, initialize L; according to (5.19) for the appropriate
channel model. Then, for all ¢, j for which h;; = 1, set L;_; = L;.
CN update: Compute outgoing CN messages L;_,; for each CN using (5.18),

1
Li.;= 2tanh ™! H tanh<2le~>i> ,
J'EN()—{j}

and then transmit to the VNs. (This step is shown diagrammatically in
Figure 5.8.)

VN update: Compute outgoing VN messages L;_.; for each VN using Equation
(5.11),

Lj.i=1Lj+ Z Li—j,
PYeN(5)—{i}

and then transmit to the CNs. (This step is shown diagrammatically in
Figure 5.7.)

. LLR total: For j = 0,1, ...,n — 1 compute

L™ =L+ Y Li;.
1eN ()

Stopping criteria: For j = 0,1, ....,n — 1, set

5o J1 i LERt<o,
7710 else,

to obtain ¥. If VH' = 0 or the number of iterations equals the maximum limit,
stop; else, go to Step 2.
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Remarks

1. The origin of the name ‘“sum—product’ is not evident from this “log-domain”
version of the sum—product algorithm (log-SPA). We refer the reader to [9] for
a more general discussion of this algorithm and its applications.

2. For good codes, this algorithm is able to detect an uncorrected codeword with
near-unity probability (in Step 5).

3. As mentioned, the SPA assumes that the messages passed are statistically inde-
pendent throughout the decoding process. When the y; are independent, this
independence assumption would hold true if the Tanner graph possessed no
cycles. Further, the SPA would yield exact LLRs in this case. However, for a
graph of girth +, the independence assumption is true only up to the (v/2)th
iteration, after which messages start to loop back on themselves in the graph’s
various cycles.

4. This algorithm has been presented for pedagogical clarity, but may be adjusted
to optimize the number of computations. For example, fewer operations are
required if Step 4 is performed before Step 3, and Step 3 is modified as L;_; =
Ltptal N

J =)

5. This algorithm can be simplified further for the BEC and BSC channels since
the initial LLRs are ternary in the first case and binary in the second case. In
fact, the algorithm for the BEC is precisely the iterative erasure filling algorithm
of Example 5.2 and Section 5.7.1, as will be shown when discussing the min-sum
decoder below.

The update equation (5.18) for Step 2 is numerically challenging due to the
presence of the product and the tanh and tanh~* functions. Following Gallager, we
can improve the situation as follows. First, factor L;_; into its sign and magnitude
(or bit value and bit reliability):

Lj.= Oéjz‘ﬁjia
aj; = sign(Lj—;),
Bji = |Lj—>i|7

so that (5.18) may be rewritten as

1 1

JEN(@)—{s} J'eN(@)—{j}
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We then have

1
L@H] - H Qg 2 tanh71 H tanh (2ﬂj'l)
J J

1
= H Q-2 tanh~! log~ ! log H tanh <2ﬁj/i>
J J

1
= H Qg - 2 tanh_l log_l Z log <tanh <2ﬁj/l> > s

J j
which yields a new form for (5.18), Step 2,
CN update: L;_.; = H Qi - @ Z o(Byi) | » (5.20)
J'eN(@)—{j} J'eN(@)—{j}

where we have defined

6(z) = —log[tanh (z/2)] = log<zz * D

and used the fact that ¢ '(z) = ¢(z) when x > 0. Thus, Equation (5.20) may
be used instead of (5.18) in Step 2 of the SPA presented above. The function
¢(x), shown in Figure 5.9, may be implemented by use of a look-up table. How-
ever, if a very low error rate is a requirement, a table-based decoder can suffer
from an “error-rate floor” (see Section 5.4.6 for a discussion of “floors”). One
possible alternative to a table is a piecewise linear approximation as discussed
in [18] and [19]. Other alternatives are presented in the next subsection and in
Section 5.5.

The Box-Plus SPA Decoder

Implementation of the ¢(z) function by use of a look-up table is sufficient for
some software simulations, but for most hardware applications it is not. The rea-
son is that, due to dynamic-range issues, it is a difficult function to approximate,
even with a large table. Thus, hardware implementations of the ¢(x) function
generally suffer from performance degradations, especially in the error-rate floor
region. In this section, we approach check-node processing from a slightly differ-
ent perspective to yield an alternative SPA decoder. This alternative decoder is
preferable in some applications, and it leads to certain low-complexity approx-
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¢ ()

Figure 5.9 A plot of the ¢(x) function.

imations as discussed later in the section. We first need the following general
result.

Lemma 5.2. Consider two independent binary random variables a1 and as with
probabilities Pr(a; = b) = pl(,l), be{0,1}, and LLRs L; = L(a;) = log<p(()l)/p§l)).
The LLR of the binary sum As = a1 D ao, defined as

B Pr(A; =0)
wi) = s =)
s given by
1+ eL1+L2
L(As) =1 —_— . 21
() =tog () (5.21)

Proof. To see this, observe that

B Pr(a1 D ag = 0)
L(42) = 1Og<Pr(a1 D as = 1))

1 2 1 2
:bg(pé )pé)ﬂ?g )p§)>

pél)p§2) + pgl)pém
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This result may be directly applied to the computation of a CN output with
d. —1 =2 inputs because CN outputs are LLRs of mod-2 sums of binary r.v.s.
Thus, a CN output Loyt with inputs L and Lo is given by the expression on the
right-hand side of (5.21). Moreover, to be consistent with (5.18), we must have

2
Lowt = L(A3) = 2tanh™! (H tanh(L; /2)) .
=1

If more than two independent binary random variables are involved, as is the case
when d. > 3, then the LLR of the sum of these random variables may be computed
by repeated application of (5.21). For example, the LLR of A3 = a1 @ ag ® a3 may
be computed via A3 = Ay P ag, yielding

1 4 el(A2)+Ls
L(A3) =1 —
( 3) Og( eL(A2) +€L3

As a shorthand, we will write L; B Lo to denote the computation of L(As) =
L(a; ® az) from L; and Lo; that is,

1 Li+L,
L1E|3L2:10g< re >

T (5.22)

Similarly, Ly B Ly B Ls will denote the computation of L(As) = L(a; @ as @ a3)
from Li, Lo, and L3; and so on for more variables. B is called the “box-plus”
operator. The box-plus counterpart to (5.18) or (5.20) is

CN update: Li—»j = HH ) Lj/_ﬂ;, (523)
J'eN(@)—{s}
where H represents the summation operator for the binary operator H. Observe
that this is essentially in the form of (5.10), except that Ix = 0 in (5.10) because
the CNs are not directly connected to the channel. Observe also the symmetry
with the VN update equation (which also follows (5.10)), which we reproduce
here to emphasize the point:

VN update: Ljﬂi = Lj + Z Lilﬁj.
P'eN(j)—{4}
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The expression (5.23) may be computed via repeated application of Lemma 5.2.
For example, representing the binary operator H as the two-input function

B(a,b) = 2tanh ™! (tanh(a/2) tanh(b/2)), (5.24)
LiH Ly H Ly B Ly would be computed as
B(Lyi,B(La, B(Ls, Ly))).

B(a,b) can be implemented by use of a two-input look-up table.

A degree-d. CN processor has d. inputs {Ly} and d. outputs {Ley: ¢}, where,
ostensibly, each output must be computed using d. — 1 H operations, for a total
of d.(d. — 1) B operations. The d. outputs may be computed more efficiently
with a total of only 3(d. — 2) B operations as follows. Let F} = Ly and, for £ = 2
to d. — 1, let Fy = Fy_y B Ly. Next, let By = Ly and, for / =d. —1 to 2, let
By = By B Ly. Now the outputs can be computed from the forward-going and
backward-going partial “sums” as follows: Lout,1 = B2, Lout,a, = F4,—1, and for
{=2tod.—1, Lout,e = Fp—1 H Byys.

Comments on the Performance of the SPA Decoder

In contrast with the error-rate curves for classical codes — e.g., Reed—Solomon
codes with an algebraic decoder or convolutional codes with a Viterbi decoder —
the error-rate curves for iteratively decoded codes generally have a region in which
the slope decreases as the channel SNR increases (or, for a BSC, as e decreases).
An example of such of an error-rate curve for the BI-AWGNC appears in Figure
5.11 in association with Example 5.4 below. The region of the curve just before
the slope transition region is called the waterfall region of the error-rate curve and
the region of the curve with the reduced slope is called the error-rate floor region,
or simply the floor region.

A floor seen in the performance curve of an iteratively decoded code is occa-
sionally attributable to a small minimum distance, particularly when the code is
a parallel turbo code (see Chapter 7). However, it is possible to have a floor in the
error-rate curve of an LDPC code (or serial turbo code) with a large minimum
distance. In this case, the floor is attributable to so-called trapping sets. An (w, v/)
trapping set is a set of w VNs that induce a subgraph with v odd-degree checks so
that, when the w bits are all in error, there will be v failed parity checks. An essen-
tially equivalent notion is a near-codeword. An (w, v) near-codeword is a length-n
error pattern of weight w that results in v check failures (i.e., the syndrome weight
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is v), where w and v are “small.” Near-codewords tend to lead to error situations
from which the SPA decoder (and its approximations) cannot escape. The implica-
tion of a small w is that the error pattern is more likely; the implication of a small
v is that only a few check equations are affected by the pattern, making it more
likely to escape the notice of the iterative decoder. Iterative decoders are suscep-
tible to trapping sets (near-codewords) since an iterative decoder works locally in
a distributed-processing fashion, unlike an ML decoder, which finds the globally
optimum solution. The floor seen in Example 5.4 is due to a trapping-set-induced
graph, as discussed in that example.

Chapter 8 discusses the enumeration of trapping sets in LDPC code ensembles.
Chapter 15 discusses the enumeration of trapping sets in specific LDPC codes and
estimating the level of trapping-set-induced floors on the BILAWGN channel and
binary-input partial response channels. Chapter 15 also discusses how iterative
decoders may be modified to lower the floor by orders of magnitude.

Reduced-Complexity SPA Approximations

Problem 5.10 presents the so-called probability-domain decoder. It should be clear
from the above that the log-SPA decoder has lower complexity and is more numeri-
cally stable than the probability-domain SPA decoder. We now present decoders of
even lower complexity, which often suffer only a little in terms of performance. As
should be clear, the focus of these reduced-complexity approximate-SPA decoders
is on the complex check-node processor. The amount of degradation of a given
algorithm is a function of the code and the channel, as demonstrated in the exam-
ples that follow.

The Min-Sum Decoder

Consider the update equation (5.20) for L;; in the log-domain SPA decoder.
Note from the shape of ¢ (x) that the largest term in the sum corresponds to the
smallest 3;; so that, assuming that this term dominates the sum,

¢ Z¢(ﬁj/z‘) 2¢<¢<H§inﬁjﬁ>)

- mln i3
redtm

Thus, the min-sum algorithm is simply the log-domain SPA with Step 2 replaced
by

CN update: L;_.; = H aji-  min B,
jeNGy-y TN
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It can also be shown that, in the AWGNC case, the initialization L;_; =
2y;/ o2 may be replaced by L;_; = y; when the min-sum algorithm is employed
(Problem 5.8). The advantage, of course, is that an estimate of the noise power o
is unnecessary in this case.

Example 5.3. Note that, for the BEC, gi)(Zj, qﬁ(ﬂj,i)) is 0 or oo exactly when miny 3, is
0 or oo, respectively. That is, the log-SPA and min-sum algorithms are identical on the
BEC. Figure 5.10 repeats the (3,2) x (3,2) SPC product-code decoding example of Figure
5.3 using the min-sum decoder. Note that the result of the min operation is either 0 or
00. Note also that this is equivalent to the iterative erasure filling algorithm of Figure 5.3.
This erasure decoding algorithm will be discussed in further generality in Section 5.7.1.

00 |-e
—oof O |+oo
+oo| 0 [ O
Received
likelihoods

Row decoding:

00 |-o0
—oo|—oo|4 o0
+o0| 0 [ O

Updated
likelihoods

—oo| O [—oo

—o00|—o0|+ 00

+ooO—oo

Updated
likelihoods

+o00|—o0|—oco of1]1

Updated
likelihoods

Figure 5.10 An example of min-sum decoding on the BEC using the (3,2) x (3,2) SPC product
code of Figure 5.3.
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Figure 5.11 Performance of a 0.9(4550,4096) quasi-cyclic IRA code with SPA and min-sum
decoders. “HW?” represents “hardware,” since these simulations were performed on an
FPGA-based simulator [10].

Example 5.4. We consider a rate-0.9 quasi-cyclic IRA code with parameters (4544,4096).
The bit-error-rate and frame-error-rate performance of this code with the SPA decoder
and the min-sum decoder is depicted in Figure 5.11. We observe that, while the SPA
decoder is superior in the waterfall region by about 0.3 dB, it suffers from an error-
rate floor. This floor is attributable to trapping sets seen by the SPA decoder which
are apparently transparent to the min-sum decoder. Figure 5.12 displays the induced
graphs for the dominant trapping sets for SPA decoding of this code. (Actually, the
graphs represent equivalence classes of trapping sets. There are 64 trapping sets within
each class because the parity-check matrix for this code is an array of 64 x 64 circu-
lant permutation matrices.) For some applications, the floor is not an issue. However,
for applications requiring extremely low error rates (e.g., magnetic or optical storage),
this floor is unacceptable. Decoding techniques for lowering floors, specifically for this
code, have been studied in [10-12], where this code was studied. Chapter 15 reviews the
decoding techniques of [12] and also a semi-analytic technique for estimating the level of
the floor.

We remark that the floor seen in the previous example is not exceptional. In fact
it is a characteristic of iteratively decodable codes and was first seen with turbo
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(5,5) trapping set (5,7) trapping set

Figure 5.12 Two classes of trapping sets (or graphs induced by trapping sets) for the
0.9(4544,4096) code of Example 5.4. The black squares are unsatisfied check nodes and the
white squares are “mis-satisfied” check nodes. The white circles represent erroneous bits (VNs).

codes. Moreover, if one sees an iterative-decoder error-rate curve without a floor,
then, in all likelihood, the simulations have not been run at a high enough SNR.
That is, the floor likely exists, but it requires more time and effort to find it, since
it might be out of the reach of standard computer simulations. The floor can be
due to trapping sets (as is usually the case for LDPC codes and serial turbo codes)
or to a small minimum distance (as is usually the case for parallel turbo codes).

The Attenuated and Offset Min-Sum Decoders

As demonstrated in Figure 5.13 for the first iteration of a min-sum decoder, the
extrinsic information passed from a CN to a VN for a min-sum decoder is on
average larger in magnitude than the extrinsic information that would have been
passed by an SPA decoder. That is, the min-sum decoder is generally too optimistic
in assigning reliabilities. A very simple and effective adjustment that accounts for
this fact is the attenuation of such extrinsic information before it is passed to a
VN. The resulting update equation is

CN update: L;_; = H Qjri * Catten * 1IN B,
JeNG)-13) JENE

where 0 < caiten < 1 1s the attenuation factor.

A particularly convenient attenuation factor is catten = 0.5, since it is imple-
mentable by a register shift. The impact of a 0.5 attenuator is presented in Figure
5.14, where it can be seen that, for the first iteration, the expected value of a
min-sum reliability is about equal to that of an SPA reliability. The performance
improvement realized by the attenuated min-sum decoder will be demonstrated by
example later in the chapter. We point out that, depending on the code involved, it
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Min-Sum
=
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Il

Full SPA

Figure 5.13 Comparison between CN outputs for a min-sum decoder and an SPA decoder.

Min-Sum

Full SPA

Figure 5.14 Comparison between CN outputs for an attenuated min-sum decoder (with
attenuator cuiten = 0.5) and an SPA decoder.
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may be advantageous to allow the attenuation value to change with each iteration
or to periodically turn off the attenuator [10, 11]. It may also be advantageous to
attenuate messages entering low-degree VNs less than those entering high-degree
VNs [13].

An alternative technique for mitigating the overly optimistic extrinsic infor-
mation that occurs in a min-sum decoder is to subtract a constant offset
Coffset > 0 from each CN-to-VN message magnitude |L;_.;|, subject to the con-
straint that the result is non-negative [14, 15]. Thus, the offset-min-sum algorithm
computes

CN update: L; .; = a-/--max{ min . — Coffset 0}.
o jfeNl(}—{j} " ieNG—{y Tt R

This algorithm was implemented in hardware with 4-bit messages in [16] for a
(2048,1723) Reed—-Solomon-based LDPC code (see Chapter 11), for which its per-
formance was demonstrated to degrade very little in the waterfall region.

The Min-Sum-with-Correction Decoder

The min-sum-with-correction decoder [17] is an approximation to the box-plus
decoder described in Section 5.4.5. First, we recall from Chapter 4 that we defined,
for any pair of real numbers z, y,

max*(z, y) = log(e® + ¢€¥), (5.25)
which was shown to be (see Chapter 4 problems)
max”(z,y) = max(z,y) + log(l + e—\z—yl)_ (5.26)
Observe from (5.22) and (5.25) that we may write
L) 8 Ly = max*(0, L1 + Lo) — max™ (L, La), (5.27)
so that
Ly B Ly = max(0, Ly + Ly) — max(Lq, Lo) 4+ s(L1, L2), (5.28)

where s(z,y) is a so-called correction term given by
s(z,y) = log<1 + ef‘xﬂll) — log<1 + e*‘“y\)

It can be shown (Problem 5.21) that

max (0, L1 + La) — max(L1, L2) = sign(Lq)sign(Lz)min(|L1], |L2])
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so that

L) 8 Ly = sign(Ly) sign(Le)min(|Ly|, |La|) + s(L1, La)
= sign(Lq) sign(Lg) [min(|La|, [La[) + s(|L1], | L2])]
2 sign(Lq) sign(Lg) min*(| Ly, | La]), (5.29)

where min*(-, -) is defined by the expression in the line above its appearance. From
the definition of min*, Ly HH Ls may be approximated as

Ll H LQ ~ Sign(Ll) sign(Lg)minﬂLl], ‘LQD (530)

since |s(z,y)| < 0.693.
In the computation of L;_.;, given by

Lij = HH Ly,

JEN(B)—{4}

one can repeatedly apply (5.29). This gives one implementation of the box-plus
SPA decoder (e.g., with a look-up table). A lower-complexity alternative substi-
tutes an approximation §(x,y) to the correction term s(x,y) in (5.29), where

¢ if [z+y|<2and |z —y|>2|z+y
S(xyy) =< —c if [x—y|<2and |z +y|>2|z—y]
0 otherwise

and where ¢ on the order of 0.5 is typical. Observe that, if the approximation
(5.30) is used, we have the min-sum algorithm.

Example 5.5. We consider a regular quasi-cyclic rate-0.875 (8176,7156) LDPC code
derived from a regular-Euclidean-geometry (EG) code (discussed in Chapter 10). The
performance of this code is examined with three of the decoders discussed above: the
(log-)SPA, the min-sum, and the min-sum with a correction factor (which we denote by
min-sum-c, with ¢ set to 0.5). The H matrix for this code is 1022 x 8176 and has column
weight 4 and row weight 32. It is a 2 x 16 array of circulants, each with column and row
weight equal to 2. This code has been adopted for NASA near-Earth missions [20, 21].
The performance of this code for the three decoders on a BI-AWGNC is presented in
Figure 5.15. With measurements taken at a BER of 1077, the loss relative to the SPA
decoder suffered by the min-sum decoder is 0.3 dB and the loss suffered by the min-sum-
¢ decoder is 0.01 dB. We remark that these losses are a strong function of the code, in
particular, the row weight. For codes with a larger row weight, the losses can be more
substantial.
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Figure 5.15 Performance of a quasi-cyclic EG (8176,7156) LDPC code on a binary-input
AWGN channel and three decoding algorithms, with 50 decoding iterations.

5.5.4 The Approximate min* Decoder

We now consider another approximate SPA decoder, called the approximate min*
(a-min*) decoder [18], which reduces the number of operations at each check node.
For the sake of simplicity, we focus on the computation of values for {L;_.;} using
(5.29), although this is not necessary. Note that, for a degree-d. CN, d. quantities
are computed and d. — 1 applications of the H operator are required in order
to compute each quantity. We can reduce the d.(d. — 1) applications of the H
operator at a degree-d. CN with negligible performance loss as follows.

1. At CN 4, find the incoming message of least reliability (i.e., having minimum
|L;j—;|) and label the source of that message VN jin.

2. The message sent to VN juiy is identically the one used in the standard log-SPA
algorithm:

Lo = EEl Lij—i-

]eN(Z)_{]mln}
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3. For all v in the exclusive neighborhood N (i) — {jmin}, the message sent to VN
v is

Liﬂv = H Oéjz‘ . |Li4’jmin EE] ijinai’
JEN(i)—{v}
= IT o) EJIVH Ljil,
JENG) (o} JENE)

where aj; = sign(L;_;) as before.

Observe that, in this approximation of the SPA, only two magnitudes are com-
puted at each check node, requiring only d. — 1 applications of the H operator to
compute both. That transmitting only one of two magnitudes from a CN node
results in negligible performance loss can be intuitively explained via the follow-
ing consideration of the log-SPA, min-sum, and a-min* decoders. If two or more
unreliable LLRs are received at a CN, then all of the outgoing LLRs will be unre-
liable for all three decoders (this is best seen from the perspective of the min-sum
algorithm). If there is only one unreliable LLR received at a CN, then the outgoing
likelihood to the unreliable VN will be reliable for all three decoders. However,
in both of these situations, the LLR sent to the least reliable bit in the a-min*
decoder is exactly that of the log-SPA decoder. This explains the performance
improvement of the a-min* decoder over the min-sum decoder and its negligible
loss relative to the log-SPA decoder.

The Richardson/Novichkov Decoder

The Richardson/Novichkov (RN) decoder [22] uses an approximation to the CN
computation given in (5.20). More specifically, the decoder is a hardware-friendly
approximation to the magnitude component of the CN-to-VN message L;_.;. With
the understanding that the messages being passed in a hardware implementation
are integers, we can write this magnitude component as

|Livj| = 65" Z os(bjii) |, (5.31)

J'eN(B)—{j}

where (3;; is represented by an integer b;; times the scale factor § = In(2), 3,,; =
dbjii, and we define

R b)) + 1
ps(bji) = 10g<m> = o(By)-



5.5 Reduced-Complexity SPA Approximations 235

Now recall that, when z is large, log(1 + e™*) ~ £e™*, and from this ¢5(b;;) can
be approximated as follows:

1+ exp(—6bjr;)
'I/[: = 1
¢5(b] ) Og(l — eXp(—(Sbj/Z)
= log(1 + exp(—0dbj;)) — log(1 — exp(—dbjii))

We will use &5(17) £ 2 exp(—6b) to represent this approximation of ¢5(b), which is

accurate for 0b 2 In 2. (Similarly, ¢(x) = 2exp(—=x) is an accurate approximation
of ¢(z) for x 2 In2.) The inverse of ¢5(x) is

by (z) ~ —%m(g) - —log2(§>, (5.33)

and it is accurate for < In2. (Similarly, since ¢~1(z) = ¢(z), ¢(z) = — In(z/2)
closely approximates ¢(x) for < In2.) The accuracy of these approximations is
illustrated in Figure 5.16.

¢ (x)

Figure 5.16 A plot of ¢(z) = — In(tanh(x/2)) together with the approximations 2e* and
In(z/2).



236

55.6

Low-Density Parity-Check Codes

Using (5.32) and (5.33) in (5.31), we have
|Li—.j| ~ —log, Z exp(—0bji;)

JEN()—{j}

=—logy| Y exp(—In(2)bj;)

JEN(@-{s}

= —log,y Z exp (ln(27bf’i))

JEN()-{s}

= —log, Z 2 by

J'eN(@)—{j}

~ ~—1
Because ¢5(b) is inaccurate for 0b < In2, and ¢5 (z) is inaccurate for z 2 In 2, cor-
rection terms must be included in the computation of |L;_.;| . Further, |L;_,;| must
be converted into an integer message. Thus, the computation of |L;_,;| looks like

|Liﬁj’ =C] — log, Z (24)7“ + 02) >
J'EN(@)-{s}

where C and Cy are appropriately chosen integer constants and [[z]] denotes the
integer part of z. See the Flarion patent [22] for additional details.

The Reduced-Complexity Box-Plus Decoder

The reduced-complexity box-plus (RCBP) decoder [23, 24] is based on the combi-
nation of the box-plus decoder and the a-min* decoder. The check-node processor
design is based on a highly compressed look-up table for the box-plus operator.
This compression exploits the symmetry and redundancy of the full table in order
to losslessly reduce the 1024-element table to two easily implementable logic equa-
tions.

The RCBP decoder starts with a two-input look-up table for the B-function
of (5.24). This table, which will be denoted by 7, has the property that
entry (r,c) in the table, 7(r,¢), contains the integer representation of the
function value B(rA + A/2,cA+ A/2), where A is the (uniform) quantiza-
tion step size. This integer representation corresponds to the same quantization
method as that used at the decoder input. Simulations of the table-based
decoder with 6-bit messages (including the decoder input) are sufficient to
ensure a loss of less than 0.2 dB relative to a floating-point simulator. A step
size of A =0.5 was found to give a check-node processor that was robust
over a large range of code rates and SNRs. Thus, the 6-bit message values
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range from —16 to +15. Note that B(a,b) = 2tanh~!(tanh (a/2) tanh(b/2)) =
sign(a)sign(b) - 2tanh~!(tanh (|a| /2)tanh(|b| /2)) so that we need only work with
the magnitudes of the incoming messages L;_.;. Thus, the B-table 7(r, ¢) need only
accept two 5-bit inputs and r and ¢ range from 0 to 31.

We now show how to losslessly compress the B-table 7(r,¢) from the nominal
size of 32 x 32 so that the only loss in performance is due to quantization. The
table 7 possesses the following properties that facilitate its compression.

1. 7 is symmetric: 7(r,¢) = 7(c, ).

2. The entries of 7 are non-decreasing with increasing index. That is, if 7/ > r,
then 7(r',¢) > 7(r,¢), and if ¢ > ¢, then 7(r, ') > 7(r, ¢).

3. At any “boundary” where an entry increases relative to its predecessor along a
row or column, it increases by exactly 1.

Owing to the symmetry of 7, it is necessary only to store half of the table. A
judicious choice for the half that will be stored is all elements 7(r, c) such that
r > c¢. The reasoning behind this choice is subtle. If one were to imagine 7 as a
matrix with element index (0,0) in the upper left and element index (31,31) in
the lower right, one would notice that, as each individual column is traversed from
lowest row number to highest, the values in the columns change increasingly often
as the column number is increased. That is, there are at least as many changes
in the values of the entries in column ¢+ 1 as there are in column ¢. Choosing
to keep track of 7 column by column, but only for elements of 7(r,c) such that
r > c results in keeping track of many elements in small-numbered columns (few
or no changes in function value) and very few elements in large-numbered columns
(many changes in function value). As will be seen shortly, this result greatly aids
in the compression of 7.

To see how the properties 2 and 3 facilitate further compression, consider the
following example. Suppose we wish to compress the following 5 x 5 table,

2

Il
_— -0 O O
NN R = O
NN = O
W W NN
W NN

in the same way as that in which 7 is compressed in the RCBP decoder. Notice
that € has the properties listed above for 7. The first step in the compression is to
examine the first element, {1 o, along the main diagonal of 2. The vector vo, which
will represent the first column of €2, can be written down in the following way.

1. The first entry of v is the element in column 0 that resides on the main diagonal
of Q.
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2. The second entry of v is the number of times (including the appearance on the
main diagonal) that the element on the main diagonal repeats as the column is
traversed downward.

3. Subsequent entries of vy occur only when a new number is encountered in a
downward column traversal. Each new entry of vy equals the number of times
that the new element of () appears.

Performing this process on the first column of  gives vy = [0, 3, Q]T. The
columns v; through v4 are computed by analogous processes, each starting with
successive elements on the main diagonal. The application of this process to all
remaining columns results in the following compressed version of {2:

vo =1[0,3,2]",
vi =[1,2,2]",
Vo = [2,3]T,
vy = [3,2]T,
vy = [4,1]%.

When a similar compression is performed on 7, the resulting table 7’ contains
92 entries — a compression factor of about 11. The resulting column vectors for 7/
are given by

[0, 32]T ifc=0,
[0, 2, 29]T ife=1,

V, =

¢ [c—1,3,29—¢T if 2 <e¢< 29,
[

c—1,2—6(c—31)]T if30<e<31,

where d(k) is the Kronecker delta.

In order to determine the value of any entry of 7 by using 7/, all that is needed is a
measure of the relative distance from the main diagonal in a downward direction.
That is, if we desire to retrieve 7(r,c) with r > ¢, it is necessary to know how
many elements need to be skipped in the representative column vector v, in order
to arrive at the value of interest. Thus, define the quantity d = r — ¢. Then, it
is possible to rewrite the above look-up method simply as a series of conditional
comparisons. The result of this process appears below in pseudo-code as 7(r, ¢).
It is an exact representation of the 1024-element table 7. In the pseudo-code, the
result of the comparison (d > a) returns 1 if true and 0 if false, and ¢y is the least
significant bit of the binary representation of c.
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Pseudo-code description of the
quantized B table: 7(r, ¢) with r > ¢

d=r—c
ifc>1
7| = (c—1)+ (d > 2)
else %c=0orc=1
7| =(d>1) & ¢

Using this pseudo-code to represent B(L1, Lo) results in a small quantization
error that manifests itself whenever 7(r,¢) returns a value. The magnitude of
the relative error introduced by quantization with respect to the exact value of B
averaged over all possible 7(r, ¢) is 2.64%. In most cases, errors manifest themselves
as a slight over-approximation of B. In an effort to depict the quantization error,
the plots of Figure 5.17 show the exact values of B and the quantized values of
B, Bz, for four columns of 7 (¢ =4, ¢ =10, ¢ =18, and ¢ = 30). In each plot,
“translated r”” on the abscissa represents the real number corresponding to the
index of quantization, r. All values of Bz are the real numbers corresponding to
the integers returned after accessing 7(r, c).

The RCBP decoder uses a variant of the a-min* algorithm to perform check-
node message updates. Recall from Section 5.5.4 that, at every check node ¢;, the
magnitude of the message sent to the least-reliable variable node, v;#, is precisely

25 6
2
1.5
B
1
: ¢ =4fixed ¢ =10 fixed
05 Approximation 1 Approximation
- = = Exact - = - Exact
0 5 10 15 0 5 10 15
Translated r Translated r
10 15
8 12
6 9
B B
4 6
c =18 fixed ¢ =30 fixed
2 Approximation 3 Approximation ||
- = = Exact - = —Exact
0 5 10 15 0 5 10 15
Translated r Translated r

Figure 5.17 Approximation error for various cases of fixed c.
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(5.23). Denote this message, L;_,j#, by (. Then, the message magnitudes sent to
every other neighbor of ¢; are set to the same value,

A=|CB L,

and their signs are calculated as before. The RCBP algorithm differs from the
a-min* algorithm in two regards. The first difference is, of course, that the H
operator is implemented by the 7 function described above. For the second dif-
ference, note that the first step in the a-min* algorithm is to find the variable-
node message of minimum magnitude, a process that requires d. — 1 comparisons.
These comparisons can be avoided by setting a pointer v, equal to the current
least-reliable variable node as the algorithm loops through the d. neighbors of
¢i, while simultaneously making box-plus computations (via 7) within the loop.
Upon completion of the loop, v, will reference v;# and ¢ will equal ‘Liﬂj#| as in
the a-min* algorithm. The RCBP algorithm is presented below.

Algorithm 5.2 The Reduced-Complexity Box-Plus Algorithm

Initialize: {|Ly—;| = 00, ( =00, s =1}

fork =1 tod,
s=s-sign(Lr_;)
F (|Lii| < [y
C=7(¢, [Ly—il)
1)7 = VL
else
¢ =7(C, | Lk—il)
end

A =7(¢, Ly—i)

outgoing messages:

sign(vg) - s - A for vy, € N(¢;) — {v,},

sign(vy) - s - ¢ for v, = v,

where N (c¢;) denotes the set of all variable nodes adjacent to CN ¢;.

Li%k =

We now present simulation results in which we compare the performance of
the RCBP decoder with that of the RN decoder in terms of bit-error rate (BER)
and frame-error rate (FER) for a 0.9(4544,4096) structured IRA code. Since the
RN decoder essentially achieves floating-point performance with 5-bit messages
[10], it is an excellent benchmark for assessing the performance of other decoder
implementations. This IRA code is considered to be a good test code, because it
has large check-node degrees (48 is the maximal check-node degree for this code),
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Figure 5.18 RCBP decoder versus RN decoder: (4544,4096) structured IRA code.

requiring many uses of the 7 table in each iteration. As can be seen in Figure 5.18,
the RN decoder (5 bits per message) outperforms the RCBP (6 bits per message)
decoder by only 0.02 dB after about 4.5 dB. While the RN decoder uses 14.3% fewer
bits per internal decoder message than the RCBP decoder, the RCBP decoder is
in fact a lower-complexity and higher-speed implementation [23, 24].

Note that the RN decoder effectively computes the LLR and then quantizes
it once, whereas the RCBP decoder applies a quantized table d. — 1 times so
that quantization error can accumulate. Still, as seen in the above example, the
loss is often negligible. Where it might not be negligible is for low code rates
(R < 1/2) that operate in lower SNR (higher noise) such that the CN processor
is less likely to have a (quantized) LLR magnitude stand out as the minimum, so
that quantization errors are more likely to accumulate. These issues were pointed
out by T. Richardson (personal communication).

Iterative Decoders for Generalized LDPC Codes

The iterative decoder for a generalized LDPC code, introduced in Section 5.2.1, is
a straightforward generalization of the iterative decoder for LDPC codes. Recall
that, in deriving that decoder, we derived the MAP decoder for the check nodes
(which represent SPC codes) and converted the MAP decoder into an APP soft-
in/soft-out processor; we then repeated this for the variable nodes (which rep-
resent REP codes). For generalized LDPC codes, whose variable nodes are not
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generalized (i.e., are REP nodes), we need only concern ourselves with the gen-
eralized constraint nodes (G-CNs). Thus, we require a MAP decoder (actually,
an APP processor) for an arbitrary G-CN, which is typically a (low-complexity)
binary linear code.

The most well-known MAP decoder for binary linear codes is the BCJR algo-
rithm applied to a trellis that represents the linear code. A commonly used trellis,
known for its simplicity and its optimality [25, 26], is the so-called BCJR trellis.
To derive the BCJR trellis for an arbitrary binary linear code, we start with the
equation cH' = 0, where H is m x n. If we let h; represent the jth column of H,
we have

cihy +eoha + -+ - + ¢,hy,, = 0.

This equation leads directly to a trellis, for its solutions yield the list of codewords
just as the paths through a code’s trellis gives the codeword list. Thus, the possible
states at the £th trellis stage can be computed as

S¢ = c1hy + cohg + -+ - + ¢/hy.

Further, since the h; are m-vectors, there are at most 2™ states for trellis stages
{=1,2,...,n—1, and of course Sy = S,, = 0.

Example 5.6. Following [25], let
1 1 0 1 0
H= {0 110 1]'

Then at stage 1 there are two possible states derived from S; = ¢;hy, namely

HEb

corresponding to ¢; = 0 and ¢; = 1, respectively. At stage 2, there are four possible states
derived from

Sa = c1hy + cohy;

and so on. The resulting trellis is given in Figure 5.19.

In summary, the iterative decoder for the generalized LDPC codes is much like
that of LDPC codes, except that the G-CNs require APP processors more general
than those for standard SPC CNs. One example is the BCJR-based APP proces-
sor designed for the code’s BCJR trellis. Because the BCJR algorithm naturally
accepts LLRs and produces outputs that are LLRs, it serves well as an APP proces-
sor. Of course, alternative, possibly suboptimal, soft-in/soft-out algorithms may
be employed in G-CN processors, but we mention the BCJR algorithm because
it is optimal and well known. Lastly, irrespective of the G-CN processor used, it
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m  State
0 00

1 01

2 10

3 11
Figure 5.19 The BCJR trellis for example code (after [25]).

is important that extrinsic LLR information is passed from the G-CN to each of
its neighboring VNs. For example, following Figure 5.5, at the sth iteration, the
message from G-CN ¢ to VN j can be computed as

= LLR® — 1tV

= 0

L(S)

where LLR®) is the LLR for the G-CN code bit corresponding to edge j < .

Decoding Algorithms for the BEC and the BSC

In this section, we consider various decoders for the BEC and the BSC. We con-
sider only those decoders which frequently appear in the literature or will aid our
discussion elsewhere in the book. For example, Chapter 13 considers the design of
LDPC codes for the BEC.

Iterative Erasure Filling for the BEC

The iterative decoding algorithm for the BEC simply works to fill in the erased
bits in such a way that all of the check equations contained in H are eventually
satisfied. We have already seen one example of this algorithm in Example 5.2, but
we now consider a simpler example to aid our development of the general iterative
erasure-filling algorithm.

Example 5.7. Consider an H matrix for the (7,4) Hamming code,

10 1 1 1 0 O
H=|1 1 1 0 0 1 0].
01 1 1 0 0 1
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Suppose the received word isr = [e 11 11 1 1], where e represents an erasure. Then the
first check equation (first row of H) requires that 0 =rg +ry +r3+ry=e+1+1+1,
leading us to the conclusion that bit g must equal 1. Suppose the situation is instead
that two erasures have occurred, withr = [e 1 e 1 1 1 1]. Clearly, the two erasures cannot
be resolved with only the first check equation since there will be two unknowns (erasures)
in this single equation. A different check equation is first required in order to resolve one
of the two erasures, after which the second erasure may be resolved. The third check
equation involves only the second erasure and it may be used to convert this erasure into
a 1. After this, the first erasure can be found to be a 1 using either the first or the second
check equation.

In summary, the erasure decoding algorithm is as follows.

Algorithm 5.3 Iterative Erasure Decoding Algorithm

1. Find all check equations (rows of H) involving a single erasure and solve for the
values of bits corresponding to these erasures.

2. Repeat Step 1 until there exist no more erasures or until all equations are

unsolvable.

Note that the above example and algorithm description tell us exactly which
erasure patterns will fail to be resolved by this algorithm. Namely, if no parity-
check equation that involves only one of the erasures in the erasure set can be
found, then none of the equations will be solvable and decoding will stop. Code-
bit sets that lead to unsolvable equations when they are erased are called stopping
sets. Thus, a subset S of code bits forms a stopping set if each equation that
involves the bits in S involves two or more of them. In the context of the Tanner
graph, S is a stopping set if all of its neighbors are connected to S at least twice.
Such a configuration is problematic for an iterative decoder because, if these bits
are erased, all equations involved will contain at least two erasures. Notice that
the trapping sets depicted in Figure 5.12 are also stopping sets.

Example 5.8. Consider the (7,4) Hamming code again, together with the received pattern
r=[eeel1l11]. Note that each check equation involves at least two erasures and so a
stopping set is {co, c1,c2}.

ML Decoder for the BEC

The algorithm described in the previous subsection is not maximum-likelihood,
but we can obtain an ML decoding algorithm by applying the above algorithm to
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a modified or “adapted” H matrix as described below. Following the description
of this “adapted-H algorithm,” we provide an example in which the stopping set
in the previous example is resolvable.

Suppose we transmit any codeword in the code C' over a BEC and we receive
the word r whose elements are taken from the set {0, 1,e}. Let J represent the
index set of unerased positions in r and J' the set of erased positions. It is easy
to show (Problem 5.8) that the ML decoder chooses a codeword ¢ € C satisfying
c; = rj for all j € J and, further, that this is a solution to the equation

cyHY = c/HT, (5.34)

where H; (H ;) is the submatrix of the code’s parity-check matrix H obtained by
taking only the columns of H corresponding to J (J'), and similarly for c; (c).
Equation (5.34) follows from the fact that 0 = cH' = c,HY, + c;HY. There is a
unique solution if and only if the rows of HY, 7 are linearly independent, in which
case the elements of the unknown c j» may be determined by Gaussian elimination.
Because H has n — k columns, its rows can be linearly independent only if |J'| <
n — k, giving us a necessary condition for the uniqueness of the solution to (5.34).
Also, because any dpin — 1 rows of HT (and hence H}) are linearly independent,
(5.34) is guaranteed to have a unique solution whenever |J'| < dpin.

One may solve for the unknowns ¢ as follows. First apply Gaussian elimination
to H, targeting the columns in the index set J’ to produce a modified matrix H,

which we assume without loss of generality to be of the form H= [I:I ; H J'i| . The

submatrix H 7 will have the form

b
where T is a |J'| x |J'| lower-triangular matrix with ones along the diagonal and
M is an arbitrary binary matrix (which may be empty).

Thus, one may solve for the unknowns in ¢ by successively solving the |.J'|
parity-check equations represented by the top |J'| rows of H. This is possible
provided that none of the top |J/| rows of H are all zeros. None of these rows
can be all zeros since, for example, if row p < |J/| of Hy is all zeros, then the
corresponding row of H has Hamming weight 1. Further, any word with a one in
the same position as the single one in this row of H will have cHT # 0 and thus
is not a valid codeword. However, half of the codewords of any reasonable linear
code have a one in any given position. (A “reasonable code” is one whose generator
matrix G has no all-zero columns.) Thus, it follows that none of the top |J'| rows
of Hy are all zeros and the unknowns in ¢ may be determined.

Example 5.9. We continue with the (7,4) Hamming code and the received pattern
r=[eeel 11 1] which contains a stopping set in the positions J' = {0,1,2}. A few
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elementary row operations on H yield an alternative H matrix adapted to the erasure
positions,

1 0 0 0 1 1
H=|0 1 0 1 1 1 0],
0 1 1 0 0 1

which is in the form H = {T H J:| . It is evident that, due to the presence of the triangular

matrix, the three check equations may be solved in succession and all three erasures found
to be 1.

Gallager's Algorithm A and Algorithm B for the BSC

Gallager presented in his seminal work [1] several decoding algorithms for LDPC
codes on the BSC. These algorithms have been called Gallager Algorithm A, Gal-
lager Algorithm B, and the bit-flipping algorithm. The first two algorithms will
be discussed here, and the bit-flipping algorithm will be discussed in the next
subsection.

Gallager Algorithms A and B are message-passing algorithms much like the
SPA, so we focus on decoding Steps 2 and 3. Because LLRs are not involved, we
use M;_,; instead of L;_; to denote the message to be passed from VN j to CN .
Similarly, we use M;_.; instead of L;_.;. Additionally, M; will be used in lieu of L;
for the (intrinsic) information coming from the channel. Note that M; is a binary
quantity since we are dealing with the BSC and M _;, M;_.; are binary messages.

The check-node update equation for Algorithm A is

Mi; = EB M,
JEN(B)—{4}
where @ represents modulo-2 summation. Note that this ensures that the sum of
the incoming messages {M;_;} and the outgoing message M;_.; is zero, modulo
2. At the variable nodes, the outgoing message M;_; is set to M; unless all of the
incoming extrinsic messages M;_,; disagree (i’ # i), in which case, M;_,; is set to
M3, the logical complement of Mj. Notationally, this is

M. — Mj lleIEN(j)—{Z} s.t. Mi/ﬂj :Mj,
= M]C otherwise.

Gallager’s decoding Algorithm B is a refinement of Algorithm A in that out-
going VN messages M;_; do not require that all of the extrinsic messages M;_,;
disagree with M; in order for the outgoing message to be M7. That is, if there
are at least ¢ such messages, then M;_,; will be set to M ]9, otherwise it will be set
to M;. Thus, the VN update rule for Algorithm B is

ay = LM H@/ € N(j) = {i}: My = M;}
M; otherwise.

> t,
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Gallager showed that for (d,, d.)-regular LDPC codes, the optimum value of t is
the smallest integer ¢ satisfying

1+ (1—2p)y?
1—(1-2p)" "

1—¢
€

<

I

] 2b—d,+1

where £ and p are the intrinsic and extrinsic message error rates, respectively. (¢ is,
of course, the BSC transition probability.) Observe that, when d,, = 3, Algorithms
A and B are identical.

The foregoing discussion focused on Steps 2 and 3 in the Gallager A and B
decoding algorithms. The code bit decisions for these algorithms are majority-
based, as follows. If the degree of a variable node is odd, then the decision is set
to the majority of the incoming check node messages. If the degree of a variable
node is even, then the decision is set to majority of the check node messages and
the channel message

Ardakani and Kschischang [27] have shown that Algorithm B is optimal for
regular LDPC codes and that it is also optimal for irregular LDPC codes under
very loose conditions.

The Bit-Flipping Algorithm for the BSC

Briefly, the bit-flipping algorithm first evaluates all parity-check equations in H
and then “flips” (complements) any bits in the received word that are involved in
more than some fixed number of failed parity checks. This step is then repeated
with the modified received word until all parity checks are satisfied or until some
maximum number of iterations has been executed.

Noting that failed parity-check equations are indicated by the elements of the
syndrome, s = rHY, and that the number of failed parity checks for each code bit
is contained in the n-vector f = sH (operations over the integers), the algorithm
is presented below.

Algorithm 5.4 The Bit-Flipping Algorithm

1. Computes =rH? (operations over F2). If s = 0, stop, since r is a codeword.

2. Compute f = sH (operations over Z).

3. Identify the elements of f greater than some preset threshold, and then flip all
the bits in r corresponding to those elements.

4. If you have not reached the maximum number of iterations, go to Step 1 using
the updated r.

The threshold will depend on the channel conditions and Gallager has derived
the optimum threshold for regular LDPC codes, which we do not repeat here.
Instead, we point out a particularly convenient way to obtain a threshold that
effectively adapts to the channel quality:
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3’ Identify the elements of f equal to max{f;} and then flip all the bits in r
corresponding to those elements.

Examples of the performance of this algorithm will be presented in subsequent
chapters. Additional discussions of the bit-flipping algorithm, including weighted
bit-flipping, may be found in Chapter 10.

Concluding Remarks

This chapter has presented a number of message-passing decoding algorithms for
several important communication channels. As mentioned early on in the chapter,
the flooding schedule was adopted in each case. However, it should be emphasized
that other schedules are possible, most designed with an eye toward lowering
the error floor. Examples can be found in [30, 31]. We also mention that other
variations and approximations of the sum—product decoding algorithm exist in
the literature [32-35], too many to present here.

5.1 One version of the H matrix for the (7,4) Hamming code can be created by
listing as its columns all of the nonzero 3-vectors:

1 01 0 1 0 1
H=|0 1 1 0 0 1 1
0 0 01 1 1 1

Draw the Tanner graph for this code and identify all cycles. Repeat for the cyclic
version of the (7,4) Hamming code whose generator matrix is given by g(x) =
(1 +z+ 333) and whose H matrix is

1 01 1 1 0 O
H,=|0 1 0 1 1 1 0
0 01 01 1 1

5.2 Re-ordering the rows of an H matrix does not change the code. Re-ordering
the columns of an H matrix changes the code in the sense that the code bits in
each codeword are re-ordered, but the weight spectrum is not changed. Neither of
these operations eliminate cycles in the code’s Tanner graph. Check whether it is
possible to eliminate the 4-cycles in H; in the previous problem by replacing rows
by a sum of rows. Repeat for Hs.

5.3 Derive Equations (5.3)—(5.6).
5.4 Derive Equations (5.7) and (5.8).
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5.5 Via iterative erasure decoding applied to a (3,2) x (3,2) SPC product code,
decode the following codeword received at the output of a BEC (see Example 5.2):

e 1 e
e e 0
e 0 1

Also, find all minimal stopping sets for the graph in Figure 5.3(c).

5.6 Derive L(vjly;) for the BEC, the BSC, the BLAWGNC, and the Rayleigh
channel starting from the channel transition probabilities in each case. Expressions
for L(vjly;) together with the models and assumptions are given in Section 5.4.4,
but put in all of the missing steps.

5.7 (a) Suppose that, instead of the mapping x; = 1 — 2v; defined in this chapter
for the BILAWGNC, we let z; = 2v; — 1. How does this change the initial messages
L(vj]y;)? (b) Suppose we change the LLR definition so that the zero hypothesis
is in the denominator:

L(vjly) = log<Pr(vj — 1|Y)>-

Pr(v; = 0ly)

Under this assumption, derive the update equation for L;_.; that would replace
(5.18). (c) Now combine parts (a) and (b) so that z; = 2v; — 1 and both L(v;|y;)
and L(v;|y) are defined with the zero hypothesis in the denominator. Find the
initial messages L(v;]y;) and the update equation for L; ;.

5.8 Consider an LDPC-coded M-ary pulse-position modulation (PPM) free-
space optical system configured as follows: LDPC encoder — PPM modulator
— PPM soft-out demodulator — LDPC decoder. Under this configuration, each
group of log, M LDPC code bits, denoted by d, is mapped to an M-bit chan-
nel word, denoted by x, representing the PPM channel symbol. For example,
with M =4, d =00 — x = 0001, d =01 — x = 0010, d = 10 — x = 0100, and
d = 11 — x = 1000. With a channel-bit x; = 1 representing a pulse of light and a
channel-bit z; = 0 representing the absence of light, the channel with a photon-
counting detector at the receiver’s front end can be modeled as Poisson so that

(ns + nb)y”'e_("ﬁ'”b)
y;!
(np)” e

yj!

Pr(yjlz; =1) =

Pr(yjlz; =0) =

In these expressions, y; is the number of received photons for the jth PPM slot
(corresponding to x;), ns is the mean number of signal photons in a PPM slot
and ny is the mean number of noise photons in a PPM slot. Show that the initial
LLRs passed to the LDPC decoder from the PPM soft-out demodulator can be
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computed as
[ Pr(dy = 1’}’)]
L(dy, | y) = log| %k = 1Y)
(13 =108 a(a, = )
D xext Pr(xly)
_ZXGX(’f PI‘(X|y)
-erXf (1+ ns/nb)yz(x)
S (L /)7 |
where X¥ £ {x:dj, = 1}, X} £ {x:dy = 0}, and the subscript [(x) is the index
of the PPM symbol x at which the 1 is located. (As an example, [(1000) = 3,
1(0010) = 1, and 1(0001) = 0.) Further, show that this can be rewritten as

= log

= log

L(dily) = max*{yipo - (14 ns/m) } = max™{y - (1+ns/m0)} -

5.9 Prove Equations (5.13) and (5.14) using induction.

5.10 Derive the probability-domain SPA decoder presented below. (The g-ary
version is presented in Chapter 14.) Define the messages to be passed, which are
probabilities rather than LLRs, as follows:

* pj_i(b) is the probabilistic message that VN j sends to CN ¢ about the probabil-
ity that code bit 7 is b € {0, 1}, given (i) the decoder input from the channel, (ii)
the probabilistic messages, {py—;(b):i' € N(j) — {i}}, received from the exclu-
sive neighborhood, and (iii) the REP constraint for VN j;

* p;—;(b) is the probabilistic message that CN i sends to VN j about the
probability that code bit j is b € {0,1}, given (i) the probabilistic messages,
{pji—i(b): j' € N(i) — {j}}, received from the exclusive neighborhood of j, and
(ii) the SPC constraint for CN ¢;

e Pj(b) is the probability that code bit j is b € {0,1}, given (i) the decoder input
from the channel, (ii) the probabilistic messages, {p;—;(b):i € N(j)}, received
from the neighborhood of j, and (iii) the REP constraint for VN j.

Probability-Domain SPA

1. For all 4, j for which h;; = 1, set p;_,;(0) = Pr(¢; = 0|y;) and p;_;(1) = Pr(¢; =
1ly;j), where y; is the jth received channel value.
2. For each b € {0,1}, update {p;;(b)} at each CN using

b
=5+ 5 T -2,

J'EN(@)—{j}
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3. For each b € {0,1}, update {p;_.;(b)} for each VN using
pii(b) = K;iPr(c; =bly)  []  pes(b),
7EN(5)—{i}

where the constants Kj; are selected to ensure that p;_;(0) + pj_;(1) = 1.
4. For each b € {0, 1}, and for each j = 0,1, ...,n — 1, compute

Pi(b) = K;Pr(c; =bly;) ] pis®),
€N ()
where the constants K; are chosen to ensure that P;(0) + P;(1) = 1.
5 For 7 =0,1,...,n—1, set
. { 1 if Pj(1) > P;(0),

Vi = 0 else.

If VHT = 0 or the number of iterations equals the maximum limit, stop; else,
go to Step 2.

5.11 Show that the min-sum algorithm on the BI-AWGNC requires no knowledge
of the noise sample variance o2. That is, show that the min-sum decoder will
operate identically if the initial LLRs (and hence all subsequent LLRs) are scaled
by 0?/2, yielding initial LLRs of y;.

5.12 Show that (5.21) is equivalently

2
L(A3) = 2tanh™? (H tanh(Ll/2)> .
=1

Hint: There is more than one way to show this, but you might find this useful:

tanh 1 (2) = 1ln<1 +Z> .
2 1—-=2

5.13 Consider d binary random variables, ai, a9, ...,aq and denote by L; the
LLR of a;:

Li = L(aq) = log<Pr(al:0)>.

Pr(a; =1)
Show, by induction, that

$7:1Ll =In

(e +1) + I (b — 1)
=

(el +1) — ﬁ (elr — 1)

=N
I

e

~
~
—_
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from which we may write
d
1+ ][ tanh(L;/2)

5} I
l:lLl =In 4

1 — [] tanh(L;/2)
=1

d
= 2tanh™! (H tanh(L; /2)) :
=1

Note that
1 142
h'(z) =21 :
tanh™ " (2) 5 n<1 — z>
5.14 Consider d binary random variables, a1, a2, ...,aq and denote by L; the
LLR of a;:

Ly =L(a) = 10g(§§§2§z§);)'

Consider also a binary-valued constraint y on these variables. As an example,
for the single parity-check constraint, x(a) = 0 when the Hamming weight of a =
(a1,a2, ...,aq) is even and x(a) =1 otherwise. Show that the LLR for x(a) is
given by

Lix(a)) = log(<
d
= agla))io (ZéazLZ) - max (Z 5a1Ll>

=1
where dy, is the Kronecker delta. Note that this may alternatively be written as
d d
L(x(a)) = max — max* aiL; |,
= g, () - s, (£

where af is the logical complement of the binary number a;. Note also, for the
special case of L = 2 and an SPC constraint, that this becomes

L(X(a)) = L(a1 D ag) = max*(O, L+ LQ) — max*(Ll,LQ).
5.15 Consider the rate-1/2 product code depicted below, whose rows and
columns form (3,2) SPC codewords:

Ch €1 C2
€3 C4 Cs
Ce C7
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(a) Program the probability-domain SPA decoder (see Problem 5.10) and decode
the following received word assuming o2 = 0.5: y = (0.2,0.2, —0.9,0.6,0.5, —1.1,
—0.4,—1.2). You should find that the decoder converges to the codeword
c=(1,0,1,0,1,1,1,1) after seven iterations with the following cumulative prob-
abilities at the eight VNs: (0.740,0.338,0.969, 0.409,0.787, 0.957,0.775,0.992).
(b) Program the log-domain SPA decoder and repeat part (a). You should find
that the decoder converges to the codeword ¢ = (1,0,1,0,1,1,1,1) after seven
iterations with the following cumulative LLRs at the eight VNs: (—1.05,0.672,
—3.45, 0.370, —1.306, —3.095, —1.239, —4.863). (c) Show that these results are in
agreement.

5.16 Simulate SPA decoding of the rate-1/2 product code of the previous prob-
lem on the binary-input AWGN channel and plot the bit error probability P,
versus Ey /Ny (dB). Simulate an exhaustive-search maximum-likelihood decoder
(i.e., minimum-Euclidean-distance decoder) on the binary-input AWGN channel
and compare its P, versus Fj /Ny curve with that of the SPA decoder.

5.17 Carry out the previous problem with the SPA decoder replaced by the min-
sum decoder.

5.18 Simulate SPA decoding of the (7,4) Hamming code on the binary-input
AWGN channel and plot the bit error probability P, versus Ej/Ny (dB). Use the
following H matrix for the (7,4) Hamming code to design your SPA decoder:

101 0 1 0 1
H=|0 1 1 0 0 1 1
0 0 0 1 1 1 1

Simulate an exhaustive-search maximum-likelihood decoder (i.e., a minimum-
Euclidean-distance decoder) on the binary-input AWGN channel and compare
its P, versus Ejp/Ny curve with that of the SPA decoder.

5.19 Carry out the previous problem with the SPA decoder replaced by the min-
sum decoder.

5.20 Let a be a binary r.v. and let p; = Pr(a = 1). Show that

_ 1
1+ exp(~L(a))

1 1 L(a)
p1 = B + 2tanh(2>,

b1

and

where L(a) = In(po/p1).
5.21 Show that

max(0, z +y) — max(z,y) = sign(z)sign(y)min(|z[, [y|)

for any pair of real numbers z, y.
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5.22 Assume LDPC-coded transmission on the BEC. Show that the iterative
erasure-filling decoder is precisely the SPA decoder and, hence, is precisely the
min-sum decoder. (Consult Section 5.5.1 and the example therein.)

5.23 Assuming iterative erasure-filling decoding, find all uncorrectable z-erasure
patterns, x = 1,2, 3, for the two Hamming code representations of Problem 5.1.
Explain why the decoder is unable to resolve these erasure patterns (consider the
stopping-set terminology).

5.24 Show that, for the BEC, the ML decoder chooses a codeword ¢ € C' satis-
fying ¢; = r; for all j € J and, further, that this is a solution to the equation

CJIH}‘/ = CJHr;,

where H; (H /) is the submatrix of the code’s parity-check matrix H obtained by
taking only the columns of H corresponding to J (J'), and similarly for c; (c).
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6.1.1

Computer-Based Design of
LDPC Codes

Unlike BCH and Reed—Solomon codes, for which there exists essentially a single
code-design procedure, for LDPC codes there are many code-design approaches.
Many of these design approaches, including that for the original LDPC codes, are
computer-based algorithms. Many others rely on finite mathematics such as the
design techniques of Chapters 10-14. In the present chapter, we first present the
original design techniques of Gallager [1] and MacKay [2]. We then provide an
overview of two popular computer-based design algorithms: the progressive-edge-
growth algorithm [6] and the approximate cycle extrinsic message degree algorithm
[7]. Next, we present structured classes of LDPC codes, including protograph-
based LDPC codes, accumulator-based LDPC codes, and generalized LDPC codes.
The discussion includes selected code-design case studies to provide the student
with some useful code-design approaches.

The Original LDPC Codes

As mentioned in the previous chapter, LDPC codes were originally invented by R.
Gallager circa 1960 and were later re-invented by others, including D. MacKay,
circa 1995. In this section, we will briefly overview Gallager’s and MacKay’s LDPC
code-design approaches.

Gallager Codes

Gallager’s original definition of a (regular) low-density parity-check code was
identical to that given in Chapter 5: it is a linear code whose m X n parity-
check matrix H has g < m ones in each column and r» < n ones in each row. The
LDPC code-construction technique he presented is as follows. The matrix H has
the form

H;
H,

H,
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where the submatrices H,, a =1, ..., g, have the following structure. For any
integers p and r greater than 1, each submatrix H, is p x pr with row weight
r and column weight 1. The submatrix H; has the following specific form: for
i=0,1,...,u — 1, the ith row contains all of its r 1s in columns ir to (i + 1)r — 1.
The other submatrices are obtained by column permutations of Hy. It is evident
that H is regular, has dimension g X pr, and has row and column weights r and
g, respectively. The absence of length-4 cycles in H is not guaranteed, but they can
be avoided via computer design of H. Gallager showed that the ensemble of such
codes has excellent distance properties, provided that g > 3. Further, Gallager
pointed out that such codes have low-complexity encoders since parity bits can be
solved for as a function of the user bits via the parity-check matrix.

Example 6.1. The following H matrix is the first example given by Gallager [1]:

[11110000000000000000 ]
00001111000000000000
00000000111100000000
00000000000011110000
0000000000000OOCO1111

10001000100010000000
01000100010000001000
H=,00100010000001000100
00010000001000100010
00000001000100010001

10000100000100000100
01000010001000010000
00100001000010000010
00010000100001001000
100001000010000100001 |

It corresponds to a (20,5) code with g = 3 and r = 4. Observe that this matrix has the
form of (6.1) and H; has the form described above, with = 5.

MacKay Codes

Thirty-five years after Gallager had done so, MacKay, unaware of Gallager’s work,
independently discovered the benefits of designing binary codes with sparse H
matrices and was the first to show by computer simulation the ability of these
codes to perform near capacity limits on the BSC and BILAWGNC. MacKay has
archived on a web page [3] a large number of LDPC codes he has designed for
application to data communication and storage. A few of the computer-based
design algorithms suggested by MacKay are listed below in order of increasing
algorithm complexity (but not necessarily improved performance).



6.2

6.2.1

6.2 The PEG and ACE Code-Design Algorithms 259

1. H is created by randomly generating weight-g columns and, as nearly as possi-
ble, uniform row weight.

2. H is created by randomly generating weight-g columns, while ensuring weight-r

rows, and the ones-overlap of any two columns is at most one (i.e., ensuring the

RC constraint to avoid length-4 cycles).

H is generated as in 2, plus additional short cycles are avoided.

4. H is generated as in 3, plus H = [Hl Hg] is constrained so that Hj is invert-
ible.

@

One drawback of MacKay codes is that they lack sufficient structure to enable
low-complexity encoding. Encoding is performed by putting H in the form
[PT I] via Gauss—Jordan elimination (or by multiplying H by H, ! for algo-
rithm 4), from which the generator matrix can be put into the systematic form
G = [I P ] . The problem with encoding via G is that the submatrix P is gener-
ally not sparse, so for codes of practical interest the encoding complexity is high.
An efficient encoding technique based on the H matrix was proposed in [4] for arbi-
trary H matrices. Later in this chapter and in Chapters 10-14, we give various
approaches for introducing structure into parity-check matrices so that encoding
is facilitated, and with essentially no performance loss relative to less structured
parity-check matrices.

The PEG and ACE Code-Design Algorithms

The PEG Algorithm

As indicated in the previous chapter, cycles in the Tanner graph of an LDPC
code present problems for iterative decoders. Because of this, many papers deal-
ing with the design of Tanner graphs with large girths have been published.
While some design techniques have relied on mathematics for achieving large
girths (see Chapters 10-14 and [5]), the progressive-edge-growth (PEG) algorithm
[6] is very effective and has been used widely for computer-based code design.
Although the PEG algorithm is described in detail in Chapter 12, we here pro-
vide an overview of this algorithm, for it is a popular computer-based design
algorithm.

The PEG algorithm is initialized by the number of variable nodes, n, the number
of check nodes, m, and a variable node-degree sequence D,, which is the list of
degrees for each of the n variable nodes. Given these parameters, the goal of the
algorithm is to build the graph one edge at a time, and each edge is added to the

1 We note that Chapter 3 introduces the generator matrix form G = [P I] , whereas here we use the

form G = [I P ] Both are commonly used in the literature and we use both in this book. We have
found that the student is comfortable with both forms.
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graph in a manner that maximizes the local girth. Thus, the PEG algorithm is a
greedy algorithm for creating a Tanner graph with a large girth.

Because the low-degree VNs are the most susceptible to error (they receive the
least amount of neighborly help), edge placement begins with the lowest-degree
VNs and progresses to VNs of increasing (or non-decreasing) degree. The algorithm
does not move to the next VNN until all of the edges of the current VN have been
attached. The first edge attached to a VN is connected to a lowest-degree CN
under the current state of the graph. Subsequent attachments of edges to the VN
are done in such a way that the (local) girth for that VN is maximum. Thus, if the
current state of the graph is such that one or more CNs cannot be reached from
the current VN by traversing the edges connected so far, then the edge should
be connected to an unreachable CN so that no cycle is created. Otherwise, if all
CNs are reachable from the current VN along some number of edges, the new edge
should be connected to a CN of lowest degree that results in the largest girth seen
by the current VN. This lowest-degree CN strategy will yield a fairly uniform CN
degree distribution.

The ACE Algorithm

The ACE algorithm [7] (acronym defined below) is another computer-based code-
design algorithm that accounts for the pitfalls of iterative decoding. Specifically,
it accounts for the fact that the iterative decoder not only has difficulties with
cycles, but also is hindered by the overlap of multiple cycles. The ACE algorithm
was motivated by the following observations made in [7].

1. In a Tanner graph for which each VN degree is at least 2, every stopping set
contains multiple cycles, except for the special case in which all VNs in the
stopping set are degree-2 VNs, in which case the stopping set is a single cycle.
(Recall from Chapter 5 that a stopping set S is a set of VNs whose neighboring
CNs are connected to S at least twice. Stopping sets thwart iterative decoding
on erasure channels.)

2. For a code with minimum distance duyin, each set of dpi, columns of H that
sum to the zero vector corresponds to a set of VNs that form a stopping set.

3. The previous result implies that preventing small stopping sets in the design of
an LDPC code (i.e., the construction of H) also prevents a small dy;,.

The upshot of these results is that a code that is well suited for iterative decod-
ing should have a minimum stopping-set size that is as large as possible. One
approach for doing this is of course maximizing the girth for the code’s Tanner
graph, using the PEG algorithm, for example. However, as noted in [7], this is
not sufficient. Because short cycles are susceptible to iterative decoding errors,
the ACE algorithm seeks to have high connectivity from the VNs within a short
cycle to CNs outside of the cycle. In this way, information from outside the cycle
flows into the short cycle, under the assumption that such eztrinsic information
is helpful on average.
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The description of the ACE algorithm requires the following definitions. An
extrinsic CN relative to the VNs in a cycle is a CN that is connected to the cycle
only once. The extrinsic message degree (EMD) for a cycle is the number of such
extrinsic CNs connected to it. The approzimate cycle EMD (ACE) of a length-20
cycle is the maximum possible EMD for the cycle. Because a degree-d VN within
a cycle can be connected to at most d — 2 extrinsic CNs, the ACE for a length-24
cycle is given by 2?21 (d; —2).

The ACE code-design algorithm builds a Tanner graph (H matrix) in such a
way that the short cycles have large EMD values. Note that this has the effect
of increasing the size of the smallest stopping set because the EMD of a stopping
set is zero. The ACE algorithm generates a (dacg, €) LDPC code, defined as an
LDPC code whose cycles of length 25 ocg or less have ACE values of € or more. The
algorithm begins with the lowest-weight column of H and progresses to columns of
increasing (non-decreasing) weight. Each (randomly generated) candidate column
for H is added only if, in the event its addition creates a cycle of length 20 Acg or
less, the cycle’s ACE value is € or more.

Note that it is possible to combine the PEG and ACE algorithms to obtain
a hybrid PEG/ACE algorithm. This was proposed in [8], where the PEG/ACE
algorithm was shown to result in codes with good iterative decoding performance.
An application of the PEG/ACE algorithm may be found in Section 6.5.2.1. See
also Chapter 12 for a description of the PEG/ACE algorithm.

Protograph LDPC Codes

Soon after the re-invention of LDPC codes in the late 1990s researchers sought
improvements in performance and complexity. Performance improvements were
achieved via the design of irregular LDPC codes with optimal and near-optimal
degree distributions. Such degree distributions may be obtained using so-called
density evolution and EXIT chart algorithms, which are discussed in Chapter 9.
Notice that the LDPC codes discussed above possess very little structure, i.e., their
parity-check matrices are quite random, implying complex encoders and decoders.
Improvements in complexity were achieved by considering classes of LDPC codes
whose parity-check matrices contain additional structure that facilitates encoding
and/or decoding. Some of the more common approaches, each of which may be
used in conjunction with the PEG and ACE algorithms, are considered in this and
subsequent sections.

With an eye toward simplified design, implementation, and analysis, tech-
niques that rely on the expansion of a smaller matrix or graph prototype (pro-
tograph) into a full matrix or graph have been proposed. We shall call such
codes protograph-based codes, or simply protograph codes [9, 10]. A protograph
is a relatively small bipartite graph from which a larger graph can be obtained
by a copy-and-permute procedure: the protograph is copied () times, and then
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(2) (b)
G G

Figure 6.1 (a) An example protograph. (b) The Tanner graph that results after the
copy-and-permute procedure is applied to the protograph in (a). Each permutation matrix is
Q X Q, each node is interpreted to be a @-bundle of nodes of the same type, and each edge
represents a (Q-bundle of edges.

the edges of the individual replicas are permuted among the @ replicas (under
restrictions described below) to obtain a single, large bipartite graph. When the
protograph possesses n,, variable nodes and m,, constraint nodes, the derived graph
will consist of n = n,() variable nodes and m. = m,(Q constraint nodes. This pro-
cess of expanding a smaller graph into a larger graph by interconnecting copies of
the smaller graph is sometimes called lifting.

In order to preserve the node degree distributions of the original protograph,
the edge permutations among the copies are not arbitrary. In particular, the nodes
of the protograph are labeled so that, if variable node j is connected to constraint
node ¢ in the protograph, then a “type-j” variable node in a replica can connect
only to one of the () replicated “type-i” constraint nodes. In addition to preserving
the degree distributions of the protograph (see Chapters 8 and 9), this also permits
the design of quasi-cyclic codes. In particular, if the edge permutations correspond
to weight-1 circulants, which are also called circulant permutation matrices, then
the resulting H matrix will be an array of such circulants, that is, the code will
be quasi-cyclic.

Figure 6.1(a) presents a protograph and Figure 6.1(b) presents the Tanner
graph derived from it by replacing each protograph node by a bundle of @) nodes
and each protograph edge by a bundle of @) edges. The connections between
node bundles via the edge bundles are specified by the @ x @ matrices m;;
seen in the figure. Thus, each variable node j becomes a bundle of type-j vari-
able nodes and each check node ¢ becomes a bundle of type-i check nodes.
Notice that parallel edges are permissible in a protograph, but the permutation
matrices are selected so that the parallel edges no longer exist in the expanded
graph.



6.3 Protograph LDPC Codes 263

Example 6.2. Consider the protograph in Figure 6.1(a). The adjacency matrix for this
protograph, sometimes called a base matriz, is given by

201
B_[111}

where the “2” entry signifies the two parallel edges between nodes Cy and Vj, and the “0”
entry signifies the absence of an edge between nodes Cjy and V;. With @Q = 3, a possible
H matrix derived from B is

(110000 001]
011000100
101000010

001010100
100001010
1010 100001

where the permutation matrices w9 and 7y, were chosen so that H is a meaning-
ful parity-check matrix and its corresponding Tanner graph contains no parallel edges.
Because there are parallel edges between V) and Cp, the sum of 7y and 7, appears as a
circulant submatrix in the upper-left corner of H. Note that H is an array of circulants,
so the code is quasi-cyclic.

In this example we saw how replacing the nonzero elements in the base matrix
of a protograph by circulants gives rise to a quasi-cyclic code. Observe that, con-
versely, any quasi-cyclic code has a protograph representation. This is easily seen
from the previous example because, once H is given, the base matrix B is obvious,
from which the protograph directly follows. For this reason, we will often speak
of QC codes and protograph codes interchangeably. We will see in Chapter 12
that the class of protograph codes is a special case of the class of superposition
codes.

We remark also that, when the protograph is small and the desired code length
is large, one is tempted to use large circulant permutation matrices. However,
code performance can suffer when @) is too large, for the code becomes too
structured. Thus, what is typically done in practice is to replace each “1” ele-
ment of B by a @ x Q matrix that is an array of Q' x @’ circulant permuta-
tion matrices, where @’ divides Q. Note that such an array is still a permuta-
tion matrix. A “2” element in B would be replaced by a @@ x ) matrix that is
a sum of two arrays of @' x @’ circulant permutation matrices (equivalently, an
array of Q' x @' weight-2 circulants); and so on for values larger than 2. As dis-
cussed later, Figure 6.13, in conjunction with Example 6.7, gives an illustrative
example.
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A brute-force approach to designing a protograph code is as follows. First pick
a rate R and the number of protograph VNs n,. The number m, of protograph
CNs follows from n, and R. Once R, n,, and m, have been selected, the node
degree distributions A\(z) and p(z) may be determined. Using the techniques of
Chapter 9, for example, the degree distributions can be chosen (via computer
search) to optimize error-rate performance in the waterfall region. Alternatively,
using the techniques of Chapter 8, the degree distributions can be chosen to opti-
mize the performance in the floor region. Section 6.6.2.1 presents a technique for
obtaining protographs for code ensembles with exceptional performance both in
the waterfall region and in the floor region. Once the degree distributions have
been determined, the protograph can be expanded into a full Tanner graph via the
choice of permutation matrices, one for each protograph edge. The idea is that,
if the code ensemble specified by the protograph is good, an arbitrary member of
the ensemble can be expected to be good. The selection of permutation matrices
(i.e., converting B to H) can be directed by the PEG and/or ACE algorithms.
More systematic protograph code-design approaches involve accumulator-based
protograph codes as discussed in [24, 25] and Section 6.6.2.1.

Decoding Architectures for Protograph Codes

As discussed in Chapter 5, a Tanner graph for a code represents a blueprint of
its iterative decoder, with the nodes representing processors and the edges repre-
senting links between the processors. In principle, an LDPC decoder architecture
could mimic the code’s Tanner graph, but frequently such a fully parallel archi-
tecture exceeds the hardware specifications of an application. The protograph
representation leads to two partially parallel alternatives [9, 11-13].

We call the first partially parallel architecture the circulant-based architecture.
Note that, for a QC code, the set of VNs and the set of CNs are naturally parti-
tioned into subsets of size () because the H matrix for QC codesisan M x N array
of Q) x @ circulants. The protograph corresponding to these partitions therefore
has M check nodes and NN variable nodes. In the circulant-based architecture, there
are M check-node processors (CNPs) and N variable-node processors (VNPs).
The decoder also requires M N random-access memory (RAM) blocks to store
the intermediate messages being passed between the node processors. In the first
half-iteration, the N VNPs operate in parallel, but the () variable nodes assigned
to each VNP are updated serially. In the second half-iteration, the M CNPs oper-
ate in parallel, but the @ check nodes assigned to each CNP are updated serially.
Another way of stating this is that, in the first half-iteration, the circulant-based
decoder simultaneously updates all of the VNs within one copy of the protograph,
and then does the same for each of the other copies, one copy at a time. Then,
in the second half-iteration, the decoder simultaneously updates all of the CNs
within one copy of the protograph, and then does so for each of the other copies,
one copy at a time.
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The second partially parallel architecture is called the protograph-based archi-
tecture. This decoder architecture uses the fact that the code’s Tanner graph was
created by () copies of the protograph. Thus, there are ) “protograph decoders”
that run simultaneously, but each protograph decoder is a serial decoder with one
VNP and one CNP.

The throughput T for both architectures can be related to other parameters as

k (bits) - feock (cycles/s)

ILave (iterations) - Sy (cycles/iteration)’

T (bits/s) =

where k is the number of information bits per codeword, feock is the clock fre-
quency, I,yve is the average number of decoding iterations, and Sy is the number of
clock cycles required per iteration. For typical node processor implementations,
Sy is proportional to @) for the circulant-based architecture and is proportional to
ne for the protograph-based architecture, where n. is the number of edges in the
protograph. Thus, we would want ) small for the circulant-based architecture.
From the discussion in the previous subsection, n. increases as () decreases. Thus,
we want () large in the case of the protograph-based architecture.

Multi-Edge-Type LDPC Codes

Multi-edge-type LDPC' codes [14, 15] represent a generalization of protograph
LDPC codes. Multi-edge-type (MET) codes were invented first, but we present
them second because they are slightly more involved. Before we give a formal def-
inition of MET LDPC codes, we present an example of a generalized protograph
that encapsulates the concepts behind this class of codes.

Example 6.3. Figure 6.2 represents a generalized (expanded) protograph that is much
like the graph in Figure 6.1(b). Observe that, in contrast with Figure 6.1(b), in Figure

Figure 6.2 A vectorized MET generalized protograph.
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6.2 multiple edges may be connected to a permutation matrix. Further, since there is a
@-fold copy-and-permute procedure associated with this graph, the matrix 7r; is the sum
of two distinct @) x @ permutation matrices since two parallel edges are connected to it.
The matrix 79 is Q X 3Q since three skew edges (actually, edge bundles) are connected
to it. Finally, 73 is a @ X @ permutation matrix. With @@ = 3, an example H matrix is

011000010
101j000{001
011/000Jj100

010110000
001001010
100000101

In the graph of Figure 6.2, there are three edge types: the “type-1” edges connected
through 71, the “type-2” edges connected through o, and the “type-3” edges connected
through 3. One may see from Figure 6.2 that the MET class of codes contains the
protograph codes as a special case. In Figure 6.1(b), there are six edge types.

MET LDPC codes may be formally defined as follows [15]. First, a node of
degree d, whether VN or CN, possesses d “sockets” of various types. Further,
we associate with each node a degree vector d, which enumerates the number
of sockets of each type, and whose sum of elements is d. Thus, for example, in
a Tanner graph containing three socket types, a degree-8 constraint node with
degree vector d = [2, 5, 1] has two type-1 sockets, five type-2 sockets, and one type-
3 socket. An edge of a given type then connects a VN socket to a CN socket, both
of which are of the same type as the edge. As in the previous example, the routing
of a bundle of edges that connects node sockets of the same type is described
by a permutation matrix. Design techniques for MET LDPC codes are covered
in [14, 15].

Single-Accumulator-Based LDPC Codes

The accumulator-based codes that were invented first are the so-called
repeat—accumulate (RA) codes [16]. Despite their simple structure, they were
shown to provide good performance and, more importantly, they paved a path
toward the design of efficiently encodable LDPC codes. RA codes and other
accumulator-based codes are LDPC codes that can be decoded as serial turbo
codes, but are more commonly treated as LDPC codes. We discuss in this section
only the most well known among the accumulator-based LDPC codes.
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Figure 6.3 A repeat—accumulate code block diagram.

Repeat-Accumulate Codes

As shown in Figure 6.3, an RA code consists of a serial concatenation, through
an interleaver, of a single rate-1/¢ repetition code with an accumulator having
transfer function 1/(1 + D). Referring to Figures 4.2 and 4.3, the implementation
of the transfer function 1/(1 + D) is identical to that of an accumulator, although
the accumulated value can be only 0 or 1 since operations are over Fo. To ensure
a large minimum Hamming distance, the interleaver should be designed so that
consecutive 1s at its input are widely separated at its output. To see this, observe
that two 1s separated by s — 1 0Os at the interleaver output (and hence at the
accumulator input), will yield a run of s 1s at the accumulator output. Hence, we
would like s to be large in order to achieve large Hamming weight at the output
of the accumulator.

RA codes can be either non-systematic or systematic. In the first case, the
accumulator output, p, is the codeword and the code rate is 1/¢. For systematic
RA codes, the information word, u, is combined with p to yield the codeword
¢ = [u p] so that the code rate is 1/(1 + ¢). The main limitations of RA codes are
the code rate, which cannot be higher than 1/2, and performance at short and
medium lengths. They perform surprisingly well on the AWGN channel, but they
are not capacity-approaching codes. The following subsections will present a brief
overview of the major enhancements to RA codes which permit operation closer
to capacity and at high code rates.

Irregular Repeat-Accumulate Codes

The irregular repeat—accumulate (IRA) codes [17, 18] generalize the RA codes in
that the repetition rate may differ for each of the k information bits and that linear
combinations of the repeated bits are sent through the accumulator. Further, IRA
codes are typically systematic. IRA codes provide two important advantages over
RA codes. First, they allow flexibility in the choice of the repetition rate for each
information bit so that high-rate codes may be designed. Second, their irregularity
allows operation closer to the capacity limit.
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Figure 6.4 A Tanner graph (a) and encoder (b) for irregular repeat—accumulate codes.

The Tanner graph for IRA codes is presented in Figure 6.4(a) and the encoder
structure is depicted in Figure 6.4(b). The variable repetition rate is accounted for
in the graph by letting the variable node degrees dy, ; vary with j. The accumulator
is represented by the rightmost part of the graph, where the dashed edge is added
to include the possibility of a tail-biting trellis, that is, a trellis whose first and
last states are identical. Also, we see that d.; interleaver output bits are added to
produce the ith accumulator input. Figure 6.4 also includes the representation for
RA codes. As indicated in the table in the figure, for an RA code, each information
bit node connects to exactly ¢ check nodes (dp ; = ¢) and each check node connects
to exactly one information bit node (d.; = 1).

To determine the code rate for an IRA code, define G to be the average repetition
rate of the information bits,

T
q = E Z db,ja
j=1
and d,. as the average of the degrees {d.;},

_ 1 &
d. = m;d
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Then the code rate for systematic IRA codes is

1
= (6.2)
1+79/d.
For non-systematic IRA codes, R = d,./q.
The parity-check matrix for systematic RA and IRA codes has the form
H=[H,H,], (6.3)
where Hy, is an m x m “dual-diagonal” matrix,
o 1)
1 1
H, = ) (6.4)
1 1
1 1

where the upper-right 1 is included for tail-biting accumulators. For RA codes, H,,
is a regular matrix having column weight ¢ and row weight 1. For IRA codes, H,,
has column weights {dy ;} and row weights {d.;}. The encoder of Figure 6.4(b) is
obtained by noting that the generator matrix corresponding to H in (6.3) is

G=[I HIH,"]

and writing H, as IITAT, where IT is a permutation matrix. Note also that

1 1 --- 1
1 1 - 1
-T
HT = :
1 1
= 1_

performs the same computation as 1/(1® D) (and H,, T exists only when the
“tail-biting 1” is absent). Two other encoding alternatives exist. (1) When the
accumulator is not tail-biting, H may be used to encode since one may solve for
the parity bits sequentially from the equation cH' = 0, starting with the top
row of H and moving on downward. (2) As discussed in the next section, quasi-
cyclic IRA code designs are possible, in which case the QC encoding techniques
of Chapter 3 may be used.

Given the code rate, length, and degree distributions, an IRA code is defined
entirely by the matrix H, (equivalently, by A and IT). From the form of G,
a weight-1 encoder input simply selects a row of H} and sends it through the
accumulator (modeled by H,, 1. Thus, to maximize the weight of the accumulator
output for weight-1 inputs, the 1s in the columns of H, (rows of H}) should be
widely separated. Similarly, weight-2 encoder inputs send the sum of two columns
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of H,, through the accumulator, so the 1s in the sums of all pairs of columns of H,,
should be widely separated. In principle, H,, could be designed so that even-larger-
weight inputs yield sums with widely separated 1s, but the complexity of doing so
eventually becomes unwieldy. Further, accounting for only weight-1 and weight-2
inputs generally results in good codes. As a final design guideline, as shown in [20]
and Chapter 8, the column weight of H, should be at least 4, otherwise there will
be a high error floor due to a small minimum distance.

While a random-like H,, would generally give good performance, it leads to
high-complexity decoder implementations. This is because a substantial amount
of memory would be required to store the connection information implicit in H,,. In
addition, although standard message-passing decoding algorithms for LDPC codes
are inherently parallel, the physical interconnections required to realize a code’s
bipartite graph become an implementation hurdle and prohibit a fully parallel
decoder. Using a structured H,, matrix mitigates these problems.

Tanner [19] was the first to consider structured RA codes, more specifically,
quasi-cyclic RA codes, which require tail-biting in the accumulator. Simulation
results in [19] demonstrate that the QC-RA codes compete well with random-like
RA codes and surpass their performance at high SNR values. We now generalize
the result of [19] to IRA codes, following [20].

To attain structure in H for IRA codes, one cannot simply choose H,, to be
an array of circulant permutation matrices. It is easy to show that doing so will
produce a poor LDPC code in the sense of minimum distance. (Consider weight-
2 encoder inputs with adjacent 1s assuming such an H,.) Instead, the following
strategy has been used [20]. Let P be an L x J array of @ x @ circulant permu-
tation matrices (for some convenient (). Then set AT = P so that H, = IITP
and

H, = [II"P H,, (6.5)

where H), represents the tail-biting accumulator. Note that m = L x Q and k =
J x Q.

We now choose I to be a standard deterministic “row—column” interleaver so
that row 1Q + ¢ in P becomes row gL + [ in IITP, forall0 < [ < Land 0 < ¢ < Q.
Next, we permute the rows of H, by II" T to obtain

H,=II""H= [P IIH,], (6.6)

where we have used the fact that II"T = II. Finally, we permute only the columns
corresponding to the parity part of Hy, which gives

Hqocira = [P IH,IT | = [P H,oc]. (6.7)
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It is easily shown that the parity part of Hqc.ira, that is, Hy, qc £ HHpHT, is
in the quasi-cyclic form

Iy I

Hpqc = : (6.8)
Iy 1o
Iy I

where Iy is the @@ x @) identity matrix and I; is obtained from Iy by cyclically
shifting all of its rows leftward once. Therefore, Hgc.ira corresponds to a quasi-
cyclic IRA code since P is also an array of () X @ circulant permutation matrices.
Observe that, except for a re-ordering of the parity bits, Hqc.ira describes the
same code as H, and Hy. If the upper-right “1” in (6.4) is absent, then the upper-
right “1” in (6.8) will be absent as well. In this case we refer to the code as sim-
ply “structured.” For the structured (non-QC) case, encoding may be performed
directly from the H matrix by solving for the parity bits given the data bits.

Given (6.7), fairly good QC-IRA codes are easily designed by choosing the per-
mutation matrices in P such that 4-cycles are avoided. For enhanced performance,
particularly in the error floor region, additional considerations are necessary, such
as incorporating the PEG and ACE algorithms into the design. These additional
considerations are considered in the following subsection and [20].

Quasi-Cyclic IRA Code Design

Before presenting the design and performance of QC-IRA codes, we discuss the
potential of these codes in an ensemble sense. An iterative decoding threshold is the
theoretical performance limit for the iterative decoding of an ensemble of codes
with a given degree distribution assuming infinite code length and an infinite
number of decoder iterations. Chapter 9 presents several methods for numerically
estimating such thresholds. Table 6.1 compares the binary-input AWGN decoding
thresholds (Ep/Ny) for QC-IRA codes with those of regular QC-LDPC codes for
selected code rates. The thresholds were calculated using the multidimensional
EXIT algorithm presented in Chapter 9 (see also [35]). The QC-IRA codes are
semi-regular, with column weight 5 for the systematic part and 2 for the parity
part. The regular QC-LDPC codes have constant column weight 5. Observe in
Table 6.1 that the QC-IRA codes have better thresholds for all rates, but the
advantage decreases with increasing code rate. Also listed in Table 6.1 are the
Ey/Ny capacity limits for each code rate. We note that the gap to capacity for
QC-IRA codes is about 0.8 dB for rate 1/2 and about 0.6 dB for rate 8/9. It is
possible to achieve performance closer to capacity with non-constant systematic
column weights (e.g., weight 3 and higher), but here we target finite code length, in
which case a constant column weight of 5 has been shown to yield large minimum
distance (see Chapter 8).
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Table 6.1. Comparison of thresholds of QC-IRA codes and regular QC-LDPC codes

Code rate Capacity QC-IRA Regular QC-LDPC
(dB) threshold (dB) threshold (dB)

1/2 0.187 0.97 2.0
2/3 1.059 1.77 2.25
3/4 2.040 2.66 2.87
4/5 2.834 3.4 3.5
7/8 2.951 3.57 3.66
8/9 3.112 3.72 3.8

Recall that the parity-check matrix for a quasi-cyclic IRA (QC-IRA) code is
given by H= [P H,, qc| per Equations (6.7) and (6.8). Let us first define the
submatrix P to be the following L x S array of @) x @ circulant permutation

submatrices,
bo,o bop ... bos-1
b1,0 big ... bis-1
P— , , (6.9)
br-10 br-11 ... br-1,5-1
where b5 € {00,0,1, ...,Q — 1} is the exponent of the circulant permutation

matrix 7 formed by cyclically shifting (mod @) each row of a @ x @ identity
matrix Ig to the right once. Thus, (6.9) is a shorthand notation in which each
entry b, s should be replaced by 7l.s. We define 7 to be the Q x Q zero matrix
O¢ which corresponds to the “masked-out” entries of P (see Chapter 10 for a
discussion of masking). Because of the structure of P, rows and columns occur
in groups of size Q). We will refer to row group [, 0 <1 < L, and column group
5,0<s< 8.

We now present a design algorithm for finite-length QC-IRA codes and selected
performance results for each. The design algorithm is the hybrid PEG/ACE algo-
rithm (see Section 6.2) tailored to QC-IRA codes. It is also a modification for QC-
IRA codes of the PEG-like algorithm in [21] proposed for unstructured IRA codes.
Recall that the ACE algorithm attempts to maximize the minimum stopping-set
size in the Tanner graph by ensuring that cycles of length 2dscg or less have
an ACE value no less than e. Clearly a length-¢ cycle composed of only system-
atic nodes has a higher ACE value than does a length-¢ cycle that includes also
(degree-2) parity nodes. As in [21], we differentiate between these two cycle types
and denote the girths for them by gy and ga.

By targeting a quasi-cyclic IRA code, the algorithm complexity and speed are
improved by a factor of Q compared with those for unstructured IRA codes. This is
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because for each Q-group of variable nodes (column group) only one variable node
in the group need be condition tested during matrix construction. Further, in
contrast with [21], when conducting PEG conditioning, rather than enforcing a
single girth value across all columns, we assign an independent target girth value
gan to each column group. The advantage of this modification is that, if the girth
value for one Q-group of nodes cannot be attained in the design process, only this
girth value need be decremented, keeping the girth targets for the other column
groups unchanged. Thus, at the end of the design process g.n will be a vector
of length S. This modification produces a better cycle distribution in the code’s
graph than would be the case if a single value of g,;; were used. Finally, in addition
to this PEG-like girth conditioning, the ACE algorithm is also included in the
condition testing.

Algorithm 6.1 QC-IRA Code-Design Algorithm

Initialization: Initialize the parity part of H to the quasi-cyclic form of (6.8).
Generation of P:
while P incomplete do
1. randomly select an unmasked position (I, j) in matrix P, [ € [0, L) and
J €10,J), for which b; ; is as yet undetermined,;
2. randomly generate an integer x € [0, )) different from others already
generated by j;
3. write the circulant 7% in position (, j) in matrix P;
if all conditions (gsys, gan[j], and (dacg,n)) are satisfied, then continue;
else

if all s in [0, Q) have been tried, then decrease gan[j] by 2 and go
to Step 2;
else clear current circulant 7%, set = (x + 1) mod @ and go to Step 3;
end (while)

Example 6.4. Using the above algorithm, a rate-0.9 (4544,4096) QC-IRA code was
designed with the parameters Q =64, L =7, S = 64, gsys = 6, initial gan[s] =10 (for
0 <s<S), and ACE parameters (0acg,n) = (4,6). In Figure 6.5, software simulation
results obtained using an SPA decoder on an AWGN channel are displayed for a maxi-
mum number of iterations I, equal to 1, 2, 5, 10, and 50. Observe that the performance
of this code at BER = 107% and I,,,x = 50 is about 1.3 dB from the Shannon limit. Notice
also that the gap between I, = 10 and I, = 50 is only about 0.1 dB, so decoder con-
vergence is reasonably fast and only ten iterations (or fewer) would be necessary for most
applications. Finally, we point out that the hardware decoder performance of this code
was presented in Figure 5.11 of Chapter 5, where it was seen that there exists a floor
below BER = 1010,
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Figure 6.5 The BER and convergence performance of a QC-IRA (4544,4096) code on the
AWGN channel.

We now show two approaches for designing a family of QC-IRA codes of con-
stant information word length but varying code rate. Such families have applica-
tions in communication systems that are subject to a range of operating SNRs,
but require a single encoder/decoder structure. We consider an encoder/decoder-
compatible family of codes comprising code rates 1/2, 2/3, and 4/5. In [22], a
design method is presented that combines masking and “extension” techniques to
design an S-TRA code family with fixed systematic block length k. In this method,
the lower-rate codes are constructed by adding rows to the P matrix of a higher-
rate code while masking certain circulant permutation matrices of P to maintain
a targeted column weight. Thus, the codes in the family share some circulants,
therefore making the encoder/decoder implementation more efficient. The design
of such codes can be enhanced by including girth conditioning (using the PEG
algorithm). Also, in contrast with [22], the design order can go from low-rate to
high-rate. Specifically, after an initial low-rate design, higher-rate codes inherit cir-
culants from lower-rate codes. The design technique just discussed will be called
the “Method I” technique and the performance of such a family for k = 1024 will
be presented below.
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The design of a rate-compatible (RC) [23] family of QC-IRA codes is sim-
ple via the use of puncturing (i.e., deleting code bits to achieve a higher code
rate), an approach we call “Method I1.” In an RC code family, the parity bits of
higher-rate codes are embedded in those of lower-rate codes. The designer must
be careful because, when the percentage of check nodes affected by multiple punc-
tured bits is large, decoder message exchange becomes ineffective, leading to poor
performance.

As an illustrative design example, we choose as the mother code a rate-1/2
(2044,1024) S-IRA code with parameters @) = 51, L = 20, S = 21, g = 5, gsys = 6,
and initial gan[s] = 16 (for 0 < s < Q). ACE conditioning turns out to be unneces-
sary for this design example, so it was omitted in the design of the code presented
in the example below. Because @) -S = 1071, the rightmost 47 columns of the
matrix P are deleted to make k = 1024. The highest rate we seek is 4/5, and,
because the rate-4/5 code is the “most vulnerable” in the family, the mother code
must be designed such that its own performance and that of its offspring rate-
4/5 code are both good. The puncturing pattern is “0001” for the rate-4/5 code,
which means that one parity bit out of every four is transmitted, beginning with
the fourth. This puncture pattern refers to the (6.6) form of the matrix because it
is easiest to discuss puncturing of parity bits before the parity bits are re-ordered
as in (6.7).

It can be shown that, equivalently to the “0001” puncture pattern, groups of
four check equations can be summed together and replaced by a single equation.
Considering the block interleaver applied in (6.5), rows 0, 1, 2, and 3 of IITP are,
respectively, the first rows in the first four row groups of P; rows 4, 5, 6, and 7 of
ITTP are, respectively, the first rows in the second four row groups of P; and so
on. Thus, an equivalent parity-check matrix can be derived by summing every four
row groups of the matrix given by (6.6). Because P has 20 row groups, there will
be 5 row groups after summation, which can be considered to be the equivalent P
matrix of the rate-4/5 code.

The puncturing pattern for the rate-2/3 code is such that one bit out of every
two parity bits is transmitted and similar comments hold regarding the equivalent
P matrix. In order to make the family rate-compatible, the unpunctured bit is
selected so that the parity bits in the rate-4/5 code are embedded in those of the
rate-2/3 code. A cycle test (CT) can also be applied to the equivalent parity-check
matrix of the rate-4/5 code to guarantee that it is free of length-4 cycles. As shown
in the example below, this additional CT rule improves the performance of the
rate-4/5 code at the higher SNR values without impairing the performance of
the mother code. The example also shows that the CT test is not necessary for
the rate-2/3 code.

Example 6.5. Figure 6.6 shows the frame-error-rate (FER) performance of the QC-IRA
code families designed using Methods I and IT (with CT), with k£ = 1024 and rates of 1/2,
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Methods I and II.

2/3, and 4/5. They are simulated using the approximate-min* decoder with 50 iterations.
The rate-2/3 and -4/5 codes in the Method I family are slightly better than those in the
Method II family in the waterfall region. However, Method II is much more flexible:
(1) the decoder is essentially the same for every member of the family and (2) any rate
between 1/2 and 4/5 is easy to obtain by puncturing only, with performance no worse
than that of the rate-4/5 code. To verify the improvement by using the cycle test for the
equivalent parity-check matrix of the rate-4/5 code, we also plot the curve for a rate-4/5
code obtained without using the CT rule. The results show that the CT rule produces
a gain of 0.15dB at FER = 10~%. We did not include the results for the other two rates
since the performances for these two rates are the same with and without the CT rule in

the region simulated.
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Generalized Accumulator LDPC Codes

IRA codes based on generalized accumulators (IRGA codes) [26, 27] increase the
flexibility in choosing degree distributions relative to IRA codes. The encoding
algorithms for IRGA codes are efficient and similar to those of non-QC IRA codes.
For IRGA codes, the accumulator 1/(1 @ D) in Figure 6.4(b) is replaced by a
generalized accumulator with transfer function 1/g(D), where g(D) = Sj_, g1 D',
t>1, and g; € {0,1}, except go = 1. The systematic encoder therefore has the
same generator-matrix format, G = [I H}:H; T], but now

- -
g 1
g2 g1
: g2
H, = .
gt
gt
L gt -+ g2 g1 1]

Further, the parity-check-matrix format is unchanged, H = [H, H,).

To design an IRGA code, one must choose g(D) so that the bipartite graph for
H,, contains no length-4 cycles. Once g(D) has been chosen, H can be completed by
constructing the submatrix H,,, according to some prescribed degree distribution,
again avoiding short cycles, this time in all of H.

Double-Accumulator-Based LDPC Codes

In the preceding section, we saw the advantages of LDPC codes that involve single
accumulators: low-complexity encoding, simple code designs, and excellent per-
formance. There are, in fact, advantages to adding a second accumulator. If a
second (interleaved) accumulator is used to encode the parity word at the out-
put of an IRA encoder, the result is an irregular repeat—accumulate—accumulate
(IRAA) code. The impact of the second accumulator is a lower error-rate floor. If
the second interleaver is instead used to “precode” selected data bits at the input
to an IRA encoder, the result is an accumulate-repeat—accumulate (ARA) code.
The impact of the additional accumulator in this case is to improve the waterfall-
region performance relative to that for IRA codes. That is, the waterfall portion
of the error-rate curve for an ARA code resides in worse channel conditions than
does that for the corresponding IRA code.
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Figure 6.7 An IRAA encoder.

Irregular Repeat-Accumulate-Accumulate Codes

We now consider IRAA codes that are obtained by concatenating the parity arm
of the IRA encoder of Figure 6.4(b) with another accumulator, through an inter-
leaver, as shown in Figure 6.7. The IRAA codeword can be either ¢ = [u p] or
c=[u b p], depending on whether the intermediate parity bits b are punctured
or not. The parity-check matrix of the general IRAA code corresponding to Figure
6.7 is

H, H, 0}, (6.10)

H AA:[
IR 0 I H,

where IT; is the interleaver between the two accumulators. H,, for an IRAA code
can be designed as for an TRA code. An TRAA code will typically have a lower
floor but worse waterfall region than an IRA code of the same length, rate, and
complexity, as shown in [12] and what follows.

Example 6.6. Example rate-1/2 protographs for IRA and IRAA codes are presented in
Figure 6.8. For the IRA protograph, dy ; = 5 for all j, and d.; = 5 for all ¢. For the IRAA
protograph, dy ; = d.; = 3 and the intermediate parity vector b is not transmitted in
order to maintain the code rate at 1/2. Because the decoder complexity is proportional
to the number of edges in a code’s parity-check matrix, the complexity of the IRAA
decoder is about 14% greater than that of the IRA decoder. To see this, note that the
IRAA protograph has eight edges whereas the IRA protograph has seven edges.

Analogously to (6.7), the parity-check matrix for a quasi-cyclic IRAA code is
given by

P H,oc 0
Hqc.raA = B : 6.11
QC-TRAA 0 ch H, o0 (6.11)
where P and H, qc are as described in (6.9) and (6.8), and Ilgc is a permu-
tation matrix consisting of @ X @ circulant permutation matrices and @ x @
zero matrices arranged to ensure that the row and column weights of Ilgc are
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A

Figure 6.8 Rate-1/2 IRA and IRAA protographs. The shaded node in the IRAA protograph
represents punctured bits.

both 1. The design algorithm for QC-TIRAA codes is analogous to that for QC-IRA
codes. Specifically, (1) the H, qc and 0 matrices in (6.11) are fixed components of
Hqciraa and (2) the P and Hac submatrices of Hqc.traa may be constructed
using a PEG/ACE-like algorithm much like Algorithm 6.1 for QC-IRA codes.

Let us now compare the performance of rate-1/2 (2048,1024) QC-IRA and QC-
IRAA codes. For the QC-IRA code dp ; = 5 for all j, whereas for the QC-IRAA
code dp ; = 3 for all j. For the IRAA code, c = [u p], that is, the intermediate
parity bits b are punctured. The QC-IRA code was designed using the algorithm
of the previous section. The QC-IRAA code was designed using the algorithm
given in the previous paragraph. We observe in Figure 6.9 that, for both codes,
there are no error floors in the BER curves down to BER = 5 x 10~® and in the
FER curves down to FER= 10"%. While the S-IRAA code is 0.2 dB inferior to
the S-IRA code in the waterfall region, it is conjectured that it has a lower floor
(which is difficult to measure), which would be due to the second accumulator,
whose function is to improve the weight spectrum.

As an example of a situation in which the IRAA class of code is superior, consider
the comparison of rate-1/3 (3072,1024) QC-IRA and QC-IRAA codes, with dy, ; =
4 for the QC-IRA code and dp j = 3 for the QC-IRAA code. In this case, ¢c =
[u b p], that is, the intermediate parity bits b are not punctured. Also, the
decoder complexities are the same. We see in Figure 6.10 that, in the low-SNR
region, the performance of the IRA code is 0.4 dB better than that of the IRAA
code. However, as is evident from Figure 6.10, the IRAA code will outperform the
IRA code in the high-SNR region due to its lower error floor.

Accumulate-Repeat—-Accumulate Codes

For ARA codes, which were introduced in [28, 29], an accumulator is added to
precode a subset of the information bits of an IRA code. The primary role of this
second accumulator is to improve the decoding threshold of a code (see Chapter 9),
that is, to shift the error-rate curve leftward toward the capacity limit. Precoding
is generally useful only for relatively low code rates because satisfactory decoding
thresholds are easier to achieve for high-rate LDPC codes. Figure 6.11 presents
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Figure 6.9 Performance of an IRAA code and an IRA code with n = 2048 and k£ = 1024 on the
AWGN channel (I,.x = 50). w, is the column weight of the submatrix P.

a generic ARA Tanner graph in which punctured variable nodes are blackened.
The enhanced performance provided by the precoding accumulator is achieved
at the expense of these punctured variable nodes which act as auxiliary nodes
that enlarge the H used by the decoder. The iterative graph-based ARA decoder
thus has to deal with a redundant representation of the code, implying a larger
H matrix than the nominal (n — k) x n. Note that this is much like the case for
IRAA codes.

ARA codes typically rely on very simple protographs. The protograph of a rate-
1/2 ARA code ensemble with repetition rate 4, denoted AR4A, is depicted in
Figure 6.12(a). This encoding procedure corresponds to a systematic code. The
black circle corresponds to a punctured node, and it is associated with the pre-
coded fraction of the information bits. As emphasized in Figure 6.12(a), such a
protograph is the serial concatenation of an accumulator protograph and an IRA
protograph (with a tail-biting accumulator). Half of the information bits (node
2) are sent directly to the IRA encoder, while the other half (node 5) are first
precoded by the outer accumulator. Observe in the IRA sub-protograph that the
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Figure 6.10 Performance of an IRAA code and an IRA code with n = 3072 and k = 1024 on
the AWGN channel (I,.x = 50). w, is the column weight of the submatrix P.

VNs and CNs of a minimal protograph (e.g., Figure 6.8) have been doubled to
allow for the precoding of half of the input bits.

A non-systematic code structure is represented by the protograph in Figure
6.12(b), which has a parallel-concatenated form. In this case, half of the informa-
tion bits (node 2) are encoded by the IRA encoder and the other half (node 1) are
encoded both by the IRA encoder and by a (3,2) single-parity-check encoder. The
node-1 information bits (corresponding to the black circle in the protograph) are
punctured, so codes corresponding to this protograph are non-systematic. While
the code ensembles specified by the protographs in Figure 6.12(a) are the same
in the sense that the same set of codewords is implied, the u — ¢ mappings are
different. The advantage of the non-systematic protograph is that, although the
node-1 information bits in Figure 6.12(b) are punctured, the node degree is 6, in
contrast with the node-5 information bits in Figure 6.12(a), in which the node
degree is only 1. In the iterative decoder, the bit log-likelihood values associated
with the degree-6 node tend to converge faster and to a larger value than do those
associated with the degree-1 node. Hence, these bits will be more reliably decoded.
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Figure 6.11 A generic bipartite graph for ARA codes.
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Figure 6.12 AR4A protographs in (a) serial-concatenated form and (b) parallel-concatenated
form. The black circle is a punctured variable node.
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Figure 6.13 The H matrix for the (2048,1024) AR4A code.

The design of ARA codes is quite involved and requires the material presented
in Chapters 8 and 9. An overview of the design of excellent ARA codes is presented
in Section 6.6.2.1.

Example 6.7. A pixelated image of the H matrix for a (2048,1024) QC AR4A code
is depicted in Figure 6.13. The first group of 512 columns (of weight 6) corresponds
to variable-node type 1 of degree 6 (Figure 6.12), whose bits are punctured, and the
subsequent four groups of 512 columns correspond, respectively, to node types 2, 3, 4,
and 5. The first group of 512 rows (of weight 6) corresponds to check-node type A (of
degree 6), and the two subsequent groups of rows correspond to node types B and C,
respectively.

Protograph-Based ARA Code Design

Section 6.3 describes a brute-force technique for designing protograph codes. Here
we present two approaches for designing protograph-based ARA codes, following
[24, 25]. The goal is to obtain a protograph for an ensemble that has a satisfac-
tory decoding threshold and a minimum distance d,,;, that grows linearly with
the codeword length n. This linear-distance-growth idea was investigated by Gal-
lager, who showed that (1) regular LDPC code ensembles had linear dy;, 