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PREFACE

This book is all about iterative channel decoding. Two other names which are often
used to identify the same area are probabilistic coding and codes on graphs. Itera-
tive decoding was originally conceived by Gallager in his remarkable Ph.D. thesis
of 1960. Gallager’s work was, evidently, far ahead of its time. Limitations in com-
putational resources in the 1960s were such that the power of his approach could
not be fully demonstrated, let alone developed. Consequently, iterative decoding at-
tracted only passing interest and slipped into a long dormancy. It was rediscovered
by Berrou, Glavieux, and Thitimajshima in 1993 in the form of turbo codes, and then
independently in the mid 1990s by MacKay and Neal, Sipser and Spielman, as well as
Luby, Mitzenmacher, Shokrollahi, Spielman, and Stemann in a form much closer to
Gallager’s original construction. Iterative techniques have subsequently had a strong
impact on coding theory and practice and, more generally, on the whole of commu-
nications.

The title Modern Coding Theory is clearly a hyperbole. There have been several
other important recent developments in coding theory. To mention one prominent
example: Sudan’s algorithm and the Guruswami-Sudan improvement for list de-
coding of Reed-Solomon codes and their extension to soft-decision decoding have
sparked new life into this otherwise mature subject. So what is our excuse? Iter-
ative methods and their theory are strongly tied to advances in current comput-
ing technology and they are therefore inherently modern. They have also brought
about a break with the past. Moreover, the techniques are influencing a wide range of
applications within and beyond communications, connecting that area with many
modern topics in, among others, statistical mechanics and complexity theory. Nev-
ertheless, the font on the book cover expresses the irony that the roots of “modern”
coding go back to a time when typewriters ruled the world.

The field of iterative decoding has not settled in the same way that classical cod-
ing has. There are nearly as many flavors of iterative decoding systems — and graphi-
cal models to represent them - as there are researchers in the field. We have therefore
decided to focus more on techniques to analyze and design such systems rather than
on specific instances. In order to present the theory, we have elected Gallager’s orig-
inal ensemble of low-density parity-check (LDPC) codes as a representative exam-
ple. This ensemble is perhaps the most elegant example and it provides a framework
within which the main results can be presented easily. Once the basic concepts are
absorbed, their extensions to more general cases is typically routine and several such
extensions (but not an exhaustive list) are discussed. In particular, we have included
a thorough investigation of turbo codes.

xiii
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A noticeable feature of this book is that we spend a considerable number of pages
discussing iterative decoding over the binary erasure channel. Why spend so much
time on a very specific and limited channel model? It is probably fair to say that
what we now know about iterative decoding we learned first for the binary erasure
channel. The basic analysis of iterative coding in the context of the binary erasure
channel needs little more than pen and paper and some knowledge of calculus and
probability. Nearly all important concepts developed during the study of the binary
erasure channel carry over to general channels, although our current ability to ex-
tend the results is, in some cases, frustrated by technical challenges.

This book is written with several audiences in mind. First, we hope that it will
be a useful text for a course in coding theory. If such a course is dedicated solely to
iterative techniques, most necessary material should be contained in this book. If
the course covers both classical algebraic coding and iterative topics, this book can
be used in conjunction with one of the many excellent books on classical coding. We
have intentionally excluded virtually all classical material, except for the most basic
definitions. Second, we hope that this book will also be of use to the practitioner in
the field who is trying to design or choose a coding scheme for a new communi-
cation system or to improve an existing system. Third, we hope that the book will
serve as a useful reference for researchers in the field.

There are many possible paths through this book. Our own personal prefer-
ence is to start with the chapter on factor graphs (Chapter 2). The material covered
in this chapter has the special appeal that it unifies many themes of information
theory, coding, and communication. Although all three areas trace their origin to
Shannon’s 1948 paper, they have subsequently diverged and specialized to a point
where a typical textbook in one area treats each of the other two topics as distant
cousins and gives them just passing reference. The factor graph approach is a nice
way to glue them back together. The same technique allows for the computation of
capacity, and deals with equalization, modulation, and coding on an equal footing.
Following Chapter 2, we recommend covering the core of the material in Chapter
3 (binary erasure channel) and Chapter 4 (general binary memoryless symmetric
channels) in a linear fashion.

The remaining material can be read in almost any order according to the pref-
erences of the reader. One may choose to broaden the view and to go through some
of the material on more general channels (Chapter 5). Alternatively, you might be
more interested in general ensembles. Chapter 6 discusses turbo codes and Chapter
7 deals with various further ensembles and some issues of graph design.

Chapter 8 gives a brief look at a complementary way of analyzing iterative sys-
tems in terms of the expansion of the underlying bipartite graph. These techniques
are usually aimed at proving guaranteed error-correcting capability and are usually
not capable of predicting typical error-correcting performance.
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The Appendices contain various chapters on topics which either describe tools
for analysis or are simply too technical to fit into the main part. Appendix A takes
a look at the encoding problem. Curiously, for iterative schemes the encoding task
can be of equal (or even higher) complexity than the decoding task. Appendix B dis-
cusses efficient and accurate ways of implementing density evolution. In Appendix C
we describe various techniques from probability which are useful in asserting that
most elements of a properly chosen ensemble behave “close” to the ensemble aver-
age. We take a close look at generating functions in Appendix D. In particular we
discuss how to accurately estimate the coefficients of powers of polynomials - a re-
current theme in this book. Finally, in Appendix E we collected a few proofs deemed
too lengthy to include in the main text.

Although we have tried to make the material as accessible as possible, the prereq-
uisites for different portions of the book vary considerably. Some seemingly simple
issues require sophisticated tools for their resolution. A good example is the mate-
rial related to the weight distribution of LDPC codes. When the density of equations
increases to a painful level, the casual reader is advised not to get discouraged but
rather to skip the proofs. Fortunately, in all these cases the subsequent material de-
pends very little on the mathematical details of the proof.

If you are a lecturer and you are giving a beginning graduate-level course we rec-
ommend that you follow the basic course outlined above but skip some of the less
accessible topics. For general binary memoryless symmetric channels one can first
focus on Gallager’s decoding algorithm A. The analysis for this case is very similar to
the one for the binary erasure channel. A subsequent discussion of the belief prop-
agation decoder can skip some of the proofs and so avoid a discussion of some of
the technical difficulties. If your course is positioned as an advanced graduate-level
course then most of the material should be accessible to the students.

We intended to write a thin book containing all there is to know about itera-
tive decoding. We ended up with a rather thick one with a number of regrettable
omissions: We do not cover the emerging theory of pseudo codewords and their
connections to the error floor for general channels and we only scratched the sur-
face of the rich area of interleaver design. The theory of rateless codes is deserving
of a much more detailed look. We have not discussed the powerful techniques bor-
rowed from statistical mechanics, which have been used successfully in the analysis
of iterative systems. Finally, we mention, but do not discuss, source coding by iter-
ative techniques.

Even within the topics we have covered many interesting extensions and details
have been set aside and not been included. For these shortcomings, to paraphrase
Descartes, “[We] hope that posterity will judge [us] kindly, not only as to the things
which [we] have explained, but also as to those which [we] have intentionally omit-
ted so as to leave to others the pleasure of discovery.” ;-)
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Chapter 1
INTRODUCTION

§1.1. WHY You SHoULD READ THIS BoOK

The technology of communication and computing advanced at a breathtaking pace
in the 20th century, especially in the second half. A significant part of this advance
in communication began some 60 years ago when Shannon published his seminal
paper "A Mathematical Theory of Communication." In that paper Shannon framed
and posed a fundamental question: how can we efficiently and reliably transmit in-
formation? Shannon also gave a basic answer: coding can do it. Since that time the
problem of finding practical coding schemes that approach the fundamental limits
established by Shannon has been at the heart of information theory and commu-
nications. Recently, significant advances have taken place that bring us close to an-
swering this question. Perhaps, at least in a practical sense, the question has been
answered. This book is about that answer.

The advance came with a fundamental paradigm shift in the area of coding that
took place in the early 1990s. In Modern Coding Theory, codes are viewed as large
complex systems described by random sparse graphical models, and encoding as well
as decoding are accomplished by efficient local algorithms. The local interactions of
the codebits are simple but the overall code is nevertheless complex (and so suffi-
ciently powerful to allow reliable communication) because of the large number of
interactions. The idea of random codes is in the spirit of Shannon’s original formu-
lation. What is new is the sparseness of the description and the local nature of the
algorithms.

These are exciting times for coding theorists and practitioners. Despite all the
progress made, many fundamental questions are still open. Even if you are not in-
terested in coding itself, however, you might be motivated to read this book. Al-
though the focus of this book is squarely on coding, the larger view holds a much
bigger picture. Sparse graphical models and message-passing algorithms, to name
just two of the notions that are fundamental to our treatment, play an increasingly
important role in many other fields as well. This is not a coincidence. Many of the
innovations were brought into the field of coding by physicists or computer scien-
tists. Conversely, the success of modern coding has inspired work in several other
fields.

Modern coding will not displace classical coding anytime soon. At any point in
time hundreds of millions of Reed-Solomon codes work hard to make your life less
error prone. This is unlikely to change substantially in the near future. But mod-
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ern coding offers an alternative way of solving the communications problem. Most
current wireless communications systems have already adopted modern coding.

Technically, our aim is focused on Shannon’ classical problem: we want to trans-
mit a message across a noisy channel so that the receiver can determine this message
with high probability despite the imperfections of the channel. We are interested in
low-complexity schemes that introduce little delay and allow reliable transmission
close to the ultimate limit, the Shannon capacity.

We start with a review of the communications problem (Section 1.2), we cover
some classical notions of codes (Sections 1.3, 1.4, 1.5, 1.7, and 1.8), and we review the
channel coding theorem (Section 1.6). Section 1.9 gives an outline of the modern
approach to coding. Finally, we close in Section 1.10 with a review of the notational
conventions and some useful facts.

§1.2. COMMUNICATIONS PROBLEM

Consider the following communications scenario - the point-to-point communica-
tions problem depicted in Figure 1.1. A source transmits its information (speech, au-

source channel sink

Figure 1.1: Basic point-to-point communications problem.

dio, data, etc.) via a noisy channel (phone line, optical link, wireless, storage medium,
etc.) to a sink. We are interested in reliable transmission, i.e., we want to recreate
the transmitted information with as little distortion (number of wrong bits, mean
squared error distortion, etc.) as possible at the sink.

In his seminal paper in 1948, Shannon formalized the communications problem
and showed that the point-to-point problem can be decomposed into two separate
problems as shown in Figure 1.2. First, a source encoder transforms the source into
a bit stream. Ideally, the source encoder removes all redundancy from the source
so that the resulting bit stream has the smallest possible number of bits while still
representing the source with enough accuracy. The channel encoder then processes
the bit stream to add redundancy. This redundancy is carefully chosen to combat
the noise that is introduced by the channel.

To be mathematically more precise: we model the output of the source as a
stochastic process. For example, we might represent text as the output of a Markov
chain, describing the local dependency structure of letter sequences. It is the task of
the source encoder to represent this output as efficiently as possible (using as few bits
as possible) given a desired distortion. The distortion measure reflects the “cost” of
deviating from the original source output. If the source emits points in R" it might
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source sink

source source
encoder decoder
channel channel
encoder channel decoder

Figure 1.2: Basic point-to-point communications problem in view of the source-
channel separation theorem.

be natural to consider the squared Euclidean distance, whereas if the source emits
binary strings a more natural measure might be to count the number of positions in
which the source output and the word that can be reconstructed from the encoded
source differ. Shannon’s source coding theorem asserts that, for a given source and
distortion measure, there exists a minimum rate R = R(d) (bits per emitted source
symbol) which is necessary (and sufficient) to describe this source with distortion
not exceeding d. The plot of this rate R as a function of the distortion d is usually
called the rate-distortion curve. In the second stage an appropriate amount of redun-
dancy is added to these source bits to protect them against the errors in the channel.
This process is called channel coding. Throughout the book we model the channel as
a probabilistic mapping and we are typically interested in the average performance,
where the average is taken over all channel realizations. Shannon’s channel coding
theorem asserts the existence of a maximum rate (bits per channel use) at which in-
formation can be transmitted reliably, i.e., with vanishing probability of error, over
a given channel. This maximum rate is called the capacity of the channel and is de-
noted by C. At the receiver we first decode the received bits to determine the trans-
mitted information. We then use the decoded bits to reconstruct the source at the
receiver. Shannon’s source-channel separation theorem asserts that the source can be
reconstructed with a distortion of at most d at the receiver if R(d) < C, i.e., if the
rate required to represent the given source with the allowed distortion is smaller
than the capacity of the channel. Conversely, no scheme can do better. One great
benefit of the separation theorem is that a communications link can be used for a
large variety of sources: one good channel coding solution can be used with any
source. Virtually all systems in use today are based on this principle. It is important
though to be aware of the limitations of the source-channel separation theorem. The
optimality is only in terms of the achievable distortion when large blocks of data are
encoded together. Joint schemes can be substantially better in terms of complexity
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or delay. Also, the separation is no longer valid if one looks at multi-user scenarios.

We will not be concerned with the source coding problem or, equivalently, we
assume that the source coding problem has been solved. For us, the source emits a
sequence of independent identically distributed (iid) bits which are equally likely to
be zero or one. Under this assumption, we will see how to accomplish the channel
coding problem in an efficient manner for a variety of scenarios.

§1.3. CODING: TRIAL AND ERROR

How can we transmit information reliably over a noisy channel at a strictly positive
rate? At some level we have already given the answer: add redundancy to the message
that can be exploited to combat the distortion introduced by the channel. By starting
with a special case we want to clarify the key concepts.

ExAMPLE 1.3 (BINARY SYMMETRIC CHANNEL). Consider the binary symmetric chan-
nel with cross-over probability € depicted in Figure 1.4. We denote it by BSC(¢). Both

1 l—e¢ 1
€

Xl‘ Yt
€

-1 1-¢ -1

Figure 1.4: BSC(e).

input X; and output Y; are elements of {+1}. A transmitted bit is either received
correctly or received flipped, the latter occurring with probability €, and different
bits are flipped or not flipped independently. We can assume that 0 < € < % without
loss of generality.

The BSC is the generic model of a binary-input memoryless channel in which
hard decisions are made at the front end of the receiver, i.e., where the received value
is quantized to two values. <

First Trial: Suppose that the transmitted bits are independent and that P{X; =
+1} = P{X; = -1} = % We start by considering uncoded transmission over the
BSC(¢). Thus, we send the source bits across the channel as is, without the insertion
of redundant bits. At the receiver we estimate the transmitted bit X based on the
observation Y. As we will learn in Section 1.5, the decision rule that minimizes the
bit-error probability, call it £M4F(y), is to choose that element of {+1} which max-
imizes px|y(x|y) for the given y. Since the prior on X is uniform, an application
of Bayes’s rule shows that this is equivalent to maximizing py| x(y|x) for the given
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y. Since € < 1 we conclude that the optimal estimator is £/*"(y) = y. The prob-
ability that the estimate differs from the true value, i.e., P, = P {&M*?(Y) # X}, is
equal to €. Since for every information bit we want to convey we send exactly one bit
over the channel we say that this scheme has rate 1. We conclude that with uncoded
transmission we can achieve a (rate, Py )-pair of (1,¢).

Second Trial: If the error probability € is too high for our application, what trans-
mission strategy can we use to lower it? The simplest strategy is repetition coding.
Assume we repeat each bit k times. To keep things simple, assume that k is odd. So
if X, the bit to be transmitted, has value x then the input to the BSC(¢) is the k-tuple
X, ...,x. Denote the k associated observations by Y1, ..., Y. It is intuitive, and not
hard to prove, that the estimator that minimizes the bit-error probability is given by
the majority rule

sMAP
X

(15 - --> yk) = majority of {y1,..., yx}.
Hence the probability of bit error is given by

P, = ]P’{fcMAP(Y) # X} kodd ]P’{at least [k/Z] errors occur} = > (I?)e"(l — )k,
i>k/2

Since for every information bit we want to convey we send k bits over the chan-

nel we say that such a scheme has rate % So with repetition codes we can achieve

the (rate, Py)-pairs (%, Yisk/2 (l;)ei(l — €)*7%). For Py, to approach zero we have to

choose k larger and larger and as a consequence the rate approaches zero as well.
Can we keep the rate positive and make the error probability go to zero?

§1.4. CODES AND ENSEMBLES

Information is inherently discrete. It is natural and convenient to use finite fields to
represent it. The most important instance for us is the binary field IF,, consisting of
{0, 1} with mod-2 addition and mod-2 multiplication (0+0=1+1=0;0+1 = 1;
0-0=1-0=0;1-1=1). In words, if we use I, then we represent information in
terms of (sequences of) bits, a natural representation and convenient for the purpose
of processing. If you are not familiar with finite fields, very little is lost if you replace
any mention of a generic finite field IF with IF,. We write | F | to indicate the number
of elements of the finite field F, e.g., | F, | = 2. Why do we choose finite fields? As we
will see, by using algebraic operations in both the encoding as well as the decoding
we can significantly reduce the complexity.

DEFINITION 1.5 (CODE). A code C of length n and cardinality M over a field I is a
collection of M elements from [F”, i.e.,

Cln, M) = {xl1 . xMN Il e B 1 <m < M.
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The elements of the code are called codewords. The parameter # is called the block-
length. v

ExAMPLE 1.6 (REPETITION CODE). Let F = [F,. The binary repetition code of length
3isdefinedas C(n=3,M=2)=1{000,111}. O

In the preceding example we have introduced binary codes, i.e., codes whose
components are elements of F, = {0, 1}. Sometimes it is more convenient to think
of the two field elements as {+1} instead (see, e.g., the definition of the BSC in Ex-
ample 1.3). The standard mapping is 0 <> 1 and 1 < —1. It is convenient to use both
notations. We freely and frequently switch. With some abuse of notation, we make
no distinction between these two cases and talk about binary codes and I, even if
the components take values in {+1}.

DEFINITION 1.7 (RATE). The rate of acode C(n, M) isr = % log| F| M. Tt is measured

in information symbols per transmitted symbol. \Y
ExampLE 1.8 (REPETITION CODE). Let F = F,. We have r(C(3,2)) = 1log,2 = 1.
It takes three channel symbols to transmit one information symbol. &

The following two definitions play a role only much later in the book, but it is
convenient to collect them here for reference.

DEFINITION 1.9 (SUPPORT SET). The support set of a codeword x € C is the set of
locations i € [n] = {1,...,n} such that x; # 0. v

DEFINITION 1.10 (MINIMAL CODEWORDS). Consider a binary code C, i.e., a code
over [F,. We say that a codeword x € C is minimal if its support set does not contain
the support set of any other (non-zero) codeword. \Y

The Hamming distance introduced in the following definition and the derived
minimum distance of a code (see Definition 1.12) are the central characters in all of
classical coding. For us they only play a minor role. This is probably one of the most
distinguishing factors between classical and modern coding.

DEFINITION 1.11 (HAMMING WEIGHT AND HAMMING DISTANCE). Let u,v € F”. The
Hamming weight of a word u, which we denote by w(u), is equal to the number of
non-zero symbols in u, i.e., the cardinality of the support set. The Hamming distance
of a pair (u,v), which we denote by d(u,v), is the number of positions in which u
differs from v. We have d(u,v) = d(u—v,0) = w(u—v). Further, d(u,v) = d(v,u)
and d(u,v) > 0, with equality if and only if u = v. Also, d(-, ) satisfies the triangle
inequality
d(u,v) <d(u,t)+d(t,v),

for any triple u,v,t € F". In words, d(-,-) is a true distance in the mathematical
sense (see Problem 1.2). \%
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DEFINITION 1.12 (MINIMUM DisTANCE OF A CoDE). Let C be a code. Its minimum
distance d(C) is defined as

d(C)=min{d(u,v) :u,ve C,uv}. v

Let x € F" and t € N. A sphere of radius ¢ centered at the point x is the set of all
points in " that have distance at most ¢ from x. If, for a code C of minimum distance
d, we place spheres of radius t = {d 1J around each codeword, then these spheres
are disjoint. This follows from the triangle inequality: if # and v are codewords and
x is any element in F” then d(C) < d(u,v) < d(u,x)+d(v,x).If x is in the sphere
of radius ¢ around u then this implies that d(v,x) > d(C) — d(u,x) > d” > t. In
words, x is not in the sphere of radius t around v. Further, by definition of d t is the
largest such radius.

The radius ¢ has an important operational meaning that explains why much of
classical coding is centered on the construction of codes with large minimum dis-
tance. To be concrete, consider the binary case. Assume we use a code C(n, M, d)
(i.e., a code with M codewords of length n and minimum distance d) for trans-
mission over a BSC and assume that we employ a bounded distance decoder with
decoding radius ¢, t < [ J More precisely, given y the decoder chooses 5P (y)
defined by

X
error, if no such x exists,

X xeC, ifd(x,y)<t,
BD(y):{ y

where by “error” the decoder declares that it is unable to decode. As we have just
discussed, there can be at most one x € C so that d(x,y) < t. Therefore, if the
weight of the error does not exceed ¢, then such a combination finds the correct
transmitted word. A large ¢ hence implies a large resilience against channel errors.

How large can d (and hence t) be made in the binary case? Let § = d/n denote
the normalized distance and consider for a fixed rate r, 0 < r < 1,

8 (r) = 1imsupmax{d(nc) :CeC (n,Zl"rJ)},

n—>oo

where C (n, ZWJ) denotes the set of all binary block codes of length n containing
at least 2! codewords. Problem 1.15 discusses the asymptotic Gilbert-Varshamov
bound

(1 -r) <8 (r),
where hy(x) = —xlog, x — (1 — x)log, (1 - x) is the binary entropy function and
where for y € [0,1], h3" () is the unique element x € [0, 1] such that hy(x) = y
Elias introduced the following upper bound,

(1.13) 8*(r) <2hy'(1-r)(1 - k' (1 -71)).
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Both bounds are illustrated in Figure 1.14. We can now answer the question posed

Elias

=
<
0.3
02- gy
0.1

00 02 04 06 08 r

Figure 1.14: Upper and lower bound on §* ().

at the end of the previous section. For a fixed channel BSC(¢) pick a rate r such
that 6*(r) > 2¢ + w, where w is some arbitrarily small but strictly positive quan-
tity. We see from the Gilbert-Varshamov bound that such a strictly positive r and
w exist if € < 1/4. By the definition of §*, we can find a code of rate r of arbitrarily
large blocklength n which has a relative minimum distance at least § = 2¢ + w. By
Chebyshev’s inequality (see Lemma C.3 on page 480), for every positive probability
P bounded away from 1 there exists a positive constant ¢ such that the number of
channel flips in a block of length 7 is at most ne + ¢\/n with probability P. Assume
that we employ a bounded distance decoder. If we choose # sufficiently large so that
ne + c\/n < dn/2 = ne + nw/2, then the bounded distance decoder succeeds with
probability at least P. Since P can be chosen arbitrarily close to 1 we see that there
exist codes that allow transmission at a positive rate with arbitrarily small positive
probability of error. The above procedure is by no means optimal and does not al-
low us to determine up to what rates reliable transmission is possible. We will see in
Section 1.6 how we can characterize the largest such rate.

Constructing provably good codes is difficult. A standard approach to show the
existence of good codes is the probabilistic method: an ensemble C of codes is “con-
structed” using some random process and one proves that good codes occur with
positive probability within this ensemble. Often the probability is close to 1 — almost
all codes are good. This approach, used already by Shannon in his 1948 landmark
paper, simplifies the code “construction” task enormously (at the cost of a less useful
result).

DEFINITION 1.15 (SHANNON’S RANDOM ENSEMBLE). Let the field IF be fixed. Con-
sider the following ensemble C(n, M) of codes of length n and cardinality M. There
are nM degrees of freedom in choosing a code, one degree of freedom for each
component of each codeword. The ensemble consists of all |IF|*™ possible codes
of length n and cardinality M. We endow this set with a uniform probability dis-
tribution. To sample from this ensemble proceed as follows. Pick the codewords
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[

randomly by letting each component x l.m] be an independently and
uniformly chosen element of IF. v

K XM

We will see that such a code is likely to be “good” for many channels.

§1.5. MAP AND ML DECODING AND APP PROCESSING

Assume we transmit over a channel with input F and output space ) using a code
C(n,M) = {x[l] yee, xM] } Let the channel be specified by its transition probabil-
ity py|x(y|x). The transmitter chooses the codeword X € C(n, M) with probabil-
ity px (x). (In communications the idea is that the transmitter wants to transmit one
of M messages and uses one codeword for each possible message.) This codeword is
then transmitted over the channel. Let Y denote the observation at the output of the
channel. To what codeword should Y be decoded? If we decode Y to £(Y') € C, then
the probability that we have made an erroris 1-py |y (X(Y) | y). Thus, to minimize
the probability of block error we should choose X(Y') to maximize px|y(£(Y)|y).
The maximum a posteriori (MAP) decoding rule reads

M (y) = argmax, .px|y(x|y)

px(x)
pr(y)
= argmaxxecpﬂx(y | x)px(x).

by Bayes’s rule =argmax, ~Py|x (y]x)

Ties can be broken in some arbitrary manner without affecting the error proba-
bility. As we indicated, this estimator minimizes the probability of (block) error
Py = P{&M**(Y) # X}. If all codewords are equally likely, i.e., if px is uniform,
then

M (y) = argmax, cpy| x(y] %) px(x) = argmax,cpy x(y|x) = £ (y),

where the right-hand side represents the decoding rule of the maximum likelihood
(ML) decoder. In words, for a uniform prior px the MAP and the ML decoders are
equivalent.

The key step in the MAP decoding process is to compute the a posteriori prob-
ability (APP) px|y(x|y), i.e., the distribution of X given the observation Y. So we
call a MAP decoder also an APP decoder. Also, we will say that we perform APP
processing to mean that we compute the a posteriori probabilities.

§1.6. CHANNEL CODING THEOREM

We have already seen that transmission at a strictly positive rate and an arbitrarily
small positive probability of error is possible. What is the largest rate at which we
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can achieve a vanishing probability of error? Let us now investigate this question for
transmission over the BSC.

We are interested in the scenario depicted in Figure 1.16. For a given binary
code C(n, M) the transmitter chooses with uniform probability a codeword X €
C(n, M) and transmits this codeword over the channel BSC(¢). The output of the
channel is denoted by Y. At the receiver the decoder estimates the transmitted code-
word given the observation Y using the MAP rule £™4*(y). How small can we
make the incurred block error probability PYAY (C,e) = P {&MAP(Y) # X} for given
parameters n and M? Let Py (n, M, €) be the minimum of PY4*(C, ¢) over all
choices of C € C(n, M).

XEC(I’l,M) X BSC(S) Y
uniform

decoder

Figure 1.16: Transmission over the BSC(¢).

THEOREM 1.17 (SHANNON’S CHANNEL CODING THEOREM). If0 < r < 1-h;(¢) then
AMAP n—o0
PB

(n,2lm],e) =5 0.
Proof. Pick a code C from Shannon’s random ensemble C(,2!"]) introduced in

Definition 1.15. Since the MAP decoder is hard to analyze we use the following sub-
optimal decoder. For some fixed A, A > 0, define p = ne ++/2ne(1 —€)/A. If x["]

is the only codeword such that d(y, x["™) < p then decode y as x[""] - otherwise
declare an error.
For u,v e {+1}" let

o, ifd(u,v)>p,
f(”’”)‘{ 1, ifd(uv)<p,

and define
g =1-fx"yy+ ¥ fl™, ).

m'+m
Note that g”(y) equals zero if x["] is the only codeword such that d(y, x["!) < p

and that it is at least one otherwise. Let P][gm] denote the conditional block error
probability assuming that X = x["], i.e, Pl[gm] =P{x(Y)# X|X = xm }. We have

PCo= Y pyxmOlx™ < Y pyxim (r1x)g™(y)
yiglml()=1 ye{£1}n

= Y pypxim (I [1= £ )]

ye{x1}n
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+ 3 pyxom M (™, )

ye{x1}n m'=m
=P{d(y,x") > p| X" = £}
£ Y pypxm ) £ ).
ye{£1}n m'=m

Note that d(y, x["™]) = w(y + x["]), where y + x["] is the vector of channel er-
rors (recall that addition and subtraction over I, are the same). It follows that
d(Y, x[") is the sum of n independent Bernoulli random variables; call it Z. Then
Z is arandom variable with mean ne and variance ne(1—¢). Recall from earlier that

p = ne ++/2ne(1 —€)/A. Therefore, from Chebyshev’s inequality (see Lemma C.3
on page 480) we get

P{|Z—ne|2\/2ne( e)/} %:%

We can write Pg(C, ¢€) as
—ZP“" CEREE YD YD YW MR ) )
m=1 ye{+1}" m'+m

Let E¢(,,a)[-] denote the expectation with respect to the ensemble C(n, M). We
conclude that

Py (n, M,€) <Ec(nun|[Ps(Ce)]

A 1 X [m] [m']
5+_Z > > Elpyxem (X" (X )]

m=1 ye{+1}" m'#m

IN
<

@A 1 m '
Y Z > E[PY|X[m]()’|X[ ])]E[f(X[ ]’)’)]
m=1 ye{+1}" m’'+m
AL 1) Zheo (k)
=3 MmZ:: Eg:l}nm;mE[me[m](ﬂX )] S
2 21

where in step (a) we used the fact that if we consider for m’ # m the two associated
codewords X" and X!"'] as random variables then they are by construction (pair-
wise) independent. If we now use the bound ;" ( ) < 2mh2(m/n) \hich is valid for
m < n/2 (see (1.59) and Problem 1.25), then as p < n/2 for sufficiently large n

Py(n, M, €) < % + (M = 1)27(=ha(en/2059))
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é+2nr2 n(1- hz(e+\/26(1 E)))
_ A n(eha(en/EOD) )
2

< A for nlarge enough if r <1 - hy(e).

|\

The proof is complete if we observe that this upper bound is valid forany A > 0. [J

The preceding proof shows that there exist codes in C (n, 2lnr] ) that permit re-
liable transmission over the BSC(e) up to a rate of 1 — h,(€) bits per channel use.
Actually, a much stronger statement is true, namely almost any code in the preceding
ensemble can be used for transmission at vanishing probabilities of error.

Although we do not prove this here, the converse is true as well (see Prob-
lem 1.29): any attempt to transmit at a rate higher than 1 — h,(e) must result in
error probabilities bounded away from zero. Indeed, one can show that the block
error probability P must tend to 1 for any sequence of codes of increasing block-
length and rate strictly above 1 — h;(€). Therefore, 1 — h;(€) is a threshold value,
separating what is achievable from what is not. It is called the Shannon capacity of
the BSC(¢e) and we denote it by Cgsc(€) =1 — ha(e).

As mentioned before, the minimum distance plays a central role in all of classical
coding. The paradigm of classical coding can be summarized as follows: (i) find a
code with a large minimum distance and a strong algebraic structure; (ii) devise a
decoding algorithm which exploits the algebraic structure to accomplish bounded
distance decoding efficiently (see page 7). This philosophy works well if we transmit
at a rate that is bounded away from capacity. But, as the next example shows, we
cannot hope to achieve capacity in this way.

ExAMPLE 1.18 (BOUNDED DiSTANCE DECODER Is NoT SUFFICIENT). Consider a
code of rate r, r € (0, 1). By the Elias bound (1.13) the normalized minimum dis-
tance §(r) is upper bounded by 8(r) < 2h, (1 - r)(1 - hy' (1 -r)), so that

i (1-r)> % (1 -1 —26(r)),

for 8(r) € (0,1/2). From this we deduce the weaker bound h;'(1 - r) > 18(r) +

(30 (r))2 which is easier to handle. If we transmit over the BSC(e) then the ex-
pected number of errors in a block of length # is ne. Further, for large n with high
probability the actual number of errors is within O(+/n) of this expected number
(see the previous proof starting on page 10). Therefore, if we employ a bounded dis-

tance decoder we need 16 (r) > e. If we combine this with the previous bound we

get hy'(1 - r) > € + €. This is not possible if ¢ > \[ L

since then the right-hand
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side exceeds 1/2. It follows that such a bounded distance decoder cannot be used

for reliable transmission over a BSC(¢) if € € (\/52_1, 3). And for € € (0, @) we

conclude that 7 < 1 - hy(e + €2) < 1 - hy(€) = Cpsc(€), i.e., capacity cannot be
achieved either. <&

The preceding example is not to say that bounded distance decoders are not
useful. If we are willing to back off a little bit from the Shannon capacity and if € is
not too large then a bounded distance decoder might work well.

§1.7. LINEAR CODES AND COMPLEXITY

By our preceding remarks, almost any code in C (n, 21"’J) is suitable for reliable
transmission at rates close to Shannon capacity at low error probability provided
only that the length # is sufficiently large (we have limited the proof of the channel
coding theorem to the BSC but this theorem applies in a much wider setting). So why
not declare the coding problem solved and stop here? The answer is that Shannon’s
theorem does not take into account the description, the encoding, and the decoding
complexities.

First consider the description complexity. Informally, it is the amount of mem-
ory required to define a code. Without further restriction on the structure, already
the description of a particular code quickly becomes impractical as n grows, since
it requires n2!""] bits. Hence, as a first step toward a reduction in complexity we
restrict our attention to linear codes.

§1.7.1. LINEAR CODES
We say that a code C over a field I is linear if it is closed under n-tuple addition and
scalar multiplication:
ax+a'x"eC, Vx,x'eCandVa,a'€F.
In fact, it suffices to check that

(1.19) ax-x"eC, Vx,x’eCandVaeF.

Choosing a = 0 in (1.19) shows that if x" € C then so is —x'. Further, choosing
a = 1 and x” = x shows that the all-zero word is a codeword of any linear code.
Equivalently, since F" is a vector space, condition (1.19) implies that a linear code is
a subspace of F".

For a linear code C the minimum distance d(C) is equal to the minimum of the
weight of all non-zero codewords:

d(C) =min{d(x,x") :x,x" e C,x #x'} =min {d(x - x",0) : x,x" e C,x # x"}
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:min{w(x—x') 1x,x" € C,x th'} =min{w(x):xe€C,x #0}.

Since a linear code C of length n over I is a subspace of ", there must exist an
integer k, 0 < k < n, so that C has a dimension k. This means that C contains |F |*
codewords. In the sequel we denote by [#, k, d] the parameters of a linear code of
length n, dimension k, and minimum distance d. It is customary to call a k x n
matrix G, whose rows form a linearly independent basis for C, a generator matrix
for C. Conversely, given a matrix G € FX" of rank k we can associate with it the
code C(G):

(1.20) C(G):{xeF”:x:uG,ueFk}.
In general many generator matrices G describe the same code (see Problem 1.6).

DEFINITION 1.21 (PROPER CODES). We say that the i-th position of a binary linear
code C is proper if there exists a codeword x € C so that x; = 1. If all positions
of C are proper we say that C is proper. Equivalently, a linear code is proper if its
generator matrix G contains no zero columns. Y

Zero columns convey zero information — no pun intended - and so we can safely
restrict our attention to proper codes in the sequel. Note also that if the i-th position
of C is proper then the number of codewords that contain a 1 in the i-th position
is equal to the number of codewords that contain a 0 in the i-th position (see Prob-
lem 1.5).

DEFINITION 1.22 (SYSTEMATIC GENERATOR MATRIX). A generator matrix G of a
linear code C[n, k,d] is said to be in systematic form if G = (I P), where I is a
k x k identity matrix and where P is a k x (n — k) matrix with entries in F. If G is
in systematic form and u € F* is a vector containing the information bits (i.e., an
information word) , then the corresponding codeword x = uG has the form (u, uP),
i.e., the first k components of x are equal to the information word u. v

To each linear code C we associate the dual code C*:
(1.23) Cl={V€Fn!XVT=0,VX€C}={V€F”ZGVT=0T}.

Assume that v and v’ are elements of C* and that x is an element of C. Since
xvl =0 = x(v')T implies x(av — v')T = 0 for any « € T, it follows that C* is a
linear code as well. Therefore, it has a basis. It is customary to denote such a basis
by H. This basis H is a generator matrix of the code C*. It is also said to be a parity-
check matrix of the original code C. Let G be a generator matrix for a code C and

let H be a corresponding parity-check matrix. By (1.23) the dual code is the set of
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solutions to the system of equations Gv! = 0. Therefore, since G has k (linearly in-
dependent) rows we know, by linear algebra, that the dual code has dimension n -k,
and therefore H has dimension (n - k) x n: in fact, assume without loss of generality
that G is in systematic form, G = (I P). Represent v as v = (v, v,), where v, is of
length k and where v, is of length n — k. From Gv' = v] + Pv‘g , we see that for each
of the | F [*~* distinct choices of vp there is exactly one vs = —Pvg so that GvT =07,

The dual code is therefore characterized by

Cl:{veF”:v:uH,ue]F"_k}:{veF":GvT:OT}.
In the same manner we have
C:{xeF”:x:uG,ueFk}:{xeF”:HxTon}.
That the second description is true can be seen as follows. Clearly, for every x € C,
Hx" = 07. This shows that C ¢ {x e F" : Hx” = 0”}. But by assumption |C| =
|F |k = [{x e F": Hx" = 0T}|, since H has rank n — k.
As we will see, this latter description is particularly useful for our purpose. Given

a generator matrix G, it is easy to find a corresponding parity-check matrix H and
vice versa; see Problem 1.8.

ExXAMPLE 1.24 (BINARY HAMMING CoDES). Let[F = F, and let m € N. Let H be an
m x (2™ — 1) binary matrix whose columns are formed by all the binary m-tuples
except the all-zero m-tuple. We claim that H is the parity-check matrix of a binary
linear code of length n = 2" — 1, dimension 2" — m - 1, and minimum distance 3.
To see that the minimum distance is 3, note that any two columns of H are linearly
independent, but that there are triples of columns which are linearly dependent.
Therefore, Hx” = 07 has no solution for x € F4 with 1 < w(x) < 2 but it has
solutions with w(x) = 3. Clearly, C has dimension at least 2" — m — 1 since H has m
rows. Let us now show that C must have dimension at most 2™ — m — 1, i.e., we have
equality. Since C has distance 3, the spheres of radius 1 centered at each codeword
are disjoint. Let us count the total number of words contained in all these spheres:

() ()0 - -1

From this it follows that |C[2™ < 2" = 22”1, where the right-hand side represents

the total number of points in the space Fy. Turning this around we get |C| < 22" ~™"~1,

This shows that C has dimension at most 2" — m — 1. Codes such that the spheres
d-1

of radius t = [TJ centered around the codewords cover the whole space are called

perfect. As a particular example consider the case m = 3. Then

1 1 0 1
(1.25) H=|1 o
0 1
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and Cyyam, the code defined by the parity-check matrix H, is the [7, 4, 3] binary Ham-
ming code. &

In the preceding definitions we have assumed that the rows of G and H are lin-
early independent. For the sequel it is useful to relax this definition. We call a k x n
matrix G a generator matrix even if G has rank strictly less than k. We say that k/n
is the design rate of the code. The true rate is of course rank(G)/n. An equivalent
statement is true for an (n — k) x n parity-check matrix H.

DEFINITION 1.26 (ELIAS’S GENERATOR AND GALLAGER’S PARITY-CHECK ENSEM-
BLE). Fix the blocklength » and the design dimension k. To sample from Elias’s
generator ensemble, construct a k x n generator matrix by choosing each entry iid
according to a Bernoulli random variable with parameter one-half. To sample from
Gallager’s parity-check ensemble, proceed in the same fashion to obtain a sample
(n — k) x n parity-check matrix. Although both ensembles behave quite similarly,
they are not identical. This is most easily seen by noting that every code in the gener-
ator ensemble has rate at most k/n and that some codes have a strictly smaller rate,
whereas all codes in the parity-check ensemble have rate at least k/n. A closer in-
vestigation of the weight distribution of both ensembles is the topic of Problems 1.17
and 1.18. We denote these two ensembles by G(#, k) and H(n, k), respectively. v

For the most part we are only concerned with the binary case and therefore,
unless explicitly stated otherwise, we assume in the sequel that F = [F,.

Are linear ensembles capable of achieving capacity? Consider, e.g., the genera-
tor ensemble G(n, k) and transmission over the BSC(¢). That the answer is in the
affirmative can be seen as follows: consider a slight twist on the ensemble G(n, k).
Pick a random element C from G(n, k) and a random translation vector c. The code
is the set of codewords C + c. We translate so as to eliminate the special role that the
all-zero word plays (since it is contained in any linear code). In this new ensemble
the codewords are uniformly distributed and pairwise statistically independent (see
Problem 1.16.) An inspection of the proof of Theorem 1.17 shows that these are the
only two properties which are used in the proof. But a translation of the codewords
leaves the error probability invariant so that also the ensemble G(#, k) itself is ca-
pable of achieving capacity. More generally, for any binary-input output-symmetric
(see Definition 4.8) memoryless (see Definition 4.3) channel, linear codes achieve
capacity.

§1.7.2. DESCRIPTION/ENCODING COMPLEXITY OF LINEAR CODES
From the generator and parity-check representation of a linear code we see that its
description complexity is at most min{rn?, (1-r)n?} bits, where r is the rate of the

code. Further, from (1.20) it is clear that the encoding task, i.e., the mapping of the
information block onto the codeword, can be accomplished in O(#?) operations.
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§1.7.3. MAP DECODING COMPLEXITY OF LINEAR CODES

Let us now focus on the decoding complexity. To keep things simple, we restrict our-
selves to the case of transmission over the BSC(¢). Assume we have a uniform prior
on the set of codewords. The MAP or ML decoding rule then reads

ﬁML (}V) = argmaxx:HxT:OTpY|X(y | .X')

= argnlaXx:HxT:OTed(x’y)(1 - e)n_d(X)y)

. 1 _ .
since € < 5 =argmin . r_ord(x, y)
=argmin ;. r_orw(x + )
e=x+y = argmin,, .. r_p, 1w (e)
T T .
s’ =Hy =argmin, ,y.r_aw(e).

The quantity s” = HyT is called the syndrome and it is known at the receiver. Con-
sider the following related decision problem.

ProBLEM II: ML Decision Problem

INSTANCE: A binary (n—k) x n matrix H,a vector s € {0,1}"7¥, and an integer
w> 0.

QuEsTION: Isthereavector e € {0, 1}" of weight at most w such that HeT = s7?
Clearly, we can solve the ML decision problem once we have solved the associated
ML decoding problem: For a given s find £™" and, therefore, the “error” vector e. By
definition this is the lowest weight vector which “explains” the data and therefore the
ML decision problem has an affirmative answer for w > w(e) and a negative answer
otherwise. We conclude that the ML decoding problem is at least as “difficult” as the
ML decision problem.

In the theory of complexity, a problem IT is said to belong to the class P if it
can be solved by a deterministic Turing machine in polynomial time in the length of
the input. Instead of a Turing machine one may think of a program written in (let’s
say) C running on a standard computer, except that this computer has infinite mem-
ory. Simply speaking, problems in P are problems for which efficient algorithms are
known: solving a system of linear equations and finding the minimum spanning
tree or sorting are well-known examples in this class. Unfortunately, many prob-
lems which occur in practice appear not to belong to this class. A broader class is the
class NP, which contains all problems that can be solved by a non-deterministic Tur-
ing machine in polynomial time. A non-deterministic algorithm is one that, when
confronted with a choice between two alternatives, can create two copies of itself
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and simultaneously follow the consequences of both courses. For our discussion it
suffices to know that all problems of the form “Does there exist a subset with a spe-
cific property?”, assuming that this property is easily checked for any given subset,
belong to the class NP. Of course, this may lead to an exponentially growing number
of copies. The algorithm is said to solve the given problem if any one of these copies
produces the correct answer. Clearly, we have P € NP and whether this inclusion is
proper is an important open problem. Not necessarily all problems in NP are equally
hard. Assume that a specific problem IT in NP has the property that any problem in
NP can be reduced to IT in polynomial time. Then, ignoring polynomial factors, it is
reasonable to say that IT is as hard as any problem in NP. We say that such a problem
is NP-complete. It is widely believed that NP + P. Suppose this is true. This implies
that there are no efficient (polynomial-time in the size of the input) algorithms that
solve all instances of an NP-complete problem. We now are faced with the following
discouraging result.

THEOREM 1.27. The ML Decision Problem for the BSC is NP-complete.

This means that there are no efficient (polynomial in the blocklength) algo-
rithms known to date to solve the general ML decoding problem and that it is highly
likely that no such algorithm exist.

Does this mean that we should throw in the towel and declare that the efficient
transmission of information at low error probability is a hopeless task? Not at all.
First, the preceding result only says that no efficient algorithm is known which solves
the ML decoding problem for all codes. But it leaves open the possibility that some
subclasses of codes have an efficient ML decoding algorithm. We are interested in
codes which allow transmission of information close to capacity at low probability
of error and which are efficiently decodable. Furthermore, as we saw already in the
proof of the channel coding theorem, there exist suboptimal decoders which are
powerful enough for the task.

§1.8. RATE, PROBABILITY, COMPLEXITY, AND LENGTH

The most important parameters for the transmission problem are rate, probabil-
ity of (block or bit) error, delay, and complexity (encoding and decoding). Delay is
not an easy quantity to work with. It is therefore customary to consider instead the
blocklength of the coding system. If you know convolutional codes (see Section 6.1)
then you are aware that these two concepts are not necessarily the same. The situ-
ation gets even more complicated if we consider transmission over channels with
feedback. But in the context of block coding schemes over channels without feed-
back (which is the focus of this book) we do not commit any fundamental error by
equating the two.
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Rate, probability of error, and blocklength are well-defined concepts. The notion
of complexity on the other hand is fuzzy. As we have just discussed, we can easily
distinguish polynomial and exponential complexity. However, we typically discuss
algorithms that have linear complexity in the blocklength and we are concerned with
the constants involved. These constants depend on the technology we use to imple-
ment the system. In a hardware realization we typically mean the number of gates
necessary or the number of connections required. If the system is implemented as a
program, then we are concerned about the number of operations and the amount of
memory. It is therefore only of limited value to give a formal definition of complexity
and we are content with a more engineering-oriented notion.

For a fixed channel, we want to transmit at large rates r with low probability
of error P using simple encoding and decoding algorithms and short codes (small
n). Clearly there are trade-offs: by their very nature longer codes allow more reliable
transmission than shorter ones (or transmission at higher rates), and in a similar way
more complex decoding algorithms (like, e.g., ML decoders) perform better than
suboptimal but lower-complexity algorithms. We want to determine all achievable
tuples

(r) P) XE> XD> n)

and their associated coding schemes, where yr and xp denote the encoding and
decoding complexity, respectively. This is a tall order and we are currently far from
such a complete characterization. The task becomes much simpler if we ignore one
of the quantities and investigate the trade-offs between the remaining ones. Clearly,
the problem becomes trivial if we set no bounds on either the rate or the probability
of error. On the other hand the problem stays non-trivial if we allow unbounded
complexity or unbounded blocklengths.

A particularly useful transformation is to let § = 1 — r/C, so that r = (1 - §)C.
We call § the multiplicative gap' to capacity and we are interested in the region of
achievable tuples (6, P, x&, xp,n).

§1.8.1. UNBOUNDED COMPLEXITY

If we ignore the issue of complexity, we enter the realm of classical information the-
ory. We are interested in the behavior of the error probability as a function of the
blocklength # and the gap .

ExaMPLE 1.28 (ERROR EXPONENTS FOR BLock CopEs). Consider transmission us-
ing a binary linear block code C[n, nr] (a code of length n and dimension nr) via a
discrete binary memoryless channel with capacity C, C > 0, using a MAP decoder.
Let PYP(n, r) be the resulting block error probability for the optimal choice of the

! Not to be confused with the relative minimum distance.
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code (the minimum of the error probability over all choices of the code with a given
rate). It is a celebrated result of information theory that PY'4* (1, r) decreases expo-
nentially fast in the blocklength, i.e., we have

(1,29) e_”(E(r)+0n(1)) < PI];/IAP(]/I, T) < e—nE(r).

E(r) is called the error exponent. We have E(r) > 0 for all rates r in the range
r € [0,C), where C is the (Shannon) capacity of the channel. For the BSC we de-
termined its capacity in Section 1.6. (See Section 4.1.11 for the derivation of the ca-
pacity for more general channels.) Finally, 0,,(1) denotes a quantity which tends to
zero as n tends to infinity. Figure 1.30 depicts the error exponent E(r) (solid line)
for the BSC(e »~ 0.11). This error exponent is known exactly for r € [r., C], where

E()

0.15r
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0.05r

000 01 02 03 04 r

Figure 1.30: Error exponent of block codes (solid line) and of convolutional codes
(dashed line) for the BSC(e ~ 0.11).

re, 0 < re < C, is called the critical rate. For rates r € [0,7.), only a lower bound
on E(r) is known. At C the (left) derivative of E(r) vanishes but the second (left)
derivative is strictly positive, i.e., E(r) = (C—r)*a+ O((C-r)?), where a is strictly
positive. Therefore, if r(8) = (1-8)C, § € [0, 1], then E(8) = §°C*a + O(&*). More
generally, for a “typical” discrete binary memoryless channel, the error exponent as
a function of 8, § € [0, 1], has the form E(8) = 6°C*a + O(8%), where « is strictly
positive. We summarize: the error probability PM*4” behaves roughly like e ' Cla
i.e., it decreases exponentially in # with an exponent that is proportional to §2. <&

ExAMPLE 1.31 (ERROR EXPONENTS FOR CONVOLUTIONAL CODES). Consider trans-
mission using a binary convolutional code (see Section 6.1) of rate r and with mem-
ory m via a discrete binary-input memoryless channel with capacity C, C > 0, using
a MAP decoder. Let P)'**(m, r) be the resulting bit error probability for an opti-
mal choice of the code. In analogy to the case of block codes, PMF (m, r) decreases

exponentially fast in m, i.e.,

(1.32) e v E(Mrom(1)) o PYAP (1, 1) < o ME(r)
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Similar to the block code case, this error exponent is known exactly for r €
[C, C], where C,, 0 < C, < G, is called the critical rate. Figure 1.30 depicts the
error exponent E(r) (dashed line) for the BSC(e » 0.11). For rates r € [0, C.) only
a lower bound on E(r) is known. As the main difference to the block code case, for
convolutional codes E(r) = (C - r)a + O((C - r)?), where « is strictly positive.
Therefore, if 7(8) = (1 — 8)C, then E(8) = §Ca + O(8?%). More generally, for any
discrete binary-input memoryless channel the error exponent as a function of §,
8 €[0,1],is given by E(8) = 8Ca + O(8?), where « is strictly positive. We summa-
rize: the error probability PY'4? decreases exponentially in m but now the exponent
is proportional to §. &

§1.8.2. UNBOUNDED DELAY

For some applications fairly large blocklengths (delays) are perfectly acceptable.
Therefore it is worthwhile investigating the behavior of coding schemes if we lift the
restriction on blocklengths and only focus on rate, probability of error, and com-
plexity. In the following we assume a naive computational model in which infinite
precision arithmetic can be accomplished with unit cost.

ExAMPLE 1.33 (COMPLEXITY OF BLoCck CoDES). Consider again transmission with
a binary-input linear code C[n, nr| via a discrete binary memoryless channel with
capacity C, C > 0, using a MAP decoder. Generically, the complexity of a MAP
decoder, measured per information bit, is equal to %2”“‘“‘(“1_’), where c is a con-
stant depending on the implementation. This can be seen as follows: there are 2""
codewords. One straightforward approach is to determine the APP for each of them
given the observation and to choose the argument which maximizes this measure.
Normalized per information bit, this gives rise to a complexity of --2"". On the
other hand, as discussed in Problem 1.19, the MAP decoder can also be based on
the parity-check matrix of the code, and this gives rise to a complexity of %2”(1_’).
An alternative generic MAP decoding scheme which also gives rise to a complexity
%2”(1_’) and which is based on the dual code is discussed in Problem 4.43. If in
(1.29) we fix Pp and solve for # as a function of § we get

1
n(8) = 0( 5
It follows that the decoding complexity yp (&) is exponential in 1/6%. The encoding

complexity normalized per information bit is equal to yg(n,r) = cn, where c is
again a small constant. We conclude that

c
8) = ——.
XE( ) 52C20{



22 INTRODUCTION

ExAMPLE 1.34 (COMPLEXITY OF CONVOLUTIONAL CODES). Consider once more
transmission with a binary convolutional code via a discrete binary memoryless
channel with capacity C, C > 0, using an ML decoder. ML decoding of these codes
can be accomplished efficiently by means of the so-called Viterbi algorithm and the
decoding complexity per information bit is equal to yp(r) = %2’” (see Section 6.1).
By going through essentially the same steps as before, we see that the decoding com-
plexity grows exponentially in 5. This is a large improvement compared to block
codes but still exponential in the inverse of the gap.

The preceding argument might give rise to confusion. How can convolutional
codes be better than block codes? After all, we can always terminate a convolutional
code with negligible loss in rate and so construct an equivalent block code. The
answer is that in our discussion of block codes we assumed a generic decoder which
does not exploit any structure that might be present in the block code. If a suitable
structure is present (as is the case for convolutional codes) we can do better. &

There are many ways of combining given codes to arrive at a new code (see
Problems 1.3 and 1.4). A basic and fundamental such construction is the one of code
concatenation, an idea originally introduced by Forney. In this construction one uses
an inner code to convert the very noisy bits arriving from the channel into fairly
reliable ones and then an outer code to “clean up” any remaining errors in the block.
Such code constructions can substantially decrease the decoding complexity viewed
as a function of the blocklength n. But if we consider the decoding complexity as a
function of the gap to capacity , it still increases exponentially in 1/6.

Another avenue for exploration is the field of suboptimal decoding algorithms.
Although up to this point we have tacitly assumed that we perform MAP decoding,
this is not necessary as we can see from the proof of the channel coding theorem,
which itself uses a suboptimal decoder.

ExAMPLE 1.35 (ITERATIVE CODING). Iterative coding is the focus of this book. Un-
fortunately the exact complexity versus performance trade-off for iterative decoding
schemes is not known to date. In fact, it is not even known whether such schemes
are capable of achieving the capacity for a wide range of channels. It is conjectured
that

C
xp(8,p) = xe(0,p) = 5

for some constant ¢ which depends on the channel. To furnish a proof of the preced-
ing conjecture is without doubt the biggest open challenge in the realm of iterative
decoding. According to this conjecture the complexity (per information bit) grows
linearly in the inverse to the gap as compared to exponentially. This is the main mo-
tivation for studying iterative decoding schemes. O
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§1.9. TOUR OF ITERATIVE DECODING

We have seen that iterative decoding holds the promise of approaching the capacity
with unprecedentedly low complexity. Before delving into the details (and possibly
getting lost therein) let us give a short overview of the most important components
and aspects. We opt for the simplest non-trivial scenario. There is plenty of oppor-
tunity for generalizations later.

The first important ingredient is to represent codes in a graphical way. Consider
again the Hamming code Cy,n[7,4,3] given in terms of the parity-check matrix
shown on page 15. By definition, x = (xy,...,x7), x € [}, is a codeword of Cyyp, if
and only if

X1 +X2+x4+x5=0,
X1+ X3+ XxX4+%x5=0,

X+ X3+ X4+ x7=0.

We associate Cyan[7,4, 3] with the following graphical representation. We rewrite
the three parity-check constraints in the form (recall that we work over I, so that
—-X=x)

(1.36) X1 + X3 + X4 = X5,
(1.37) X1+ X3 + X4 = X,
(1.38) Xy + X3 + X4 = X7.

Think of x1, x3, x3, x4 as the four independent information bits and xs, x6, x7 as the
derived parity bits. The following visualization of the situation was introduced by
McEliece: represent the constraints via a Venn diagram. This is shown in Figure 1.39.
Each circle corresponds to one parity-check constraint — the number of ones in each
circle must be even. The topmost circle corresponds to the constraint expressed in
(1.36). Consider first the encoding operation. Assume we are given (xi, X3, X3, X4) =
(0,1,0,1). It is then easy to fill in the missing values for (xs, x4, x7) by applying one
parity-check constraint at a time as shown in Figure 1.40: from (1.36) we deduce that
x5 = 0, from (1.37) it follows that x¢ = 1, and (1.38) shows that x; = 0. The complete
codeword is therefore (x1, X2, x3, X4, X5, X6, x7) = (0,1,0,1,0,1,0). Next, consider
the decoding problem. Assume that transmission takes place over the binary erasure
channel with parameter € (see page 71 for more details on this channel) and that the
received message is (0,7,7,1,0,?,0). We want to reconstruct the transmitted word.
Figure 1.41 shows how this can be done. The decoding proceeds in a fashion similar
to the encoding — we check each constraint (circle) to see if we can reconstruct a
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Figure 1.39: Venn diagram representation of C.

Figure 1.40: Encoding corresponding to (x1, X2, x3,x4) = (0,1,0, 1). The number
of ones contained in each circle must be even. By applying one such constraint at
a time the initially unknown components xs, x¢, and x; can be determined. The
resulting codeword is (x1, X2, x3, X4, X5, X6, x7) = (0,1,0, 1,0, 1,0).

missing value from the values we already know. In the first step we recover x, = 1
using the constraint implied by the top circle. Next we determine x3 = 0 by resolving
the constraint given by the left circle. Finally, using the last constraint, we recover
x¢ = 1. Unfortunately this “local” decoder - discovering one missing value at a time
- does not always succeed. To see this, consider the case when the received message
is (2,2,0,2,0,1,0). A little thought (or an exhaustive check) show(s) that there is a
unique codeword in Cy,y, namely (0, 1,0, 1,0, 1,0), which is compatible with this
message. But the local decoding algorithm fails. As one can see in Figure 1.42, none
of the three parity-check equations by themselves can resolve any ambiguity.

In practice we encounter codes that have hundreds, thousands, or even millions
of nodes. In this case the Venn diagram representation is no longer convenient and
we instead use the so-called Tanner graph description (see Sections 2.2 and 3.3). The
basic principle however stays the same. Encoding and decoding are accomplished
locally: specifically, we send messages along the edges of the Tanner graph and pro-
cess these messages locally at each node.
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Figure 1.41: Decoding corresponding to the received message (0,?,?2,1,0,?,0). First
we recover X, = 1 using the constraint implied by the top circle. Next we determine
x3 = 0 by resolving the constraint given by the left circle. Finally, using the last
constraint, we recover xg = 1.

/2N
V%V

Figure 1.42: Decoding corresponding to the received message (?,?,0,?2,0,1,0). The
local decoding fails since none of the three parity-check equations by themselves
can resolve any ambiguity.
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We summarize: we have seen that we can represent codes in a graphical manner
and that we can use this graphical representation to perform both encoding and
decoding. The two algorithms are very similar and they are local. This local processing
on a graphical model is the main paradigm of iterative decoding. We have also seen
that sometimes the iterative decoder fails despite the fact that a unique decoding is
possible.

Figure 1.43 shows the block erasure probability of a so-called (3, 6)-regular low-
density parity-check code when transmission takes place over the binary erasure
channel under iterative decoding (see Chapter 3). The channel is characterized by
the parameter €, which denotes the erasure probability of each transmitted bit. This
plot is representative of the typical behavior. For increasing lengths the individ-
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Figure 1.43: oy ppc (3 1.6 [PEP(G, €)] as a function of € for n =27, i € [10].
’2

ual curves become steeper and steeper and they converge to a limiting asymptotic
curve. Of particular importance is the value €, which marks the zero crossing of
this asymptotic curve. For the example given we have €°* ~ 0.4294. Its operational
meaning is the following: for sufficiently large blocklengths we can achieve arbitrar-
ily small probability of error if we transmit over this channel with channel parameter
strictly less than €™ (if the fraction of erased bits is strictly less than €°"); but if we
choose the value of the channel parameter above €®” then the error probability is
bounded away from zero. The value " acts therefore like a capacity for this partic-
ular coding scheme: it separates what is achievable from what is not. The rate of the
code is one-half and we have €** ~ 0.4294 < § = €%, where €™ denotes the Shan-
non threshold (the rate that is achievable with optimal codes and under optimal
decoding). This indicates that even in the limit of infinite blocklengths we cannot
achieve capacity with this particular coding scheme.

Is this failure to reach capacity due to the code or due to the suboptimal nature
of the decoder? We will see that if our example code were decoded optimally the
threshold would be €M** ~ 0.48815. This still falls short of the Shannon threshold,
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namely 0.5. We conclude that both code and decoding algorithm are to blame. Why
don't we just use elements from Gallager’s parity-check ensemble, which we know
can achieve capacity? Unfortunately, iterative decoding does not work well on el-
ements of this ensemble. Therefore, in constructing codes that are capable of ap-
proaching Shannon capacity under iterative decoding we have to worry both about
constructing good codes (which under optimal decoding could achieve capacity)
and about the performance of the suboptimal decoder compared to the optimal
one.

Figure 1.43 also gives insight into the finite-length behavior. If we consider each
finite-length curve, we see that it can be fairly cleanly separated into two regions
- the so-called waterfall region in which the error probability falls off sharply and
the error floor region in which the curves are much more shallow. As we discuss in
Sections 3.23 and 4.13, the waterfall region is due to large decoding failures and in
this region the decay of the error probability is exponential in the blocklength. On
the other hand, the error floor is due to small failures and in this region the decay is
only polynomial (see Sections 3.24 and 4.14).

In Figure 1.43 we did not plot the performance of a code but the average perfor-
mance of an ensemble. It is this ensemble approach that makes an analysis possi-
ble. What can we say about the performance of individual instances? For individual
instances the contributions stemming from large failures are sharply concentrated
around this ensemble average (see Sections 3.6.2 and 4.3.2). But the contributions
due to small weaknesses in the graph are no longer concentrated. In fact, in the
limit of large blocklengths, the distribution of these small weaknesses converges to
a well-defined limit (see Theorem D.32). The code design involves therefore two
stages. First, we find ensembles that exhibit a large threshold (good behavior in the
waterfall regime). Within this ensemble we then find elements that have few small
weaknesses and, therefore, low error floors.

§1.10. NOTATION, CONVENTIONS, AND USEFUL FACTS

Large parts of this book should be accessible to a reader with a standard background
in engineering mathematics but no prior background in coding. Some of the less
standard techniques that are useful for our investigation are summarized in the ap-
pendices.

A familiarity with some basic notions of information theory is helpful in places.
In fact not much is needed. We sometimes refer to the entropy of a random vari-
able X, which we denote by H(X). Entropy is a measure of the “unpredictability”
of a random variable. The smaller the entropy the easier it is to predict the out-
come of a random experiment. We use small letters for variables and capital let-
ters for random variables: we say that the random variable X takes on the value
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x. We write densities as px(x), and sometimes we use the shorthand p(x). In the
case that X is discrete with probability distribution px(x), the entropy is defined
as H(X) = - ¥, px(x)log px(x) where 0log0 is taken to be 0. If X has a density
then the equivalent quantity is called differential entropy and is defined in the natu-
ral way as h(X) = — [ px(x)log px(x)dx. Entropy and differential entropy share
the basic properties mentioned next and so we will not make any further notational
distinctions and simply refer to entropy. We sometimes invoke the so-called chain
rule: if X and Y are random variables then

(1.44) H(X,Y) = H(X) + H(Y | X),

where H(Y | X) = >, H(Y| X = x)px(x) and where H(Y | X = x) is the entropy
of the random variable with probability distribution py|x(y|x), where x is fixed.
This chain rule s a direct consequence of px v (x, y) = px(x)py|x(y|x) (see Prob-
lem 1.26). The rule extends in the natural way to more than two random variables:
eg. H(X,Y,Z)=H(X)+ H(Y|X) +H(Z|X,Y).

For the relatively simple channels we are concerned with, the Shannon capacity,
i.e., the maximal rate at which we can reliably transmit, is given by

(1.45) C=max I(X;Y),
px(x)

where X denotes the input of the channel and Y the output and where the mutual
information I(X;Y) is equal to H(X) - H(X|Y) = H(Y) — H(Y | X). The mutual
information I(X; Y) is a measure of how much information Y contains about X (or
vice versa). Problem 1.29 asks you to rederive the capacity of the BSC(¢) from this
general formula.

A fundamental fact is that mutual information is non-negative, i.e., I(X;Y) > 0
(see Problem 1.27). Using the representation I(X;Y) = H(X) - H(X|Y), we see
that conditioning does not increase entropy, i.e., we have

(1.46) H(X)>H(X|Y).
We write
(1.47) X->Y->2Z

to indicate that the triple X, Y, and Z forms a Markov chain, i.e., to indicate that
pxv.z(x,9,2) = px(x)py|x(y| %) pz v (2] y). In this case we have

pxzv(%.2]y) = px |y (x| ¥)pz1x,v (2] %, y) = px v (x| ¥) Pz v (2] ¥)-
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In words, if X - Y — Z then X and Z are independent given Y. Conversely,
pxzv(x:2|y) = px|y(x[y)pzv(z|y) implies that X — Y — Z. By symme-
try of this condition we see that X - Y — Z implies Z - Y — X. We get a Markov
chain in a natural way if, for a pair of random variables X and Y, we let Z = f(Y)
for some function f(-). We can characterize Markov chains also in terms of mutual
information: the random variables X, Y, and Z form the Markovchain X - Y - Z
ifand only if I(X;Z|Y) = 0.

We make use of the data processing inequality which states that for any triple of
random variables X, Y, and Z such that X - Y — Z, we have

(1.48) H(X|Y) < H(X|Z2).

Equivalently, we have I(X;Y) > I(X; Z). This is a natural statement: processing can
never increase the mutual information.

Given a channel py | x(y|x) and a function f(-), we say that Z = f(Y') is a suffi-
cient statistic for X given Y if X - Z — Y, i.e, if X isindependent of Y given Z (the
relationship X — Y — Z is always true if Z = f(Y) as we have just discussed). A
convenient necessary and sufficient condition that Z = f(Y) constitutes a sufficient
statistic is that py | x (| x) can be written in the form a(x, z)b(y) for some suitable
functions a(-,-) and b(-) (see Problem 1.22). For us the two most important conse-
quences of knowing that Z = f(Y) is a sufficient statistic for X given Y are that (i)
the optimum decision on X can be based on Z alone and (ii) H(X|Y) = H(X | Z).
The first claim is a direct consequence of the fact that py|x(y[x) can be writ-
ten in the form a(x,z)b(y) and so the second term can be canceled in the MAP
rule (see Section 1.5). The second claim follows from the data processing inequal-
ity since we know that in this case we have both X — Y — Z (which proves
H(X|Y)<H(X|Z))butalso X - Z — Y (which proves H(X | Z) < H(X|Y)). A
further relationship between the above quantities is discussed in Problem 1.23.

It is helpful to know the Fano inequality: assume that we want to estimate the
random variable X taking values in the finite alphabet X knowing the random vari-
able Y. Let X(y) denote any estimation rule and let P{%(Y") #+ X} denote the result-
ing probability of error. Fanos inequality asserts that (see Problem 1.28)

(1.49) h(P) + Plog(|X|-1) > H(X|Y).
For the special case where X is a binary random variable, Fano’s inequality reads
(1.50) h(P) > H(X|Y).

Random variables X which have a Gaussian distribution appear frequently. In

the Gaussian case we have px(x) = \/#7 exp(—(x — u)?/(20%)), where u is the
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mean of X, yu = E[X], and 0? is the variance of X, 0> = E[(X — u)?*]. We denote this
density by N'(u, 0?).

If x is a real parameter taking values in [0, 1], e.g., if x is a probability, we write
% for 1 — x. If n € N then the set {1, ..., n} is often abbreviated as [n].

Occasionally we want to bound the number of positive roots of a real-valued
polynomial. Let p(x) = 4 pix’ be a real-valued polynomial of degree d. Consider
the associated piecewise linear function whose graph interpolates the points (i, p;),
i € {0,...,d}. We say that p(x) has v sign changes if this associated function crosses
the x-axis v times.

ExaMPLE 1.51. Consider the polynomial p(x) = 1 +x* - 3.4x° + x!!. The associated
piecewise linear graph passes the x-axis twice so that v = 2. &

THEOREM 1.52 (DESCARTE’S RULES OF SIGNS). Let p(x) be a real-valued polynomial
with v sign changes and r positive real roots. Then r < v and v — r is even.

EXAMPLE 1.53. Consider again the polynomial p(x) = 1 + x* - 3.4x° + x!!. Since
v = 2 there exists either no positive root or there are exactly two. In fact, since
p(0) =1>0,p(l) =-0.4 <0,and p(2) = 1956.2 > 0, we know that there are
exactly two. A numerical calculation shows that the two roots are at x ~ 0.89144
and x ~ 1.11519. O

We frequently need to refer to some basic relations and estimates of factorials
and binomials. We summarize them here for reference:

(1.54) n! :/0 e ’s"ds,
(1.55) n! =v2nn(n/e)"(1+0(1/n)),
(1.56) (n/e)" < nl,
(1.57) e_%nk/klﬁ (Z) <n* /K1,
L k() n
(158) n+ 12 = (k)
(1 nhy(m/n)
(1.59) <2 , m<n/2,
2 () /
(1.60) (2:) — 47 /m(1 - 1/(8n) + O(n2)).

As you can see in (1.54), we write e for exp(1) to distinguish it from frequently
occurring variables named e.

In general, we make no special distinction between scalars and vectors. In a few
places, where confusion might otherwise arise, we denote a vector as x. We assume
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that vectors are row vectors. We sometimes write x{ as a shorthand for the set of
elements x;, X;41,... ,xj. Given a matrix A and a suitable index set Z, we let Az
denote the submatrix of A, restricted to the columns indexed by Z. If we deal with a
set of (random) variables X1, ..., X, it is often convenient to refer to all but one of
them. In such a case we write X.jasa shorthand for X;,..., X1, Xjs1s -5 X

For a convex-n function f(x) (we write “convex-n” for a concave function like
f(x) = log(x) and “convex-u” for a convex function like x*) and a density px(x)
Jensen’s inequality asserts that

(1.61) ff(x)px(x)dng(/ xpx(x)dx).

Given a polynomial p(x) (or a function which is analytic around zero) we write
coef{p(x), x*} to denote the coefficient of x* in its Taylor series expansion: coef{ (1+
k _ (n
x)" x"} = (k) ‘
For a function a(t) let G,(f) = [ a(t)e 2"/ dt denote its Fourier transform.
The Parseval theorem asserts that

[ a@p0de= [ Gu(nG (N,

where * denotes complex conjugation.

If n € N we say that a function f(n) is O(g(n)) if there exists a constant ¢ so
that |f(n)| < c|g(n)] for all sufficiently large n € N. We say that f(n) is 0(g(n))
if lim,_oo |[f(n)|/|g(n)| = 0. Finally, we write f(n) = ®@(g(n)) if there exist two
strictly positive constants ¢’ and ¢” so that ¢’|g(n)| < |f(n)| < ¢"'|g(n)| for n suf-
ficiently large. If the underlying parameter # is not clear from context we explicitly
denote it by writing O, (), 0,(-), and ©,(+).

Unless said otherwise, all performance plots are for ensemble averages and not
for specific instances. (Expectations are denoted as [E[-].) This makes the plots re-
producible. Of course, typically better performance can be achieved by carefully
selecting a specific instance from the ensemble.

We mark the end of a definition with v, the end of an example with &, and the
end of a proof with O.

Theorems, lemmas, equations, figures, tables, etc. are labeled by a common se-
quence of consecutive numbers within a chapter. This facilitates locating a referenced
item.

Maybe slightly unusually, the main text does not contain pointers to the litera-
ture. The typical lemma and theorem is a synthesis of either a sequence of papers or
has been discovered independently by several authors. Rather than interrupting the
flow of ideas in the main text we have opted to collect a history of the developments
of the main results at the end of each chapter.
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By now, the list of papers in the area of iterative decoding measures in the (tens
of) thousands. We have therefore not even attempted to give an exhaustive account
of references but to give a sufficient number of pointers to the existing literature so
that you can locate the relevant material quickly. We apologize to all authors whose
papers we have not included in our list. For the convenience of the reader we have
placed a list of references at the end of each chapter. Each bibliographic entry is
followed by a list of numbers within square brackets which indicate the pages on
which this particular reference is cited.

The order of the exercises roughly follows the order of the topics discussed in
the text. We have not ranked the exercises by difficulty. Those exercises that you can
solve are easy, the other ones are hard.

NOTES

Information theory and coding were born in Shannon’s paper “A Mathematical The-
ory of Communication” [57]. It was in this paper that Shannon formulated the com-
munications problem as we have presented it in Section 1.2 and where he showed
that the transmission task can be broken down into a source coding and a channel
coding problem. Our exposition of Shannon’s channel coding theorem in Section 1.6
for the BSC closely follows van Lint [62].

At around the same time, and working at the same location (Bell Labs), Ham-
ming constructed the first class of error-correcting codes [34]. Interestingly, Ham-
ming’s motivation was not Shannon’s capacity but the practical concern of correctly
operating a “computing” machine consisting of many relays. Such relays were inher-
ently unreliable and every couple of million relay operations an error would occur.
A large body of literature on coding was thereafter concerned with finding dense
packings of “Hamming” spheres of radius half the minimum (Hamming) distance.

To date there exists an extensive literature on bounds on weight distributions. We
refer the reader to the Handbook of Coding Theory [52], which contains several sur-
vey articles. The lower bound on the minimum distance we discuss in Problem 1.13
is due to Gilbert [32]. A similar bound was independently discovered by Varshamov
[64]. Asymptotically these two bounds yield the same result, which is the statement
discussed in Section 1.4 and in Problem 1.15. The upper bound on the minimum dis-
tance stated in Section 1.4 is due to Elias, who presented this result in class lectures
in the early 1960s. The bound was also discovered by Bassalygo and first appeared
in print in [5]. A substantially tighter upper bound was derived by McEliece, Ro-
demich, Rumsey, and Welch [48]. It is a tighter version of the linear programming
bound based on Delsarte’s association schemes [13]. For a discussion of the weight
distribution of random codes (linear and non-linear) see Barg and Forney [3] and
the references therein.
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The union bound on the performance of a code based on its weight distribution
is the simplest of a large class of such bounds (see Problem 1.21). A considerably
more sophisticated approach was developed by Gallager in his thesis [28]. Good
starting points are the article and the monograph by Sason and Shamai (54, 56],
which discuss in depth the relationships between the numerous bounds proposed
to date and which contain an exhaustive list of references.

In 1971 Cook proved that any problem in NP can be reduced in deterministic
polynomial time to the satisfiability problem [11]. Later, Karp showed that the sat-
isfiability problem can be reduced to many other problems in NP in deterministic
polynomial time. The collection of all these problems is the class of NP-complete
problems. The fact that the ML decision problem is NP-complete for binary linear
codes was shown by Berlekamp, McEliece, and van Tilborg [7] by reducing the prob-
lem to three-dimensional matching. The intractability of computing the minimum
distance was later shown by Vardy [63]. The classic reference relating to complexity
is the book by Garey and Johnson [31]. For survey articles concerning complexity
issues in coding theory see Barg [2], Sudan [60], Dumer, Micciancio, and Sudan
[16], as well as Spielman [59].

Elias showed that linear codes achieve capacity on the BSC [17]. A proof that lin-
ear codes achieve capacity on any BMS channel (Theorem 4.68) is due to Dobrushin
[15] and can also be found in Gallager [30].

BCH codes were discovered by Bose and Ray-Chaudhuri [9] and independently
by Hocquenghem [39]. Reed-Solomon codes (see Problem 1.9), which can be seen
as a special case of BCH codes, were proposed around the same time by Reed and
Solomon [53]. They are part of many standards and products. Fairly recently, there
have been exciting new developments concerning the decoding of Reed-Solomon
codes beyond the minimum distance. This development was initiated by Sudan
who introduced his list decoding algorithm [61] for Reed-Solomon codes. This was
quickly followed by an improved list decoding algorithm due to Guruswami and
Sudan [33]. Further, it was shown by Kétter and Vardy how to turn the list decoding
algorithm into a soft-decision decoding algorithm [41].

Convolutional codes (Example 1.31) are due to Elias [17]. The theory of convo-
lutional codes was developed by Forney in a series of papers [22, 23, 24]. Further
excellent references on the theory of convolutional codes are the books by Johan-
nesson and Zigangirov [40], Viterbi and Omura [66], and the survey article by
McEliece, which is contained in the collection [52]. Sequential decoding was in-
vented by Wozencraft [69] with important contributions due to Fano [18]. The
Viterbi algorithm was introduced by Viterbi [65] originally as a proof technique.
It was pointed out by Forney [21] and later independently by Omura [49] that the
Viterbi algorithm was optimal, i.e., that it accomplished MAP decoding. Heller, who
at that time worked at the Jet Propulsion Laboratory, was the first to recognize that
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the Viterbi algorithm was not only of theoretical interest but also immensely practi-
cal [36, 37]. The classical reference is [25]. If you are looking for a historical account
we recommend [27].

Forney developed the theory of concatenated codes (see page 22) in his thesis
[19, 20].

A simple derivation of the random coding exponent was given by Gallager [29],
extending Shannon’s random coding technique [57]. Further bounds were devel-
oped by Shannon, Gallager, and Berlekamp [58]. The equivalent statements for con-
volutional codes were developed by Yudkin [70], Viterbi [65], and Forney [26]. For
the state of the art in this area we refer the reader to Barg and McGregor [4] as well
as Burnashev [10].

For a history of the development of iterative decoding see the Notes at the end
of Chapter 4. The representation of Hamming codes via Venn diagrams which we
used in Section 1.9 is due to McEliece [47].

The Descartes rule of signs can be found in [14] and [38, Chapter 6]. The idea
of performing bit MAP decoding of a block code via a trellis, as discussed in Prob-
lem 1.19, is due to Bahl, Cocke, Jelinek, and Raviv [1]. The trellis is typically called
the Wolf trellis [68], in reference to Wolf’s work on the related block MAP decoding
problem (another name is syndrome trellis). The MacWilliams identities, discussed
in Problem 1.20, give a fundamental connection between the weight distribution of
a code and its dual [44].

There is a large list of excellent books on classical coding theory. To mention just
a few of the most popular ones in alphabetic order: Berlekamp [6], Blahut [8], Lin
and Costello [42], MacWilliams and Sloane [45], McEliece [46], Pless [51], and van
Lint [62]. A list of survey articles was collected by Pless and Huffman [52]. For books
that focus exclusively on convolutional codes see Johannesson and Zigangirov [40],

Piret [50], and Viterbi and Omura [66]. More recently, some books on iterative
decoding also have become available: Heegard and Wicker [35], Schlegel and Perez
[55], and Vucetic and Yuan [67]. Readers interested in information theory need look
no further than to Gallager [30] or Cover and Thomas [12]. A further recommended
source which spans a wide range of topics is the book by MacKay [43].

Codes also play an important role in many areas of science. To name just a few:
in mathematics they give rise to dense point lattices and allow the construction of
designs for use in statistics. In the area of computer science, public-key crypto sys-
tems may be based on codes, they are the crucial ingredient for some extractors
- generating many weakly random bits from a few truly random ones - and they
make efficient hashing functions. Codes are helpful in minimizing the communi-
cation complexity and they can be used to turn worst-case hardness into average-
case hardness. In the area of communications, besides helping to combat the noise
introduced by the communication channel, codes can help to represent sources ef-



PROBLEMS 35

ficiently, to avoid large peak-to-average power ratios, or to minimize interference in
multi-user systems. Most of these areas are well outside the scope of this book.

PRrROBLEMS

1.1 (INNER PrODUCT). Let IF be a field and consider the vector space F", n € N. For
u,v € F" define the inner product of u and v by (u,v) = X7, u;v;, where all opera-
tions are performed in F. Show that this inner product has the following properties:

L (t+u,v)=(tv)+(u,v), tuvelF"
2. (au,v)=a(u,v), ackF, uvelF"
3. (u,v)=(v,u), u,veF"

Unfortunately, (-, ) is not necessarily an inner product in the mathematical sense:
show that, for F = F,, (u,u) = 0 does not imply u = 0 by exhibiting a counterex-
ample. Therefore, F5, equipped with (-, -), is not an inner-product space. As a con-
sequence, if G is a generator matrix over IF, and H is a corresponding parity-check

matrix, then
G
H

does not necessarily span the whole space [F} - the row-space spanned by H is not
the orthogonal complement of the row-space spanned by G. Consider, e.g., the gen-

erator matrix
1 1 0 0
G_(o 0 1 1)

and the associated code C(G). Determine C*. A code C such that C = C* is called
self-dual.

1.2 (HAMMING DI1STANCE). Show that the Hamming distance introduced in Defini-
tion 1.11 fulfills the triangle inequality.

1.3 (EXTENDING, PUNCTURING, AND SHORTENING). In this exercise we are con-
cerned with certain simple procedures that allow us to construct new codes from
given ones. Assume we have a code C(n, M, d) (not necessarily linear) over a field
F. If d is odd then we can extend the code by appending to each codeword x =
(x1,...,%x,) the extra symbol x,.1 = — Y1, x;. The inverse operation, namely to
delete a symbol, is called puncturing. Finally, consider any subset of codewords that
have the same last symbol. Keep only this subset and delete this common symbol.
This procedure is called shortening. How do these procedures change the parameters
of the code? Under which of these operations do linear codes stay linear?
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1.4 (u + v CONSTRUCTION). Assume we are given two binary codes C;(n, My, d;)
and C,(n, M3, d,). Define a new code C by

C={(w,u+v)|ueCy,veC}.
Show that C is binary and has parameters C(2n, M; M,, d = min(2d;, d;)).

1.5 (PROPER CODES). Let C be a proper (see Definition 1.21 on page 14) linear code
oflength n over the field F. Prove that, for every position i, 1 < i < n, and every field
element a, a € IF, the number of codewords that have an « at position i is equal to
|C|/|F|. What happens if the code is not proper? Is the equivalent statement true if
you consider a set of positions?

1.6 (ONE C, MANY G). Show that a binary linear code C of length n and dimension
k has 2(2) Ik, (2" - 1) distinct k x n generator matrices.

1.7 (CONVERSION OF G INTO SYSTEMATIC FORM). Let G be a kxn generator matrix of
rank k. Show that G can be brought into systematic form by elementary row/column
operations (i.e., permutations of rows/columns, multiplication of a row by a non-
zero element of IF, and addition of one row to another.) Prove that these operations
do not change the minimum distance of the code.

Hint: Show that G must contain a k x k rank-k submatrix, call it A, formed by k
columns of G. Multiply G from the left by A~! and perform column permutations
if necessary to bring the result into systematic form.

1.8 (CONVERSION G <> H). Show that if G is a generator matrix in systematic form,
G = (Ix P), then H = (-PT I, ;) is a corresponding parity-check matrix. The
parity-check matrix of the [7,4, 3] binary Hamming code given in (1.25) has the
form (—PT I, k). Use this fact to write down a corresponding generator matrix G.

1.9 (REED-SoLoMON CoDES). Reed-Solomon (RS) codes are one of the most widely
used codes today. In addition they possess several fundamental properties (see, e.g.,
Problem 1.11). Here is how they are defined.

Given a finite field F, choose #n and k such that n < |F|and 1 < k < n. To con-
struct a RS code with parameters n and k over the field F choose n distinct elements
from IF, call them xy, . . ., x,—1. Let F[x] denote the ring of polynomials with coeffi-
cients in F, i.e., the set of polynomials in the indeterminate x with coefficients in
and the standard addition and multiplication of polynomials. Then C is defined as

C={(A(x0)>--.»A(xp-1)) : A(x) € F[x] s.t. deg(A(x)) < k}.

In words, we consider the set of polynomials with coefficients in I and degree at
most k — 1. Each such polynomial we evaluate at the n distinct points x;,0 < i < n,
and the result of these evaluations form the # components of a codeword.
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Show that an RS code as defined earlier with parameters #n and k over the field
F has dimension k and minimum distance # — k + 1. We summarize the parameters
of such a code in the compact form [n, k,n — k + 1].

Hint: Over any field F, a polynomial of degree d has at most d roots in F. This
is called the fundamental theorem of algebra.

1.10 (SINGLETON BOUND). Show that for any code C(n, M, d) over a field F, d <
n—log (M) + 1. This is called the Singleton bound. Codes that achieve this bound
are called maximum-distance separable (MDS).

Hint: Arrange the M codewords of length 7 in the form of an M x n matrix
and delete all but the first |logp (M)] columns. Argue that the minimum distance
between the resulting rows is at most one.

1.1 (MAXiMUM DISTANCE SEPARABLE CODES). Asdiscussed in Problem 1.10,a code
C which fulfills the Singleton bound is called MDS. Examples of such codes are
repetition codes with parameters [#, 1, n] and RS codes with parameters [n, k,n —
k+1]. Let C be an MDS code with parameters [, k, d = n—k + 1]. Show that C has
the following property. Any subset of [n] of cardinality k is an information set. More
precisely, for any such subset and any choice of elements of I at these k positions
there is exactly one codeword which agrees with this choice.

Next let C be a binary linear code with parameters [#, k| and generator matrix
G. Assume that its dual, C*, is an MDS code (hence this dual has parameters [, n —
k, k + 1]). Show that also in this case C has the property that any subset of [n] of
cardinality k is an information set.

112 (HAMMING BounDp). Consider a code C(n, M, d) over a field F. Prove that
d-1
Mz 3 ()IFI-1) < [F]"
Hint: Consider spheres of radius ¢ = [%J centered around each codeword.
Note: A code C which fulfills the Hamming bound with equality is said to be
perfect. It is easy to check that binary repetition codes of odd length are perfect
codes. Further all Hamming codes are perfect. Without proof we state that the only
other perfect multiple-error correcting codes are the [23, 12, 7] binary Golay code
and the [11, 6, 5] ternary Golay code.

1.13 (GILBERT-VARSHAMOV BOUND). Show that for any d < n, n € N, and any field
[F there exist codes C(n, M, d) over F with M > %.

i=0 \j -
Hint: Consider spheres of radius d — 1 centered around each codeword.

1.14 (GREEDY CODE SEARCH ALGORITHM). The Gilbert-Varshamov bound we dis-
cussed in Problem 1.13 gives rise to the following greedy code search algorithm. Start
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by picking a point in F” where the choice is made with uniform probability. The ini-
tial code C consists of this chosen codeword. At any following step delete from F”"
all codewords currently in C as well as all points contained in spheres of radius d — 1
around these codewords, where d is the design distance. If the resulting set is non-
empty pick another point and add it to C, otherwise the algorithm terminates.

Show that this algorithm results in a code C(n, M,d) over F with minimum
distance at least d and cardinality at least

-1, ‘
[ERWIERMIE
i=0 \ !

Note: Such a greedy algorithm does in general not result in a linear code. Sur-
prisingly, the bound is still true if we restrict C to be linear, and a slightly modi-
fied greedy algorithm generates a linear code with the desired properties. Define
V(F,n,t)=%!, (’Z')(| F|-1)’. Let Cy be the trivial [#, 0, n] code consisting of the
zero word only. We proceed by induction. Suppose that we constructed the linear
[1, k,> d] code Cy. Such a code contains M = |F | codewords. If | F [FV (F, n,d) >
|IF|" then we stop and output C. Otherwise proceed as follows. Delete from F" all
codewords of Cy as well as all points contained in the spheres of radius d — 1 around
these codewords. Since |F |V (IF, n,d — 1) < |F|", the resulting set is not empty.
Pick any element from this set and call it gz, ;. Let Cy, be the linear code resulting
from joining g, to a set of generators {gi, ..., g } for Cx. We claim that Cy, has
minimum distance at least d. Every element ¢’ in Cy,; has a representation of the
form ¢’ = agg,, + c where a € Fand ¢ € Cy. If a = 0 then w(c') = w(c) > d
by the assumption that Cy is a [n, k,> d] code. If on the other hand a # 0 then
w(c") =w(agii +¢) =w(grs1 +a 'c) = d(gis1,—a 'c) > d by our choice of gy,
and since —a !¢ € Cy by linearity.

1.15 (AsymMPTOTIC GILBERT-VARSHAMOV BouND). Fix F = [F,. Consider codes of
increasing blocklength # with 21! codewords, where r, r € (0,1), is the rate. Let
d(C) denote the minimum distance of a code C and define the normalized distance
d = d/n. Starting with the Gilbert-Varshamov bound discussed in Problem 1.13,
show that §*(r) as defined on page 7 fulfills §*(r) > h5'(1 - r).

1.16 (PAIRWISE INDEPENDENCE FOR GENERATOR ENSEMBLE). Let F = [F, and con-
sider the following slight generalization of Elias’s generator ensemble G(n, k); call
it G(n, k). To sample from G(n, k) choose a random element C from G(#, k) and
a random translation vector ¢ from F}. The random sample CisC=C+c,ie,a
translated version of the code C. Prove that in G(n, k) codewords have a uniform
distribution and that pairs of codewords are independent. More precisely, let { ull }l.,

where i ranges from 0 to 2% — 1, denote the set of binary k-tuples, ordered in some
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fixed but arbitrary way. For G € G(n, k) and ¢ € FY, let xl1(G, ¢) = ¢ + ul'lG be
the i-th codeword. Prove that for j # i, IP’{XU] |X[i] = x} is uniform, i.e., for any
v EFS,IF’{XU] = | xL1] =x}=5

1.17 (MEAN AND SECOND MOMENT FOR G (1, k)). Consider Elias’s generator ensem-
ble G(n,k), 0 < k < n, as described in Definition 1.26. Recall that its design rate is
r = k/n. For C € G(n, k), let A(C,w) denote the codewords in C of Hamming
weight w. Show that

nr

Ec[A(Cow =0)] = 1+ 2 = Aw=0),
Ec[A(C,w)] = (1’;)22' LAy w1,

Bol#(Cm)] = Awy « UETZD (M

_ _ nr _ 1 2
Ecl(A(Cw) - Aw))] = Alw) - 2, (”) Wl
"oA\w
What is the expected number of distinct codewords in an element chosen uniformly
at random from G(n, k)?

1.18 (MEAN AND SECOND MOMENT FOR H(#, k)). Consider Gallager’s parity-check
ensemble H(n, k), 0 < k < n, as described in Definition 1.26. Recall that its design
rate is equal to r = k/n. For C € H(n, k), let A(C, w) denote the codewords in C of
Hamming weight w. Show that

A(C,w=0)] =1,
Ec[A(C,w)] = (Z)z*nﬂff) _A(w), wa1,

Ec[A%(C,w)] = A(w) + (Z) ((Z) - 1) 272000 s,

Ec[(A(C,w) = A(w))*] = A(w) - (”)2*2"(1*”, w1,
w
What is the expected number of distinct codewords in an element chosen uniformly
at random from H(n, k)?

1.19 (WoLF TRELLIS — BAHL, COCKE, JELINEK, AND RAvIV [1], WOLF [68]). There s
an important graphical representation of codes, called a trellis. A trellis T = (V, E)
of rank n is a finite directed graph with vertex set V and edge set E. Each vertex is
assigned a “depth” in the range {0, ..., n}, and each edge connects a vertex at depth
i to one at depth i + 1, for some i = 0, 1,..., n— 1. The Wolf trellis for a binary linear
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code C with (n— k) x n parity-check matrix H = (h!,..., hl), where th is the j-th
column of H, is defined as follows. At depth i,i =0, ..., n, the vertex set consists of
2"k vertices, which we identify with the set of binary (n — k)-tuples. A vertex v at
depth i is connected to a vertex u at depth (i + 1) with label A € {0, 1} if there exists
a codeword ¢ = (cy,...,c,) € C with ¢;41 = A such that

i+1

V—Zc]j and u—Zc] js

where by convention Z?:1 cjhj = (0,...,0). This is the key to this representation:
there is a one-to-one correspondence between the labeled paths in the Wolf trellis
starting and ending in the zero state (the fact that the final state is zero follows from
HcT = 07) and the codewords of C. Note that codewords “share” edges and so the
total number of edges is, in general, much smaller than the number of codewords
times the length of the code. Hence, the Wolf trellis is a compact representation
of a code. Many important algorithms can be performed on the trellis of a code
(e.g., decoding, determination of minimum distance, etc.) We revisit this topic in
Section 6.1 when discussing convolutional codes.

Draw the Wolf trellis for the [7, 4, 3] Hamming code with parity-check matrix
given in (1.25).

1.20 (MACWILLIAMS IDENTITIES — MACWILLIAMS [44] - PRESENTATION THAT FOL-
LOWS DUE TO BARG). For linear codes there is a fundamental relationship between
the weight distribution of a code and the weight distribution of its dual code. Let us
explore this relationship for the binary case. Let C be a binary linear [#, k] code. Let
A, i=0,...,n, be the number of codewords in C of weight i (to lighten the nota-
tion we write A; instead of A(C, i)). Note that Ay = 1 and that |C| = Y.} A;. We call
the collection { A; }o<i<, the weight distribution of the code C. In the same manner,
we call {All.}os,-gn the weight distribution of the dual code C*. The MacWilliams
identity states that

A A;P; 0<ij<
]|C|Z (i), 0<j<n,

where P;(i) = 27:0(_1)1(;)(?:;)'

1. Let Ebeasubsetof {1,2,...,n} and |E| denote its size. Let C(E) be the sub-
code of C with zeros outside E. More precisely, C(E) is the collection of those
elements of C which have non-zero elements only within the coordinates in-
dexed by E. Note that the zero codeword is always in C(E) so that C(E) is not
empty. Prove that > A; ( ) Y|Ej=w |C(E)| for every 0 < w < n, where
the sum is over all E of size w.
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2. Let Hg denote the submatrix formed by the columns of H that are indexed by
E. Assume that |E| = w. Prove that C(E) is a binary linear code with dimen-
sion dim(C(E)) = w — rank(Hp).

3. Prove that w — rank(Hg) = k - rank(Gg) where E is the complement of
E within {1,...,n}. (This property plays a central role in Lemma 3.74 and
Theorem 3.77.)

4. Justify each of the following steps:

n—u n— l .
>a(" )2 % i)
i=0 u |E|=n—u
(i) 2n—u—rank(GE)
|E|=n-u
(iif) on—k-u Z 2u—rank(HE—)
|E|=n—u
(1;') 2n—k—l4 zu:Ai(n - l)
i=0 \n—u
5. Use Zi(—l)j’i(z:{)(::;) = 6]-,VIV to prove A; = ﬁ YioAiPi(i),0< j<m,
where P;(i) = £1.(-1)'(;) (}))-
Hint: Consider the generating function 3.7 Pj(i)xi =(1+x)"(1-x)"and
expand it using the form (1 - x)"(1 + 12__xx ne

6. Use your result to calculate the weight distribution of the dual of the [7, 4, 3]
Hamming code.

1.21 (UPPER BOUND ON ERROR PROBABILITY VIA WEIGHT DISTRIBUTION). Con-
sider a linear binary code C of length n and dimension k. Let A,, denote the number
of words of weight w and let

A(D) = Z A,D".

w=0

A(D) is called the weight enumerator of the code. Consider the parity-check ensem-
ble H(n, k).

Let x be a fixed binary word of length n. Argue that for a randomly chosen
element C € H(n, k)

x=0,

1,
P{xeC}= {2—(n—k)

otherwise.
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Hint: What is the probability that x fulfills one parity-check equation, i.e., that
> jHi jxj =0 for some fixed i?

Since H is random, A,, is a random variable as well and we denote it by A,, (H).
Use the previous result and argue that every code in this ensemble contains the all-
zero word, in particular

Ag=E[A¢(H)] =1,

and that the expected number of codewords of weight w, w > 0, is given by

Ay = E[A,(H)] = (Z)z*"-k).

Define the average weight enumerator as

n
A(D)= > A,D".
w=0
Using the preceding result on A,, and your mastery of formal power sums, write
A(D) in a compact form.

For a fixed code C, we will now derive a simple upper bound on its block error
probability under ML decoding when transmitting over an additive white Gaussian
noise channel with noise variance 2. More precisely, suppose the input takes val-
ues in {+1} and that we add to each component of the transmitted codeword an iid
Gaussian random variable with variance o>. Let Y denote the received word and let
M (y) denote the ML decoded vector. Finally, let Py denote the resulting probabil-
ity of block error. Justify each step in the following sequence:

Py =P{x" (V) #0|X =0} =P{z"(Y)eC~ {0} | X =0}
=P max p(Y[0)2p(Y|0)|X=0}< ¥ P(p(Y|x)>p(Y|0)|X =0}

xeC\{0}
= 3 P{x-YP<|YP|X=0}= ¥ Q(Vu;(x))
xeC~{0} xeC~\{0}
R B T |
w=1 2 2

Collect all the previous results to conclude that the average block error probability
for our ensemble can be bounded by
__1 \n
(1+e27)" -1 . Lo-a-n)
E[PB(H)] < T 2n( og,(1+e 2
We conclude that as long as r < 1 —log, (1 + e‘ﬁ), we can drive the expected
expected error probability to 0 by increasing the length. Better bounds can improve
this rate function.
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1.22 (SUFFICIENT STATISTIC). Consider transmission of X chosen with probability
px(x) from some code C and let Y denote the received observation. Further, let Z =
f(Y), where f(-) is a given function. Prove that Z constitutes a sufficient statistic
for X given Y if and only if py|x(y|x) can be brought into the form a(x,z)b(y)
for some suitable functions a(-,-) and b(-).

1.23 (MORE ON SUFFICIENT STATISTIC). Consider three random variables X, Y, and
Z. Suppose that X — Y — Z, where Z = f(Y). We discussed on page 29 that if
X > Z - Ythen H(X|Y) = H(X|Z).

Show that the converse is true as well. More precisely, show that if H(X|Y) =
H(X|Z)thenX - Z - Y.

Hint: Show that I(X; Y|Z) = 0.

1.24 (BouND ON BINOMIALS). Let 0 < k < m and k, m € N. Justify the following
steps.

@_m(m—l)...(m—lwrl):mk mk

Hint: Bound the sum by an integral.

1 k' k' e_ z;c:—ll ln(l—i/m) S k' ekz/m.

1.25 (BounD on SuMm OF BiNnomiaLs). Prove the upper bound stated in (1.59).
Hint: Consider the binomial identity ) _, (Z)xk = (1+x)" withx = m/(n-m).

1.26 (CHAIN RULE). Give a proof of the chain rule H(X,Y) = H(X) + H(Y | X).
Hint: Write px v (x, y) as px(x)py|x(y|x)-

1.27 (NON-NEGATIVITY OF MUTUAL INFORMATION). Prove that I(X;Y) > 0.

Hint: Write -I(X;Y) as X, px,y(x, y) log ‘% and apply Jensen’s in-

equality (1.61).

1.28 (FANO’s INEQUALITY). Prove Fano’s inequality (1.49).

Hint: Define the {0, 1}-valued random variable E, which takes on the value
1if 2(Y) # X. Expand H(E,X|Y) as H(X|Y) + H(E|X,Y) and H(E|Y) +
H(X|E,Y), equate the two terms, and bound H(E|X,Y), H(E|Y), as well as
H(X|E, Y).

1.29 (THE CaPAcIiTY OF THE BSC REDERIVED). Start with (1.45) and show that the
capacity of the BSC(¢) is equal to Cgsc(€) = 1 — hy(€) bits per channel use.

1.30 (DESCARTE’S RULE OF SIGNS). Prove Theorem 1.52.
Hint: Use induction on r. First prove the claim for r = 0 using the fundamental
theorem of algebra.
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Chapter 2
FACTOR GRAPHS

This chapter is largely about the following question: how can we efficiently compute
marginals of multivariate functions. A surprisingly large number of computational
problems can be phrased in this way. The decoding problem, which is the focus of
this book, is an important particular case.

§2.1. DISTRIBUTIVE LAw
Let I be a field (think of F = R) and let a, b, c € IF. By the distributive law

(2.1) ab+ac=a(b+c).

This simple law, properly applied, can significantly reduce computational complex-
ity: consider, e.g., the evaluation of }_; ;a;b; as (¥; a;)(X; b;). Factor graphs pro-
vide an appropriate framework to systematically take advantage of the distributive
law.

ExAMPLE 2.2 (SIMPLE EXAMPLE). Let’s start with an example. Consider a function
f with factorization

(2.3)  f(x1, %2, X3, X4, X5, X6) = f1(%1, %2, %3) fo (X1, X4, X6 ) f3(%4) fa (x4, X5).

We are interested in computing the marginal of f with respect to x;. With some
abuse of notation, we denote this marginal by f(x;):

flx1)= > fx1,%2,%3, X4, %5, %6) =y, (%1, X2, X3, X4, X5, Xg).

X2,X3,X4,X5,X6 ~X1

In the previous line we introduced the notation ) to denote a summation over
all variables contained in the expression except the ones listed. This convention will
save us from a flood of notation. Assume that all variables take values in a finite
alphabet, call it X'. Determining f(x;) for all values of x; by brute force requires
(] (|X \6) operations, where we assume a naive computational model in which all
operations (addition, multiplication, function evaluations, etc.) have the same cost.
But we can do better: taking advantage of the factorization, we can rewrite f(x;) as

f(x1) = [ > f1(X1,X2,X3)][Zf3(.9€4)(;f2(xl,X4,x6))(;f4(X4,X5))].

X2,X3 X4

49



50 FACTOR GRAPHS

Fix x;. The evaluation of the first factor can be accomplished with ® (\X ]2) oper-
ations. The second factor depends only on x4, x5, and x6. It can be evaluated ef-
ficiently in the following manner. For each value of x4 (and x; fixed), determine
Yxs fa(x4,x5) and ¥ fo(x1, X4, X6 ). Multiply by f3(x4) and sum over x4. There-
fore, the evaluation of the second factor requires ® (|X |2) operations as well. Since
there are | X'| values for x;, the overall task has complexity © (|X|*). This compares
favorably to the complexity ® (|X ]6) of the brute force approach. O

§2.2. GRAPHICAL REPRESENTATION OF FACTORIZATIONS

Consider a function and its factorization. Associate with this factorization a factor
graph as follows. For each variable draw a variable node (circle) and for each factor
draw a factor node (square). Connect a variable node to a factor node by an edge if
and only if the corresponding variable appears in this factor. The resulting graph for
the function of Example 2.2 is shown on the left of Figure 2.4. The factor graph is
bipartite. This means that the set of vertices is partitioned into two groups (the set
of nodes corresponding to variables and the set of nodes corresponding to factors)
and that an edge always connects a variable node to a factor node. For our particular
example the factor graph is a (bipartite) tree. This means that there are no cycles
in the graph; i.e., there is one and only one path between each pair of nodes. As

X1

1/ \ £ .
VA -
N

1 {x4+x5+x7=0}

e

X2 ]l{x3+x4+xa=0}

X

X6
f4 X1 ]1{x1+x2+X4=0}

X5

Figure 2.4: Left: Factor graph of f given in Example 2.2. Right: Factor graph for the
code membership function defined in Example 2.5.

we will show in the next section, for factor graphs that are trees marginals can be
computed efficiently by message-passing algorithms. This remains true in the slightly
more general scenario where the factor graph forms a forest; i.e., the factor graph is
disconnected and it is composed of a collection of trees. In order to keep things
simple we will assume a single tree and ignore this straightforward generalization.
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ExAMPLE 2.5 (SPECIAL CASE: TANNER GRAPH). Consider the binary linear code
C(H) defined® by the parity-check matrix

X1 X2 X3 X4 X5 X6 X7

1101000

H= 0011010

0001101

Let F, denote the binary field with elements {0, 1} and let x = (x1,...,x7). Con-
sider the function f(x1,...,x;) from IF; to {0, 1} c R that is defined by

1, ifHxT =0T,
0, otherwise.

flxn, o, %7) = Liecnyy = {

We can factor f as

f(xl’ cer x7) = 1{X1+X2+X4:0} ]l{x3+x4+x6:0}1{x4+x5+x7:0}'

Each term 1., is an indicator function: it is 1 if the condition inside the braces is ful-
filled and 0 otherwise. The function f is sometimes also called the code membership
function since it tests whether a particular word is a member of the code or not. The
factor graph of f is shown on the right in Figure 2.4. It is called the Tanner graph of
H. We will have much more to say about it in Section 3.3. O

It is hopefully clear at this point that any (binary) linear block code has a Tanner
graph representation. But more is true: e.g., if you are familiar with convolutional
codes take a peek at Figure 6.5 on page 327. It represents a convolutional code in
terms of a factor graph. Throughout the rest of this book we will encounter factor
graphs for a wide range of codes and a wide range of applications.

§2.3. RECURSIVE DETERMINATION OF MARGINALS

Consider the factorization of a generic function g and suppose that the associated
factor graph is a tree (by definition it is always bipartite). Suppose that we are in-
terested in marginalizing g with respect to the variable z; i.e., we are interested in
computing g(z) =3, g(z,...). Since the factor graph of g is a bipartite tree, g has
a generic factorization of the form

g(z,---)=£[[gk(z,---)]

"We mean here the code C whose parity-check matrix is H and not the dual code.
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for some integer K with the following crucial property: z appears in each of the
factors gy, but all other variables appear in only one factor. To see this assume to the
contrary that another variable is contained in two of the factors. This implies that
besides the path that connects these two factors via variable z another path exists.
But this contradicts the assumption that the factor graph is a tree.

For the function f of Example 2.2 this factorization is

flxn,o) = [filxn xa,x3) ] [f2(x1, x4, X6) f3(4) fa (x4, x5) |,

so that K = 2. The generic factorization and the particular instance for our running
example f are shown in Figure 2.6. Taking into account that the individual factors

g
V4
g@@ fl ‘
[&1] [g] [g] [fi]

[f2f3 4]

Figure 2.6: Generic factorization and the particular instance.

gk(z,...) only share the variable z, an application of the distributive law leads to

K K
(2.7) Ve ) =2 sz )] = ,H[ng(z,...)] .

~z k=1

marginal of product  product of marginals

In words, the marginal Y., g(z,...) is the product of the individual marginals
>z 8k(z,...). In terms of our running example we have

f(x1) = [Zf1(x1,xz,x3)] [Zfz(xbx4aX6)f3(x4)f4(x4’x5)]-

~X1 ~X1

This single application of the distributive law leads, in general, to a non-negligible
reduction in complexity. But we can go further and apply the same idea recursively
to each of the terms gx(z,...).
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In general, each gy is itself a product of factors. In Figure 2.6 these are the factors
of g that are grouped together in one of the ellipsoids. Since the factor graph is a
bipartite tree, gy must in turn have a generic factorization of the form

gk(z,...)=h(z, zl,...,z])H[h (zj».. )]

kernel factors

where z appears only in the “kernel” h(z,zi, ..., 2y) and each of the z; appears at
most twice, possibly in the kernel and in at most one of the factors hj(zj,...). All
other variables are again unique to a single factor. For our running example we have

fa(x1, x4, x6) f3(x4) fa (%45 X5) = f2(x1, X4, X6) [ f3(%a) fa (x4, x5) ] ill

kernel X4 X6

The generic factorization and the particular instance for our running example f are
shown in Figure 2.8. Another application of the distributive law gives

X1

g

kernel

N
f3 S

(8] [f2f3f4]

Figure 2.8: Generic factorization of g; and the particular instance.
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1

-
1l

.:]\

Il
—

[Zh (zj...) ]

~Zj

(2-9) ZZh(Z,Zl,...,Z]
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product of marginals
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In words, the desired marginal . _, gx(z, ... ) can be computed by multiplying the
kernel h(z,z1, ..., z;) with the individual marginals 3., h;(zj,...) and summing
out all remaining variables other than z.

We are back to where we started. Each factor h(zj,...) has the same generic
form as the original function g(z, ... ), so that we can continue to break down the
marginalization task into smaller pieces. This recursive process continues until we
have reached the leaves of the tree. The calculation of the marginal then follows
the recursive splitting in reverse. In general, nodes in the graph compute marginals,
which are functions over &, and pass these on to the next level. In the next section
we will elaborate on this method of computation, known as message passing: the
marginal functions are messages. The message combining rules at function nodes is
explicitin (2.9). And at a variable node we simply perform pointwise multiplication.

Let us consider the initialization of the process. At the leaf nodes the task is sim-
ple. A function leaf node has the generic form g, (z), sothat Y, gx(z) = gx(2): this
means that the initial message sent by a function leaf node is the function itself. To
find out the correct initialization at a variable leaf node consider the simple exam-
ple of computing f(x1) = X, f(x1,x2). Here, x, is the variable leaf node. By the
message-passing rule (2.9) the marginal f(x;) is equal to Y., f(x1,%2) - u(x2),
where p(x;) is the initial message that we send from the leaf variable node x; to-
wards the kernel f(x;,x2). We see that to get the correct result this initial message
should be the constant function 1.

§2.4. MARGINALIZATION VIA MESSAGE PASSING

In the previous section we have seen that, in the case where the factor graph is a tree,
the marginalization problem can be broken down into smaller and smaller tasks
according to the structure of the tree.

This gives rise to the following efficient message-passing algorithm. The algo-
rithm proceeds by sending messages along the edges of the tree. Messages are func-
tions on X, or, equivalently, vectors of length |X'|. The messages signify marginals
of parts of the function and these parts are combined to form the marginal of the
whole function. Message passing originates at the leaf nodes. Messages are passed
up the tree and as soon as a node has received messages from all its children, the
incoming messages are processed and the result is passed up to the parent node.

EXAMPLE 2.10 (MESSAGE-PASSING ALGORITHM FOR f OF EXAMPLE 2.2). Consider
this procedure in detail for the case of our running example as shown in Figure 2.11.
The top leftmost graph is the factor graph. Message passing starts at the leaf nodes as
shown in the middle graph on the top. The variable leaf nodes x3, x3, x5, and x¢ send
the constant function 1 as discussed at the end of the previous section. The factor leaf
node f3 sends the function f3 up to its parent node. In the next time step the factor



MARGINALIZATION VIA MESSAGE PASSING 55

node f; has received messages from both its children and can therefore proceed.
According to (2.9), the message it sends up to its parent node x; is the product of
the incoming messages times the “kernel” f;, after summing out all variable nodes
except x1; i.e., the message is )., f1(x1,%2,x3). In the same manner factor node
fa forwards to its parent node x4 the message >°_,, fa(x4, x5). This is shown in the
rightmost figure in the top row. Now, variable node x4 has received messages from all
its children. It forwards to its parent node f, the product of its incoming messages,
in agreement with (2.7), which says that the marginal of a product is the product of
the marginals. This message, which is a function of x4, is f3(x4) Xy, f (%4, %5) =
Y ox, f3(x4) fa(x4, x5). Next, function node f, can forward its message, and, finally,
the marginalization is achieved by multiplying all incoming messages at the root
node x. o

POV NN
A /h/& A
m‘ ﬁml ﬁmm

X50
Yoor, N2 f3fa

S fy'\ S fi /\z hffe s, / AN
/F/Kméﬁ/ﬁmzh/ﬁ

~X4 f4 ~X4 f4 ~x4 f4
Yoy f3f4 PN f3f4
1
X5 I

T T
X50 X50

Figure 2.11: Marginalization of function f from Example 2.2 via message passing.
Message passing starts at the leaf nodes. A node that has received messages from all
its children processes the messages and forwards the result to its parent node. Bold
edges indicate edges along which messages have already been sent.

P f3f4

Before stating the message-passing rules formally, consider the following im-
portant generalization. Whereas so far we have considered the marginalization of a
function f with respect to a single variable x; we are actually interested in marginal-
izing for all variables. We have seen that a single marginalization can be performed
efficiently if the factor graph of f is a tree, and that the complexity of the computa-
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tion essentially depends on the largest degree of the factor graph and the size of the
underlying alphabet. Consider now the problem of computing all marginals. We can
draw for each variable a tree rooted in this variable and execute the single marginal
message-passing algorithm on each rooted tree. It is easy to see, however, that the
algorithm does not depend on which node is the root of the tree and that in fact all
the computations can be performed simultaneously on a single tree. Simply start at
all leaf nodes and for every edge compute the outgoing message along this edge as
soon as you have received the incoming messages along all other edges that connect
to the given node. Continue in this fashion until a message has been sent in both
directions along every edge. This computes all marginals so it is more complex than
computing a single marginal but only by a factor roughly equal to the average degree
of the nodes. We now summarize the set of message-passing rules.

Messages, which we denote by y, are functions on X'. Message passing starts at
leaf nodes. Consider a node and one of its adjacent edges, call it e. As soon as the in-
coming messages to the node along all other adjacent edges have been received these
messages are processed and the result is sent out along e. This process continues

) X f

_ 1 initialization at _
b = ) | tialization i [ #) =1

p(x) =TT pr(x) p(x) =y f(x, %0, %7) H§=1 ui(x;)

f variable/function P
1 node processing ]
by
#/NAHK 14/1!41‘ W
fl fK X1 @ w Xy
X
f k fK+1 J
UK+1
marginalization g x [T ue(x)
U1 [#k UK
h fx
i

Figure 2.12: Message-passing rules. The top row shows the initialization of the mes-
sages at the leaf nodes. The middle row corresponds to the processing rules at
the variable and function nodes, respectively. The bottom row explains the final
marginalization step.
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until messages along all edges in the tree have been processed. In the final step the
marginals are computed by combining all messages which enter a particular vari-
able node. The initial conditions and processing rules are summarized in Figure 2.12.
Since the messages represent probabilities or beliefs, the algorithm is also known as
the belief propagation (BP) algorithm. From now on we will mostly refer to it under
this name.

§2.5. DECODING VIA MESSAGE PASSING

§2.5.1. BiT-wisE MAP DECODING

Assume we transmit over a binary-input (X; € {£1}) memoryless (py|x(y|x) =
[T, Py, x,(yi] xi)) channel using a linear code C(H) defined by its parity-check
matrix H and assume that codewords are chosen uniformly at random. The rule for
the bit-wise maximum a posteriori (MAP) decoder reads:

2 (y) = argmax .1y px, v (xi | y)
(law of total probability) = argmax, ., > pxiv(x]y)
(Bayess) ~argmax, (.1 X pr1x (71 %)px ()
(2.13) =argmax, .,y 2 ([ 2y, 1%, (1) Lixecy

~Xi o j

where in the last step we have used the fact that the channel is memoryless and
that codewords have uniform prior. This is important: in the preceding formulation
we consider y a constant (since it is given to the decoding algorithm as an input).
Therefore, we write ), to indicate a summation over all components of x (except
xi) and not the components of y.

Assume that the code membership function 1,¢c) has a factorized form. From
(2.13) it is then clear that the bit-wise decoding problem is equivalent to calculating
the marginal of a factorized function and choosing the value that maximizes this
marginal.

EXAMPLE 2.14 (BIT-wISE MAP DECODING). Consider the parity-check matrix given
in Example 2.5. In this case argmax,. .,y px, | v (%i| ) can be factorized as

7
argmax, .c,1} Z(H Py;|x; ()’j | xj))ﬂ{x1+xz+x4=0} ]]'{x3+x4+x6:0} ]l{x4+x5+x7=0}‘
~Xj j:l

The corresponding factor graph is shown in Figure 2.15. This graph includes the
Tanner graph of H but additionally contains the factor nodes which represent the
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Figure 2.15: Factor graph for the MAP decoding of our running example.

effect of the channel. For this particular case the resulting graph is a tree. We can
therefore apply the message-passing algorithm to this example to perform bit-wise
MAP decoding. <&

§2.5.2. SIMPLIFICATION OF MESSAGE-PASSING RULES FOR BiT-wisE MAP
DEecobpING

In the binary case a message y(x) can be thought of as a real-valued vector of length
2, (u(1), u(-1)) (here we think of the bit values as {+1}). The initial such mes-
sage sent from the factor leaf node representing the i-th channel realization to the
variable node i is (py,|x,(yi|1), py,|x,(yi| — 1)) (see Figure 2.15). Recall that at a
variable node of degree K + 1 the message-passing rule calls for a pointwise multi-
plication:

K K
M(1)=£[#k(1), H(_l):][[#k(_l)-

Introduce the ratio i = pg(1)/ux(—1). The initial such ratios are the likelihood
ratios associated with the channel observations. We have

- u(1) _ [Ty (1) _ ﬁ ris
#(-1) Thou(-1) k4
i.e., the ratio of the outgoing message at a variable node is the product of the incom-
ing ratios. If we define the log-likelihood ratios Iy = In(ry ), then the processing rule
reads [ = ZIk(:l I.
Consider now the ratio of an outgoing message at a check node which has degree
J + 1. For a check node the associated “kernel” is

f(x,x1,...,x7) = ]l{l'ljzl xj=x}"

Since in the current context we assume that the x; take values in {+1} (and not ;)
we write H§=1 xj = x (instead of Z§:1 xj = x). We therefore have

() _ S f(Lxns o) T ()
‘u(—l) ZNxf(—l,xl,...,x]) H§:1 [Jj(Xj)
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J A~ l"](xj)
le ,,,,, x/:HleJ:l I_Ij:I y](x]) le ..... Xyt Hl L %=1 H] ly]( 1)

T i) #i(x))
le,..lxlznjzl xj=-1 1_Ij=1 AMJ(XJ) le ..... xl:HL xj=—1 H =

i= j= 1/'4] -1)
] (1+x;)/2
(216) = Lyl o=t jm Ty T (4 D) + T (= 1)
. - X - } .
le ..... x]:n 1 xj="1 IT] 1 §1+ ])/2 H§:1(rj + 1) B szl(rj B 1)

The last step warrants some remarks. If we expand out HLI (rj + 1), then we get
the sum of all products of the individual terms r;, j = 1,...,] (e.g., H?:l (ri+1) =
L+ 711+ 72+ 13+ 1172+ 1173 + 1213 + 117273). Similarly, H;:l(rj — 1) is the sum of all
products of the individual terms r;, where all products consisting of d terms such
that J — d is odd have a negative sign (e.g., we have H?zl (rj=1)=—=l+r +ry+r3—
r1ry — r17r3 — rar3 + r1rar3). From this it follows that

] J ]
[Tei+)+[1(-n=2 %  [IA™"
j=1 j=1

et -1 j=1
Xlseens x].Hj=1xj—1]

Applying the analogous reasoning to the denominator, the equality follows. If we
divide both numerator and denominator by H§=1 (rj+1), we see that (2.16) is equiv-
alent to the statement

I—[J i+l
r —
1- I1] rJ+1
which in turn implies =1 HJ T From r = e! we see that =} = tanh(1/2).
Combining theses two statements we have
h(1/2) = “= < [T 222 - [Teanh(s h
t 2) = = t h 2 that
anh(1/2) 1 § e Han i/2), sotha
=17 j=1
J
(2.17) I =2tanh™' (][] tanh([;/2)).
=1

To summarize, in the case of transmission over a binary channel the messages can
be compressed to a single real quantity. In particular, if we choose this quantity to be
the log-likelihood ratio (log of the ratio of the two likelihoods) then the processing
rules take on a particularly simple form: at variables nodes messages add, and at
check nodes the processing rule is stated in (2.17).
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§2.5.3. FORNEY-STYLE FACTOR GRAPHS

Factor graphs (FGs) represent one particular language to formulate the relationship
between a function and its local components. One popular alternative is the repre-
sentation in terms of Forney-style factor graphs (FSFGs). These graphs are sometimes
also called normal graphs.

X1

X >< x2<| X1
X3 / x3 |
/ X4 J_

X4

Figure 2.18: Left: Standard FG in which each variable node has degree at most 2.
Right: Equivalent FSFG. The variables in the FSFG are associated with the edges in
the FG.

Consider the FG shown in the left-hand side of Figure 2.18. Note that each vari-
able node has degree 1 or 2. We can convert the bipartite graph into a regular (in
the sense of not bipartite) graph by representing variable nodes as (half-)edges. The
result is shown on the right-hand side of Figure 2.18. This is the FSFG representa-
tion. In general, a variable node might have degree larger than 2. In this case we can
replicate such a variable node a sufficient number of times by an equality factor as
shown in Figure 2.19. The left-hand side shows a variable node of degree K + 1. The
right-hand side shows the representation as an FSFG. The K additional variables
X1,...,xk are enforced to be equal to the original variable x by an “equality factor,”
i.e, x = x; = --- = xg. Figure 2.20 compares the standard FG for the MAP decoding

I NN

Figure 2.19: Representation of a variable node of degree K as an FG (left) and the
equivalent representation as an FSFG (right).

problem of our running example with the corresponding FSFG.

The relationship between the standard FG and the FSFG is straightforward and
little effort is required to move from one representation to the other. The message-
passing rules carry over verbatim. In fact, in the setting of FSFGs we only need the
factor node processing rule: for a generic node of degree ] + 1, the outgoing message



DECODING VIA MESSAGE PASSING 61

1{x4+x5+;c7:()} P(}’7|x7) - ]l{x4+xs+X7:()}
p(ys|xs)
p(ys|xs)

1{x3+x4+x620} P(}’4|x4) = 1{x3+x4+xé=0}
p(ys|x3)
P(ya]x2) B——— N\

]l{x1+x2+:c4:0} P(}’l |x1) - ]l{x1+xz+X4:O}
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Figure 2.20: Standard FG and the corresponding FSFG for the MAP decoding prob-
lem of our running example.

along edge x is

J
(2.21) y(x)=Zf(x,x1,...,x])nyj(xj).
~X =1

Recall that variables in the FSFG are represented by edges. Some thought shows that
to compute the final marginalization with respect to a certain variable, we need to
multiply the two messages that flow along the corresponding edge.

FSFGs have fewer nodes and are therefore typically simpler. Note that “internal”
edges represent internal or “state” variables, whereas “half-edges” (like the bottom
edge on the right of Figure 2.18) represent external variables which can be connected
to other systems on graphs.

§2.5.4. GENERALIZATION TO COMMUTATIVE SEMIRINGS

We started with a discussion of the distributive law assuming that the underlying
algebraic structure was a field IF and used it to derive efficient marginalization al-
gorithms. A closer look at our derivation shows that actually all that was needed
was that we were working in a commutative semiring. In a commutative semiring K
the two operations, which we call “+” and " satisty the following axioms: (i) the
operations “+” and “-” are commutative (x + y = y + x; x - y = y - x) and associative
(x+(y+z)=(x+y)+zx-(y-2) = (x-y) - z) with identity elements denoted by
“0” and “1,” respectively; (ii) the distributive law (x + y) -z = (x-z) + (¥ - z) holds
for any triple x, y, z € K. In comparison to a field F we do not require the existence
of an inverse with respect to either operation.

Table 2.22 lists several commutative semirings which are useful in the context
of coding. The task of verifying that each of these examples indeed fulfills the stated
axioms is relegated to Problem 2.1. The most important example in the context of
iterative coding is the so-called sum-product semiring, in which the two operations
are standard addition and multiplication. This is the example which we have used so
far. As we have seen, the sum-product semiring is the relevant semiring if we want
to minimize the bit error probability.
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K “(+,0)”  “(-,1)” description
F (+,0) (1)

Flx,y,...] (+,0) (1)

Rso (+,0) (1)  sum-product
R.gu{oco}  (min, o0) (+1)  min-product
Rso (max, 0) (1)  max-product

Ru{oo} (min,00)  (+,0) min-sum
Ru{-oco} (max,-o0) (+,0) max-sum
{0,1} (OR,0)  (AND,1) Boolean

Table 2.22: List of commutative semirings which are relevant for iterative decoding.
The entry F[x, y, ... ] denotes the set of polynomials in the variables x, y, ..., with
coeflicients in the field IF, and the usual polynomial arithmetic.

The second most important example is the max-sum semiring. As before we op-
erate over the reals but now addition is replaced by maximization and multiplica-
tion is replaced by addition. All previous statements and algorithms stay valid if we
perform this simple substitution of operations. We will soon see that the max-sum
semiring is the proper setting for performing block decoding. To be concrete, con-
sider the distributive law for the max-sum semiring. If in (2.1) we replace addition
with maximization and multiplication with addition then we get

max{x + y,x + z} = x + max{y,z},
and, more generally,

max{x; + y;} = max{x;} + max{y;}.
i,j ! J

What is the marginalization of a function f(xy,...,x,) of n real variables in the
context of the max-sum semiring? By replacing the operations we see that it is max-
imization, i.e.,

(2.23) f(x1) = max f(x1,...,x,) =max f(x1,...,%,).
X25eees Xn ~X1

As before, if the FG of the function f(x,...,x,) is a tree, this maximization can be

accomplished efficiently by a message-passing algorithm operating over the max-

sum semiring. The message-passing rules are formally identical. More precisely, the

original variable node processing rule u(z) = [Tk, px(z) is transformed into the

rule u(z) = Y&, ur(z), and the function node processing rule, which previously
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was u(z) =Y., f(z,z1,...,2y) H§=1 1j(z;), now reads

J
u(z) = rria;x{f(z, Z15..52]) + Zyj(zj)}.
j=1

The final marginalization step, which used to consist of computing the product

154! uk (2), now requires us to evaluate the sum Y 5! uy(2).

§2.5.5. BLOCK-wIiSE MAP DECODING

Assume we are transmitting over a binary memoryless channel using a linear code
C(H) defined by its parity-check matrix H and assume that codewords are cho-
sen uniformly at random from C(H). The processing rule for the block-wise MAP
decoder is

(Bayes’s) ZMAP(y) = argmax, py |y (x| y) = argmax, py| x(y]x)px(x)
(memoryless) = argmaxx(n py, |Xj(yj | xj))]l{xec}.
j

To see the similarity to bit-wise MAP decoding, consider the i-th bit of M4F(y);
write it as (£M*F(y)),. We have

(JACMAP()’))Z- = argmaxxie{il}maXin(H Py;|x; (yj |xj))ﬂ{xec}
J

= argmax, ¢, MaX.x, Zlogpmxj(yj |xj) + log(]l{xec}).
J

If we compare this with (2.13) we see that the two criteria only differ by a substitu-
tion of the two basic operations: addition goes into maximization and multiplication
goes into addition (the initial messages are of course also different — we use likeli-
hoods for bit-wise decoding and log-likelihoods for block-wise decoding). There-
fore, block-wise decoding can be accomplished if we employ the max-sum algebra
instead of the sum-product algebra.

It is common to write the block-wise decoder in the equivalent form

n
(#M*7(y)), = argmin, .,y min_y, 3" ~log py | x, (7| %)) ~10g(1recy)-
=1

If the channel output is discrete, so that we deal with probability mass functions,
then this form is more convenient since the involved metric - log py, | x,(y; | x;) is
positive. Formally this means that we use the min-sum algebra instead of the max-
sum algebra. In the sequel we adhere to this custom and use the min-sum algebra
for block-wise MAP decoding.
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§2.6. LIMITATIONS OF CYCLE-FREE CODES

The previous sections have shown a way of performing MAP decoding efficiently,
assuming that the corresponding Tanner graph is a tree. Unfortunately, the class
of codes that admit a tree-like (binary) Tanner graph is not powerful enough to
perform well.

LEMMA 2.24 (BAD NEws ABOUT CYCLE-FREE CODES). Let C be a binary linear code
of rate r that admits a binary Tanner graph that is a forest. Then C contains at least
2r—1

#5—n codewords of weight 2.

Proof. Without loss of generality we can assume that the Tanner graph is connected.
Otherwise the code C = C[n, k] is of the form C = C; x C,, where C; = Cy[n1, k1 ],
Cy = Cy[ny, ka], n = ny + ny, ny,npy > 1,and k = ky + ks, i.e., each codeword is
the concatenation of a codeword from C; with a codeword from C,. Applying the
bound to each component (to keep things simple we assume there are only two such
components),

k k
2ri-1  2r,-1 2 -1 221
n ny = ny + nyp

2 2 2 2
2ki —n1 2ky—ny 2k-n 2r-1
= + ny = = n.
2 2 2 2

Let us therefore assume that the Tanner graph of the code consists of a single tree.
The graph has n variable nodes and (1 — r)n check nodes since by the tree property
all check nodes (i.e., the respective equations) are linearly independent. The total
number of nodes in the tree is therefore (2 — r)n. Again by the tree property, there
are (2 —-r)n —1 < (2 — r)n edges in this graph. Since each such edge connects to
exactly one variable node, the average variable node degree is upper bounded by
2 —r. It follows that there must be at least nr variable nodes that are leaf nodes, since
each internal variable node has degree at least 2. Since there are in total (1-r)n check
nodes and since every leaf variable node is connected to exactly one check node, it
follows that at least rn — (1 — r)n = (2r — 1)n leaf variable nodes are connected
to check nodes that are adjacent to multiple leaf variable nodes. Each such variable
node can be paired up with one of the other such leaf nodes to give rise to a codeword
of weight 2. O]

We see that cycle-free codes (of rate above one-half) necessarily contain many
low-weight codewords and, hence, have a large probability of error. This is bad news
indeed. As discussed in more detail in Problems 4.52 and 4.53, codes of rate below
one-half also contain low-weight codewords, and the problem persists even if we
allow a small number of cycles.
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§2.7. MESSAGE PASSING ON CODES WITH CYCLES

We started with an efficient algorithm to compute the marginals of functions whose
factor graph is a tree. Next we saw that the decoding task can be phrased as such a
marginalization problem, for minimizing either bit or block error probability. But
we now know that codes with a cycle-free (binary) Tanner graph are not powerful
enough for transmission at low error rates. Tanner graphs of good codes necessarily
have many cycles. So how shall we proceed?

First, one can resort to more powerful graphical models. We discuss in Chapter 6
(terminated) convolutional codes. Although terminated convolutional codes are
linear block codes (with a particular structure) and therefore they have a standard
binary Tanner graph representation, we will see that convolutional codes possess a
cycle-free representation (and therefore the BP algorithm can be used to perform
MAP decoding) if we allow state nodes. By increasing the size of the allowed state
space one can approach capacity. However, these state nodes come at the price of in-
creased decoding complexity and, as discussed in the introduction, the complexity-
gap trade-off is not very favorable. Another possibility is to consider non-binary
codes (see Section 7.4). Unfortunately, complexity is again increased considerably
by allowing non-binary alphabets. Finally, one can define the message-passing al-
gorithm also in the case where cycles are present. Except for some degenerate cases,
message passing in the presence of cycles is strictly suboptimal; see Problem 3.11. But
as we will see in Chapters 3 and 4, excellent performance can be achieved. For codes
with cycles, message passing no longer performs MAP decoding. We will therefore
spend a considerable effort on learning tools that allow us to determine the perfor-
mance of such a combination.

NOTES

Tanner [35] proposed to represent codes as bipartite graphs and to visualize iterative
decoding as a message-passing algorithm on such a graph. The framework of FGs
discussed in this chapter is the result of a collaborative effort by Wiberg [37], Wiberg,
Loeliger, and Kotter [37, 38], as well as Kschischang, Frey, and Loeliger [23]. It is not
the only graphical model suitable for iterative decoding. Indeed, we have discussed
the notion of FSFGs in Section 2.5.3. These were introduced by Forney [14], who
called them normal graphs. As shown in [14], normal graphs allow for an elegant
local dualization of the graph. Extensions of this idea were discussed by Mao and
Kschischang [29]. A further equivalent graphical language was put forth around the
same time by Aji and McEliece [1] (see also the article by Shafer and Shenoy [34]).
The message-passing algorithm which we derived via the FG approach is known un-
der many different names (iterative decoding, belief-propagation, message passing,
probabilistic decoding, etc.). It was gradually realized that what might appear as dif-
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ferent algorithms (invented in many different communities) are in fact special cases
of the same basic principle. Let us trace here just a few of those instances. Proba-
bly the first such instance is the transfer-matrix method of statistical mechanics. It
is explored in detail in [9] in conjunction with the so-called Bethe Ansatz [10, 11]
and it goes back at least to the 1930s. In the setting of communications, it was Gal-
lager [16] who introduced low-density parity-check (LDPC) codes and the related
message-passing algorithm in 1960. Viterbi introduced his so-called Viterbi algo-
rithm for the decoding of convolutional codes [36]. For a historical perspective see
the Notes at the end of Chapter 1. The connection between the Viterbi algorithm
and message-passing decoding is discussed in detail in Section 6.1 and Problem 6.2.

In the mid-1960s, Baum and Welch developed an algorithm to estimate the pa-
rameters of hidden Markov models. This algorithm is known as the Baum-Welch
algorithm. For a list of publications we refer the reader to the papers by Baum and
Petrie [6], Baum and Sell [8], and Baum, Petrie, Soules, and Weiss [7]. Closely re-
lated is the BCJR algorithm which was used by Bahl, Cocke, Jelinek, and Raviv to
perform bit MAP decoding for a convolutional code, see [2]. In 1977, Dempster,
Laird, and Rubin investigated the expectation-maximization algorithm [12], which
in turn includes the Baum-Welch algorithm as a special case (see [31]).

In 1983 Kim and Pearl introduced the belief propagation algorithm [21, 33] to
solve statistical inference problems. That the turbo decoding algorithm is in fact an
instance of belief propagation was realized by MacKay, McEliece, and Cheng [30]
as well as Frey and Kschischang [15]. An in-depth discussion of all these connec-
tions can be found in the article of McEliece, MacKay, and Cheng [30], the article
of Kschischang and Frey [22], as well as the book of Heegard and Wicker [20].

Our exposition of the FG approach follows closely the one in [23]. It was Wiberg
who realized that the sum-product and the min-sum algorithm are formally equiv-
alent [37]. The formalization and further generalization of this equivalence in terms
of semirings is due to Aji and McEliece [1]. As we have seen, this generalization
makes it possible to view a large class of algorithms simply as special instances of
the same principle.

A set of applications for the FG framework is discussed in the paper by Worthen
and Stark [39]. If you are looking for tutorial articles concerning FGs we recommend
the paper by Loeliger [25].

It was shown by Etzion, Trachtenberg, and Vardy [13] that binary codes which
possess a cycle-free Tanner graph (without state nodes) necessarily have small min-
imum distance. We discussed in Lemma 2.24 only the simple case of codes with rate
r of at least one-half. In this case we saw that the minimum distance is at most 2.
Ifr< %, then the aforementioned authors showed that the minimum distance is at
most 2/r.

Battail, Decouvelaere, and Godlewski were early pioneers in the area of com-
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bining “soft information” stemming from various partial descriptions of a code into
one final estimate [4]. However, they did not discuss the notion of feedback, i.e., iter-
ative decoding. Battail, Decouvelaere, and Godlewski termed their coding method
replica coding (see also [3, 5]). Hagenauer, Offer, and Papke [18] introduced the “log-
likelihood algebra,” which contains the message-passing rule at variable and check
nodes.

The FG approach has also inspired an implementation of message-passing de-
coding by analog computation. This has been pioneered by two research groups:
Hagenauer, Winklhofer, Offer, Méasson, Morz, Gabara, and Yan [17, 19, 32], as well
as Loeliger, Lustenberger, Helfenstein, and Tarkdoy [26, 27, 28].

PRrROBLEMS

2.1 (FACTOR GRAPHS FOR SEMIRINGS). Consider the examples listed in Table 2.22.
Show in each case that it indeed forms a commutative semiring.

2.2 (MESSAGE-PASSING ALGORITHM FOR BEC). Starting from the message-passing
rules summarized in Figure 2.12, derive the decoding algorithm for the binary era-
sure channel (BEC) (see Section 3.1 for a discussion of this channel model). What is
the message alphabet and what are the computation rules? Simplify the rules as far
as possible.

2.3 (MIN-SuM ALGORITHM FOR BEC). Apply the min-sum algebra to the decoding
of LDPC ensembles over the BEC. What are the initial messages and what are the
processing rules? Show that the messages that are a priori two-tuples can be com-
pressed into a single number. Finally, show that the resulting message-passing rules
are identical to the ones using the sum-product semiring. In words, over the BEC
(locally optimal) iterative bit- and block-wise decoding are identical.

2.4 (HANSEL AND GRETEL TAKE A FIELD TrIP IN THE DARK FOREST). Hansel and
Gretel, together with all their classmates, take a field trip. The forest in which they
are walking is so dark that each kid can only see its immediate neighbors. Assume
that communication is limited to these nearest neighbors as well and that the whole
group of schoolchildren forms a tree (in the graph sense) with respect to this neigh-
borhood structure.

Construct a message-passing algorithm which allows them to count to ensure
that none of the children was eaten by the wolf. What is the initialization and what
are the message-passing rules? Can you modify the algorithm to only count a pre-
scribed subset, e.g., the set of girls?

2.5 (MESSAGE PASSING FOR MAPPERS — LOELIGER [24]). Assume that the two binary
symbols x and y are mapped by a function m into one 4-AM symbol, call it z, as
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xy
00 10 01 11 y=q(x)

—_—— — — -

" edmiy)?

Figure 2.25: Left: Mapping z = m(x, y). Right: Quantizer y = q(x).

shown on the left of Figure 2.25. In more detail, m : X x Y — Z. Such a mapper
is, e.g., useful as part of a multilevel transmission scheme. Draw the corresponding
FSFG. Starting from the general message-passing rule stated in (2.21) and assuming
that the incoming messages are px p (x), ty,m(y), and y; ,(z), respectively, what
are the outgoing messages (i, x(x), fim,y(y), and pi - (2)?

2.6 (MESSAGE PASSING FOR QUANTIZERS — LOELIGER [24]). Consider a quantizer
as shown on the right in Figure 2.25. More precisely, let X’ be a finite input alphabet
and ) be a finite output alphabet at let g be the quantization function, q : X —
Y. Draw the corresponding FSFG. Starting from the general message-passing rule
stated in (2.21) and assuming that the incoming messages are pi, 4(x) and u, 4(y),
respectively, what are the outgoing messages p4,(x) and pg,,(y)?
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Chapter 3
BINARY ERASURE CHANNEL

The binary erasure channel (BEC) is perhaps the simplest non-trivial channel model
imaginable. It was introduced by Elias as a toy example in 1954. The emergence of
the Internet promoted the erasure channel into the class of “real-world” channels.
Indeed, erasure channels can be used to model data networks, where packets either
arrive correctly or are lost due to buffer overflows or excessive delays.

A priori, one might well doubt that studying the BEC will significantly advance
our understanding of the general case. Quite surprisingly, however, most properties
and statements that we encounter in our investigation of the BEC hold in much
greater generality. Thus, the effort invested in fully understanding the BEC case will
reap substantial dividends later on.

You do not need to read the whole chapter to know what iterative decoding for
the BEC is about. The core of the material is contained in Sections 3.1-3.14 as well
as 3.24. The remaining sections concern either more specialized or less accessible
topics. They can be read in almost any order.

§3.1. CHANNEL MODEL

Erasure channels model situations where information may be lost but is never cor-
rupted. The BEC captures erasure in the simplest form: single bits are transmitted
and either received correctly or known to be lost. The decoding problem is to find
the values of the bits given the locations of the erasures and the non-erased part
of the codeword. Figure 3.1 depicts the BEC(¢). Time, indexed by ¢, is discrete and

0 1-¢ 0
Y,

X, € t
€ ?

1 1-¢€ 1

Figure 3.1: Binary erasure channel with parameter e.

the transmitter and receiver are synchronized (they both know t). The channel in-
put at time ¢, denoted by X, is binary: X; € {0,1}. The corresponding output Y;
takes on values in the alphabet {0, 1,?}, where ? indicates an erasure. Each trans-
mitted bit is either erased with probability e, or received correctly: Y; € {X;,?} and
P{Y; = ?} = €. Erasure occurs for each ¢ independently. For this reason we say that

71
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the channel is memoryless. The capacity of the BEC(¢) is Cpec(€) = 1 — € bits per
channel use. It is easy to see that Cprc(€) < 1 — e: assume that the transmitted is
told in advance which bits will be erased. Clearly, this additional information can
only increase the achievable rate. Since on average only (1 — €)n of the n transmit-
ted positions are usable (are not erased) the best that the transmitter can do is to fill
these (1 —e€)n slots with information. Since the transmitter sees which positions are
erased, he can simply read out the non-erased positions to retrieve the information.
Thus, even for this case where the transmitter knows in advance which bits will be
erased, information can be transmitted reliably at a rate of at most 1 — € bits per
channel use. Perhaps surprisingly, reliable transmission at a rate arbitrarily close to
1 — € is possible even without knowledge of the erased positions in advance. This is
confirmed in Example 3.6.

d—¢
" 0
d—¢
\ 176 Yl’
d—e ?
1-¢ :
=

1

1-

m

Figure 3.2: For € < §, the BEC(§) is degraded with respect to the BEC(¢).

Consider the channel family {BEC(e) } .. This family is ordered in the following
sense: given two BEC:s, lets say with parameter e and 6, € < §, we can represent the
BEC(9) as the concatenation of the BEC(¢€) with a memoryless ternary-input chan-
nel as shown in Figure 3.2. Hence, the output of the BEC(J) can be interpreted as a
degraded version, i.e., a further perturbed version, of the output of the BEC(¢). We
say, because this interpretation is possible, that the family {BEC(e)}._, is ordered
by degradation. This notion of degradation plays an important role in the analysis
of message-passing coding systems.

§3.2. TRANSMISSION VIA LINEAR CODES

Consider a binary linear code C[n, k] defined in terms of a parity-check matrix H.
Assume that the transmitter chooses the codeword X uniformly at random from
C and that transmission takes place over the BEC(¢). Let Y be the received word
with elements in the extended alphabet {0, 1, ?}, where ? indicates an erasure. Let
E, Ec[n]={1,...,n}, denote the index set of erasures and let £ = [n] \ . More
precisely, i € £ if and only if Y; =?, i.e,, if the channel erased the i-th bit. Recall from
page 31 that He denotes the submatrix of H indexed by the elements of £ and that
Xg denotes the corresponding subvector.
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§3.2.1. BLoCcK-wISE MAP DECODING

Consider block-wise maximum a posteriori (MAP) decoding; i.e., the decoding rule
is

(3:3) ZMAY(y) = argmax, . px|y(x]y).

T

Write the defining equation H. xT =07 in the form H, gxg +Hgx s = 07, which, since

we are working over [F,, is equivalent to
T T
(3.4) Hexg = Hex;.

Note that s = H gxg, the right-hand side of (3.4), is known to the receiver since

xg = yg¢. Consider the equation ngg =sT. Since, by assumption, the transmitted
word is a valid codeword, we know that this equation has at least one solution. In
particular, rank(Hg) < |€|. If rank(Hg) = |£|, then block-wise MAP decoding can
be accomplished by solving Hex} = sT. On the other hand, there are multiple so-
lutions (i.e., the MAP decoder is not able to recover the codeword uniquely) if and
only if rank(Hg) < |€|. More formally, let

XMAP(y) ={x e C: Hexg = Hoyksxg = ye ),

i.e., YMAP(y) is the set of all codewords compatible with the received word y. Since
the prior is uniform, (3.3) becomes

MAP(y) = argmax, .. py| x(y]x).

Now, for any codeword x, if xz # yg, then py|x(y[x) = 0 and if xz = yg, then
pyix(ylx)=(1- €)" 1€l Thus, all elements of XMAP(y) are equally likely and
the transmitted vector x is either uniquely determined by y or there are multiple
solutions. Therefore, we say

x e XM (y), if (XM ()] =1,

[ otherwise.

£I(y) = {

We remark that a ? (erasure) is not the same as an error. The correct solution x is an
element of AMAP(y).

§3.2.2. BiT-wise MAP DECODING

Consider now the bit-wise MAP decoder that uses the decoding rule

(3:5) )AC?/IAP()/> = argmax(xe{o,l}pXi | Y((x | )’)
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If i € £, when can x; be recovered? Intuitively, we expect that x; can be recovered if
and only if all elements of X™#” () have the same value for the i-th bit. This is in fact
correct. More specifically, we claim that x; can not be recovered if and only if Hy;,
is an element of the space spanned by the columns of Hg\ ;1. This is equivalent to
the statement that Hw” = 07 has a solution with w; = 1 and wg = 0. Now, if there is
such a solution then for every element x of X™4* () we also have x +w € XM4P(y).
It follows that exactly half the elements x € A™4P(y) have x; = 0 and half have
x; = 1. Conversely, if we can find two elements x and x" of YM*F(y) with x; # x],
then w = x + x” solves Hw! = 07 and has w; = 1 and wg = 0. Proceeding formally,
we get

2" (y) = argmax,c o1y px, | v(a|y) =argmax,coy > pxjv(x[y)

x€{0,1}":x;=a
{(x, if Vx e XMAP(y), x; = a,

=argmax,eroy ), Pxv(*|y) = 2, otherwise.

xeCix;=a

We conclude that optimal (block or bit) decoding for the BEC can be accomplished
in complexity at most O(n?) by solving a linear system of equations (e.g., by Gaus-
sian elimination). Further, we have a characterization of decoding failures of a MAP
decoder for both the block and the bit erasure case in terms of rank conditions.

EXAMPLE 3.6 (PERFORMANCE OF H (7, k)). In Problem 3.22 you are asked to show
that the average block erasure probability of Gallager’s parity-check ensemble (see
Definition 1.26) satisfies

n—k

EH(n,k)[PB(H,G)]SZ(Z)ee(é)”_EZe_”+k+ 5 (:)ee(é)n_e

e=0 e=n—k+1

n—k e n e
ket -\n n\ [ 2¢ n n\ (e
e (F) ey ()6
e=0 \€ € e=n—k+1 \€/ \€
where the bound is loose by a factor of at most 2. Let the blocklength 7 tend to
infinity. Suppose that r = k/n = (1 - 8)Cpec(€) = 8¢, where T < § < 1. The ele-
ments of both sums are unimodal sequences (see Section D.5); i.e., they are first in-
creasing up to their maximum value, after which they decrease. Consider the terms
{('Z) (%)e Z;é‘ of the first sum. Because of our assumption 1%(-: < §, the upper sum-
mation index #n — k is to the left of the maximum, which occurs at e ~ % n. The first
sum can therefore be upper bounded by the last term times the number of sum-

. . e .
mands. Similarly, the maximum term of {('Z) (f) h_n_k.1 OcCcurs at e ~ en. Since

_ €
d < 1, this is to the left of the lower summation index e = n — k + 1. In fact, it is to

the left of the index e = n — k. This second sum can therefore be upper bounded by
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the term corresponding to e = n — k times the number of summands. This leads to
the bound

n—k
n (€
Enguon (Y (H O < e )( " )@ (%)
n-— €
(1%9) (n+ 1)2nh2(86)+nlogz(é)+n(1—(§é)logz(g)

(3.7) = (n+1)27"D20-8l€),

where we defined D, (« || ) = —alog, /&3 —alog, £ The quantity D, (-, -) isknown as

o
the Kullback-Leibler distance (between two Bernoulli distributions with parameters

a and B, respectively). Let a, 8 € (0, 1). Using Jensen’s inequality (1.61), we see that

- alog, B > -log, (océ + dé) =0,

o o o

Da(al|) = ~log, £
with strict inequality if & # 8. In our case 1 8¢ > € with strict inequality unless 8 = 0
or ¢ = 1. Therefore, for § € (0,1] and € € [0, 1) the right-hand side of (3.7) tends to
zero exponentially fast in the blocklength #n. We conclude that reliable transmission
atany rate r = 6¢ = (1-8)Cggc(€), 8 > 0, is possible. In words, reliable transmission
up to Cpgc(€) is possible, as promised. O

§3.3. TANNER GRAPHS

Let C be binary linear code and let H be a parity-check matrix of C, i.e., C = C(H).
Recall that, by our convention, we do not require the rows of H to be linearly in-
dependent. Assume that H has dimensions m x n. In Example 2.5 on page 50 we
introduced the Tanner graph associated with a code C. This is the graph which vi-
sualizes the factorization of the code membership function. Since this graph plays a
central role let us repeat its definition.

The Tanner graph associated with H is a bipartite graph. It has n variable nodes,
corresponding to the components of the codeword, and m check nodes, correspond-
ing to the set of parity-check constraints (rows of H). Check node j is connected
to variable node i if Hj; = 1, i.e,, if variable i participates in the j-th parity-check
constraint. Since there are many parity-check matrices representing the same code,
there are many Tanner graphs corresponding to a given C. Although all of these
Tanner graphs describe the same code, they are not equivalent from the point of
view of the message-passing decoder (see Problem 3.15).
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ExAMPLE 3.8 ((3,6)-REGULAR CODE). Consider the parity-check matrix

123 45 6 7 8 91011121314 151617 18 19 20
1 {00001000111000010001
00000011001101010000
01100010000000010101
00000101010000001110
11001000000010001010} =H.
00000010001101100001
7]1]00011101000010100000
8110100000100011100000
9111110000010000001000
0\00010100100100000110

N

(3.9)

A AW

The bipartite graph representing C(H) is shown on the left of Figure 3.10. Each check

20 10
19
13 ?
16 g 7 3
14 7
13 5
12
11 6
15 4 2
9 5
8 3
7 @< 4
6 2
3
Z 1 1
3 2
2
1 1

Figure 3.10: Left: Tanner graph of H given in (3.9). Right: Tanner graph of [7,4, 3]
Hamming code corresponding to the parity-check matrix on page 15. This graph is
discussed in Example 3.11.

node represents one linear constraint (one row of H). For the particular example we
start with 20 degrees of freedom (20 variable nodes). The 10 constraints reduce the
number of degrees of freedom by at most 10 (and exactly by 10 if all these constraints
are linearly independent as in this specific example). Therefore at least 10 degrees of
freedom remain. It follows that the shown code has rate (at least) one-half. O

§3.4. Low-DENSITY PARITY-CHECK CODES

In a nutshell, low-density parity-check (LDPC) codes are linear codes that have at
least one sparse Tanner graph. The primary reason for focusing on such codes is
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that, as we will see shortly, they exhibit good performance under message-passing
decoding.

Consider again the Tanner graph on the left of Figure 3.10. Each variable node
has degree 3 and every check node has degree 6. We call such a code a (3, 6)-regular
LDPC code. More generally, an (1, r)-regular LDPC code is a binary linear code
such that every variable node has degree 1 and every check node has degree r. Why
low-density? The number of edges in the Tanner graph of a (1, r)-regular LDPC
code is 11, where # is the length of the code. As n increases, the number of edges in
the Tanner graph grows linearly in n. This is in contrast to codes in the parity-check
ensemble 7{(n, nr) where the number of edges in their Tanner graph grows like the
square of the code length n.

The behavior of LDPC codes can be significantly improved by allowing nodes
of different degrees as well as other structural improvements. We define an irregular
LDPC code as an LDPC code for which the degrees of nodes are chosen according
to some distribution.

ExAMPLE 3.11 (TANNER GRAPH OF [7,4, 3] HAMMING CoDE). The right-hand side
of Figure 3.10 shows the Tanner graph of the [7,4, 3] Hamming code corresponding
to the parity-check matrix on page 15. The three check nodes have degree 4. There are
three variable nodes of degree 1, three variable nodes of degree 2, and one variable
node of degree 3. <

Assume that the LDPC code has length n and that the number of variable nodes
of degree i is A;, so that }°; A; = n. In the same fashion, denote the number of check
nodes of degree i by P;, so that }; P; = n7, where r is the design rate (ratio of length
minus number of constraints and the length) of the code and 7 is a shorthand for
1 —r. Further, since the edge counts must match up, }; iA; = }*; iP;. It is convenient
to introduce the following compact notation:

Lmax Tmax

(3.12) A(x) = Z Aix’, P(x) = Z Pix’,
i=1 i=1

ie., A(x) and P(x) are polynomials with non-negative expansions around zero
whose integral coefficients are equal to the number of nodes of various degrees.
From these definitions we see immediately the following relationships:
_ i _,_ P Yy - pf
(313)  A(l)=n, P(1)=nft, r(A,P)—l—m, A'(1)=P'(1).
We call A and P the variable and check degree distributions from a node perspective.
Sometimes it is more convenient to use the normalized degree distributions

A P(x)
L =3y B(1)

R(x) =
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EXAMPLE 3.14 (DEGREE DISTRIBUTION OF [7,4, 3] HAMMING CODE). We have

A(x) =3x +3x% + x°, P(x) = 3x%,

3 32 13 4
Lix)=—=-x+—-x"+-x", R(x) =x". &
(5)=2x+ 2a0 s ()

DEFINITION 3.15 (THE STANDARD ENSEMBLE LDPC (A, P)). Given a degree distri-
bution pair (A, P), define an ensemble of bipartite graphs LDPC (A, P) in the fol-
lowing way. Each graph in LDPC (A, P) has A(1) variable nodes and P(1) check
nodes: A; variable nodes and P; check nodes have degree i. A node of degree i has i
sockets from which the i edges emanate, so that in total there are A’(1) = P’(1) sock-
ets on each side. Label the sockets on each side with the set [A’(1)] = {1,..., A’(1)}
in some arbitrary but fixed way. Let ¢ be a permutation on [A’(1)]. Associate to o
a bipartite graph by connecting the i-th socket on the variable side to the o(i)-th
socket on the check side. Letting o run over the set of permutations on [A’(1)] gen-
erates a set of bipartite graphs. Finally, we define a probability distribution over the
set of graphs by placing the uniform probability distribution on the set of permu-
tations. This is the ensemble of bipartite graphs LDPC (A, P). In the random graph
literature this is what is called the configuration model.

It remains to associate a code with every element of LDPC (A, P). We will do
so by associating a parity-check matrix to each graph. Because of possible multiple
edges and since the encoding is done over the field F,, we define the parity-check
matrix H as the {0, 1}-matrix that has a non-zero entry at row i and column j if the
i-th check node is connected to the j-th variable node an odd number of times.

Since to every graph we can associate a code, we use these two terms inter-
changeably and we refer, e.g., to codes as elements of LDPC (A, P).

This is a subtle point: graphs are labeled (they have labeled sockets) and have a
uniform probability distribution; the induced codes are unlabeled and the proba-
bility distribution on the set of codes is not necessarily the uniform one. Therefore,
if in the sequel we say that we pick a code uniformly at random we really mean that
we pick a graph at random from the ensemble of graphs and consider the induced
code. This convention should not cause any confusion and simplifies our notation
considerably. v

As discussed in Problem 3.6, ensembles with a positive fraction of degree 1 vari-
able nodes have non-zero bit error probability for all non-zero channel parameters
even in the limit of infinite blocklengths: by our definition of the ensemble (where
variable nodes are matched randomly to check nodes) there is a positive probability
that two degree 1 variable nodes connect to the same check node and such a code
contains codewords of weight 2. Therefore, we only consider ensembles without de-
gree 1 nodes. But, as we will discuss in Chapter 7, it is possible to introduce degree
1 variable nodes if their edges are placed with care.
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For the asymptotic analysis it is more convenient to take on an edge perspective.
Define

Al(x) _L'(x) P'(x) _R'(x)

(3.16) )t(x)=zi:)lixi_l=m Q) p(x) = ZP: = “P(1) R(1)

Note that A and p are polynomials with non-negative expansions around zero. Some
thought shows that A; (p;) is equal to the fraction of edges that connect to variable
(check) nodes of degree i; see Problem 3.2. In other words, A; (p;) is the probability
that an edge chosen uniformly at random from the graph is connected to a variable
(check) node of degree i. We call A and p the variable and check degree distributions
from an edge perspective. The inverse relationships read

_ fox)t(z)dz’ P(x) _ foxp(z)dz'
Jo Mz)dz [, p(z)dz

As discussed in Problems 3.3 and 3.4, the average variable and check degrees, call
them 1,4 and rayg, can be expressed as

A(x)

L(x) = R(x) =

(3.17)

1
/i 01 A(x)dx’
respectively, and the design rate is given by

e | L) p()ax
Tavg R’(l) _[01 /\(x)dx .

1

(3.18) 1avg = L,(l) = W’

Tag = R'(1) =

(3.19) r(Ap)=1-

The design rate is the rate of the code assuming that all constraints are linearly in-
dependent.

ExAMPLE 3.20 (CONVERSION OF DEGREE DisTRIBUTIONS: HAMMING CODE). For
the [7,4, 3] Hamming code we have

1 1 1
A(x)=:1+5x+:1x2, p(x)=x". o

ExXAMPLE 3.21 (CONVERSION OF DEGREE DISTRIBUTIONS: SECOND ExaAMPLE). Con-
sider the pair (A, P):

A(x) = 613x% +202x° + 57x* + 84x7 + 44x°, P(x) = 500x°,
with

A(1) = 1000, P(1) =500, A'(1) = P'(1) = 3000.
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This pair represents an ensemble of codes of length 1000 and of (design) rate one-
half. Converting into edge perspective we get

1226 606 , 228 , 588 352 .

Ax) = X+ x° + x” + x° + x’, x) =x°.
( ) 3000 3000 3000 3000 3000 P( ) ©

Since (A, P), (n,L,R), and (n, A, p) contain equivalent information, we fre-
quently and freely switch between these various perspectives. We write (A, P) <
(n,L,R) = (n, A, p) if we want to express the fact that degree distributions in dif-
ferent formats are equivalent. We therefore often refer to the standard ensemble as
LDPC (n, A, p). For the asymptotic analysis it is convenient to fix (A, p) and to in-
vestigate the performance of the ensemble LDPC (1, A, p) as the blocklength n tends
to infinity. For some #n the corresponding (A, P) is not integral. We assume in such
a scenario that the individual node distributions are rounded to the closest integer
(while observing the edge equality constraint). In any case, sublinear (in n) devia-
tions of degree distributions have no effect on the asymptotic performance or rate
of the ensemble. In the sequel we therefore ignore this issue.

The design rate as defined in (3.19) is in general only a lower bound on the ac-
tual rate because the parity-check matrix can have linearly dependent rows. The
following lemma asserts that, under some technical conditions, the actual rate of a
random element of an ensemble is close to the design rate with high probability as
the blocklength increases.

LEMMA 3.22 (RATE VERSUS DESIGN RATE). Consider the ensemble LDPC (1,1, p)
LDPC (n,L,R). Let r(A, p) denote the design rate of the ensemble and let r(G) de-
note the actual rate of a code G, G € LDPC (#, A, p). Consider the function ¥( y),

¥(y) =~ L'(1)log, [(1 ”Z)] + 3 Lylog, [“—y]

(1+2) 2
L'(1) 1-z\/
(3.23) R’ ZR log2[1+(1+z)],
_ /L'yl_ Ai
029 Z_(;Hy")/(;lw")'

Assume that, for y > 0, ¥(y) < 0 with equality only at y = 1. Then for £ > 0 and
n > n(&), sufficiently large,

P{r(G) -r(A,p) > &} < o éIn(2)/2

EXAMPLE 3.25 (DEGREE DISTRIBUTION (A(x) = M, p(x) = x%)). The func-
tion W (y) is shown in Figure 3.26. According to th1s plot, ¥(y) < 0 with equality
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Figure 3.26: Function ¥(y).

only at y = 1. Lemma 3.22 therefore applies: the rate of most codes in this ensemble
is not much larger than the design rate r(1, p) = 5. &

An example where the technical condition is not fulfilled is discussed in Prob-
lem 3.38.

Discussion: The proof of Lemma 3.22 is technical and so we relegate it to page 517.
As we discuss there in more detail, the function ¥( y) represents the log of the num-
ber of codewords of a given weight divided by the length of the code minus the
design rate. The parameterization is chosen so that y = 1 corresponds to the code-
words of relative weight one-half. If the maximum of ¥( y) is taken on at 1 then this
means that most codewords have relative weight one-half (as one would expect). In
this case one can show that the maximum is 0 which implies that the log of the ex-
pected number of codewords divided by 7 is equal to the design rate. This bound is
crude and in fact a much stronger statement is valid. We demonstrate this by means
of regular ensembles. The proof of the following lemma can be found on page 519.

LEMMA 3.27 (DESIGN RATE EQUALS RATE FOR REGULAR ENSEMBLES). Consider the
regular ensemble LDPC (nx n lxr) with2 <1 <r. Letr(1,r) =1- I denote the
design rate of the ensemble and let 7(G) denote the actual rate of a code G G e
LDPC (nx n= x ) Then

P{r(G)n=r(l,r)n+v}=1-0,(1),
where v = 1 if 1 is even, and v = 0 otherwise.

Discussion: The extra constant v is easily explained. If the variable nodes have
an even degree then each variable appears in an even number of constraints and so
the sum of all constraints is zero. So at least one linearly dependent equation exists
in this case. The lemma asserts that all other equations are linearly independent with
high probability.
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§3.5. MESSAGE-PASSING DECODER

In Chapter 2 we introduced a message-passing algorithm to accomplish the decod-
ing task. Let us specialize this algorithm to the BEC.

The Tanner graph of an LDPC code (and so also the factor graph corresponding
to bit-wise MAP decoding) is in general not a tree. We nevertheless use the standard
message-passing rules summarized in Figure 2.12. If the factor graph is a tree there
is a natural schedule - start at the leaf nodes and send a message once all incoming
messages required for the computation have arrived. But to completely define the
algorithm for a code with cycles we need to specify a schedule. In general, different
schedules can lead to different performance. This is our convention: we proceed in
rounds or iterations; a round starts by processing incoming messages at check nodes
and then sending the resulting outgoing messages to variable nodes along all edges.
These messages are subsequently processed at the variable nodes and the outgoing
messages are sent back along all edges to the check nodes. This constitutes one round
of message passing. In general, decoding consists of several such rounds. In iteration
zero, no problem-specific information exists that we can send from the check nodes
to the variable nodes. Therefore, in this initial round, the variable nodes simply send
the messages received from the channel to their neighboring check nodes.

By the standard message-passing rules the initial messages are (¢;(0), #;(1)) =
(Py;1x;(¥;10), py; x;(¥j|1)). Specializing this to our case, we see that the initial
messages are either (1 — ¢,0), (¢,€), or (0,1 — ¢). This corresponds to the three
possibilities, namely that the received value is 0, ? (erasure), or 1, respectively.' Recall
that the normalization of the messages plays no role. We saw in Section 2.5.2 that we
only need to know the ratio and this conclusion stays valid if the graph contains
cycles. Therefore, equivalently we can work with the set of messages (1,0), (1, 1),
and (0, 1). In the sequel we will call these also the “0” (zero), the “?” (erasure), and
the “1” (one), message. Therefore, e.g., 0, (1,0), and “zero,” all refer to the same
message.

We now get to the processing rules. We claim that for the BEC the general
message-passing rules summarized in Figure 2.12 simplify to the following: at a vari-
able node the outgoing message is an erasure if all incoming messages are erasures.
Otherwise, since the channel never introduces errors, all non-erasure messages must
agree and either be 0 or 1. In this case the outgoing message is equal to this common
value. At a check node the outgoing message is an erasure if any of the incoming
messages is an erasure. Otherwise, if all of the incoming messages are either 0 or 1
then the outgoing message is the mod-2 sum of the incoming messages.

Consider the first claim: if all messages entering a variable node are from the
set {(1,0),(1,1)}, then the outgoing message (which is equal to the component-

"We assume in this chapter that the bits take on the values 0 and 1.
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wise product of the incoming messages according to the general message-passing
rules) is also from this set. Further, it is equal to (1,1) (i.e., an erasure) only if all
incoming messages are of the form (1, 1) (i.e., erasures). The equivalent statement
is true if all incoming messages are from the set {(0,1), (1, 1) }. (Since the channel
never introduces errors we only need to consider these two cases.)

Next consider the claim concerning the message-passing rule at a check node:
it suffices to consider a check node of degree 3 with two incoming messages since
check nodes of higher degree can be modeled as the cascade of several check nodes,
each of which has two inputs and one output (e.g., x; + x2 + x3 = (x] +x2) + x3). Let
(p1(0), u1(1)) and (p2(0), p2(1)) denote the incoming messages. By the standard
message-passing rules the outgoing message is

(u(0), (1)) = (D" Tpeyrmpmop i (1) p2(x2)s Y Lpyyamymny i (1) p2(x2))

X1,X2 X1,X2

= (pu1(0)p2(0) + p1 (1) p2 (1), 1 (0) pa (1) + 1 (1) p2(0)).

If (42(0), 42(1)) = (1,1) then, up to normalization, (¢(0), (1)) = (1,1). This
shows that if any of the inputs is an erasure then the output is an erasure. Further,
if both messages are known then an explicit check shows that the message-passing
rules correspond to the mod-2 sum.

Figure 3.28 shows the application of the message-passing decoder to the [7, 4, 3]
Hamming code assuming that the received word is (0,?,7,1,0,?,0). In iteration
0 the variable-to-check messages correspond to the received values. Consider the
check-to-variable message sent in iteration 1 from check node 1 to variable node
2 (this is shown on the left of Figure 3.28, second from the top). This message is 1
(the mod-2 sum of incoming messages) according to the message-passing rule. This
is intuitive: this message reflects the fact that through the parity-check constraint
X1 + X2 + X4 + x5 = 0 we can find x, given x;, x4, and x5. Although this might
not be completely obvious at this point, this message-passing algorithm is entirely
equivalent to the greedy algorithm based on the Venn diagram description which we
discussed in Section 1.9. In other words: for the BEC, message-passing is equivalent
to greedily checking whether any of the parity-check constraints allows us to find a
yet unknown value from already known ones. After three iterations the transmitted
word is found to be (0,1,0, 1,0, 1,0).

§3.6. Two BASIC SIMPLIFICATIONS

In the previous sections we have introduced code ensembles and a low-complexity
message-passing decoder. We start our investigation of how well this combination
performs.
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check-to-variable variable-to-check

1

Figure 3.28: Message-passing decoding of the [7,4, 3] Hamming code with the re-
ceived word y = (0,2,2,1,0,?,0). The vector * denotes the current estimate of the
transmitted word x. A 0 message is indicated as thin line, a 1 message is indicated as
thick line, and a ? message is drawn as dashed line. The four rows correspond to iter-
ations 0 to 3. After the first iteration we recover x, = 1, after the second x3 = 0, and
after the third we know that x = 1. The recovered codeword is x = (0, 1,0,1,0, 1,0).
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§3.6.1. RESTRICTION TO THE ALL-ZERO CODEWORD

The first big simplification stems from the realization that the performance is inde-
pendent of the transmitted codeword and is only a function of the erasure pattern: at
any iteration the set of known variable nodes is only a function of the set of known
messages but independent of their values. The equivalent statement is true for the
set of known check nodes.

FacT 3.29 (CONDITIONAL INDEPENDENCE OF ERASURE PROBABILITY). Let G be the
Tanner graph representing a binary linear code C. Assume that C is used to trans-
mit over the BEC(¢) and assume that the decoder performs message-passing de-
coding on G. Let PP?(G, ¢, £, x) denote the conditional (bit or block) probability of
erasure after the £-th decoding iteration, assuming that x was sent, x € C. Then
PP (G,¢€,6,x) = ﬁ S ec PPP(G,e, 6, x") = PPP(G,¢, £), ie., PPP(G, ¢, £, x) is inde-
pendent of the transmitted codeword.

As a consequence, we are free to choose a particular codeword and to analyze
the performance of the system assuming that this codeword was sent. It is natural
to assume that the all-zero word, which is contained in every linear code, was sent.
We refer to this assumption as the “all-zero codeword” assumption.

A word about notation: iterative decoding is a generic term referring to decod-
ing algorithms which proceed in iterations. A subclass of iterative algorithms are
message-passing algorithms (like the algorithm which we introduced in the previ-
ous section). Message-passing algorithms are iterative algorithms which obey the
message-passing paradigm: this means that an outgoing message along an edge only
depends on the incoming messages along all edges other than this edge itself. The
message-passing algorithm which we introduced in Chapter 2 and which we adopted
in this chapter is a special case in which the messages represent probabilities or “be-
liefs” The algorithm is therefore also known as belief propagation (BP) algorithm.
For the BEC essentially any meaningful message-passing algorithm is equivalent to
the BP algorithm. But for the general case message-passing algorithms other than
the BP algorithm play an important role. For the remainder of this chapter we use
the shorthand BP to refer to the decoder.

§3.6.2. CONCENTRATION

Rather than analyzing individual codes it suffices to assess the ensemble average per-
formance. This is true, since, as the next theorem asserts, the individual elements of
an ensemble behave with high probability close to the ensemble average.

THEOREM 3.30 (CONCENTRATION AROUND ENSEMBLE AVERAGE). Let G, chosen uni-
formly at random from LDPC (#, A, p), be used for transmission over the BEC(e).
Assume that the decoder performs € rounds of message-passing decoding and let
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PPP(G, €, £) denote the resulting bit erasure probability. Then, for ¢ fixed and for any
given & > 0, there exists an a > 0, &« = a (A, p, €, 3, £), such that

B{| P (G €. €) - Egppc(np) [P (€. 0)] [ > 8} < o7

In words, the theorem asserts that all except an exponentially (in the block-
length) small fraction of codes behave within an arbitrarily small 6 from the en-
semble average. Assuming sufficiently large blocklengths, the ensemble average is
a good indicator for the individual behavior. We therefore focus our effort on the
design and construction of ensembles whose average performance approaches the
Shannon theoretic limit. In Theorem 3.30 we assume a fixed number of iterations
and the theorem leaves open the possibility that the constant « approaches zero
when the number of iterations increases. Fortunately, as we discuss in Section 3.19,
this does not happen.

EXAMPLE 3.31 (CONCENTRATION FOR LDPC (A(x) = 512x%, P(x) = 256x°)). Fig-
ure 3.32 shows the erasure probability curves under BP decoding for 10 randomly
chosen elements. We see that for this example the plotted curves are within a ver-

BP
Pb

10—1.
10721
10°3f -
104E - -7/

0.3 0.35 0.4 0.45 €

Figure 3.32: Bit erasure probability of 10 random samples from
LDPC (512x%,256x°) = LDPC (512, x%, x%).

tical distance of § ~ 107°: all samples follow the “main” curve up to some point. At
this point, which depends on the sample, the curve of the individual sample flattens
out. We will see in Section 3.23 that the main curve is due to large-sized decoding
failures (i.e., errors whose support size is a linear fraction of the blocklength) and
we will give an analytic characterization of this curve. On the other hand, as we will
discuss in Section 3.24, the error floor is due to certain “weaknesses” in the graph
which typically can be expurgated. We derive the limiting distribution of the error
floor in Lemma 3.166. &

We do not prove Theorem 3.30 here. Rather this is done in a much broader con-
text in Appendix C, where a variety of probabilistic tools and theorems are discussed
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that are useful in the context of message-passing coding. The main idea behind The-
orem 3.30 is easy to explain: a message-passing decoder is a local algorithm. This
means that local changes in the graph only affect local decisions. Consider a code
G and some small modification, e.g., switch the endpoints of two randomly chosen
edges. Because of the local nature of the message-passing algorithm this switch has
(in the limit of large blocklengths) only a negligible effect on the resulting perfor-
mance. Since, finally, LDPC codes have only a linear number of edges, any two codes
can be converted into each other by a linear number of such elementary steps, each
of which has only a small effect on its performance.

In Theorem 3.30 we have not given any explicit constants. Such constants can be
furnished, and indeed they are given in Appendix C. Unfortunately though, even the
best constants that have been proved to date cannot explain the actual empirically
observed tight concentration. Theorem 3.30 should therefore be thought more as a
moral support for the approach taken, rather than a relevant engineering tool by
which to judge the performance.

§3.7. COMPUTATION GRAPH AND TREE ENSEMBLE

In the previous section we have reduced the analysis already in two essential ways.
First, we can assume that the all-zero word was transmitted, and second, we only
need to find the ensemble-average performance. Assuming these simplifications,
how can we determine the performance of LDPC codes under BP decoding?

§3.7.1. COMPUTATION GRAPH

Message passing takes place on the local neighborhood of a node/edge. As a first
step we characterize this neighborhood.

ExAMPLE 3.33 (COMPUTATION GRAPH — NODE AND EDGE PERSPECTIVE). Consider
again the parity-check matrix H given in (3.9). Its Tanner graph is shown in Fig-
ure 3.10. Let us focus on the decoding process for bit x; assuming that two rounds
of message passing are performed. By convention, since no real processing is done
in iteration 0, we do not count it. Recall from the description of the decoder that the
decision for bit x; is based on the messages received from its adjoined check nodes
cs, ¢g, and cg. These in turn process the information received from their other neigh-
bors to form their opinion. As an example, the outgoing message of ¢ is a function
of the messages arriving from x5, x5, x13, X17, and x;9. If we unroll this dependency
structure for bit x; we arrive at the computation graph depicted in Figure 3.34. The
figure depicts the computation graph for two iterations. With some abuse of nota-
tion we say that the computation graph has height 2. It is rooted in the variable node
x1; it is bipartite, i.e., each edge connects a variable node to a check node; and all
leaves are variable nodes. This computation graph is depicted as a tree, but in fact it
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Figure 3.34: Computation graph of height 2 (two iterations) for bit x; and the code
C(H) for H given in (3.9). The computation graph of height 2 (two iterations) for
edge e is the subtree consisting of edge e, variable node x;, and the two subtrees
rooted in check nodes c5 and cq.

is not: several of the variable and check nodes appear repeatedly. For example, x3 ap-
pears as a child of both cg and cy. Therefore, more properly, this computation graph
should be drawn as a rooted graph in which each distinct node appears only once.
The preceding graph is a computation graph from a node perspective since we
start from a variable node. We can also start from an edge and unravel the depen-
dencies of the message sent along this edge. We call the result the computation graph
from an edge perspective. In Figure 3.34 the resulting computation graph of height 2
for edge e is shown as well. It is the subtree consisting of variable node x; and the
two subtrees rooted in check nodes c5 and cqg. 0

DEFINITION 3.35 (COMPUTATION GRAPH ENSEMBLE — NODE AND EDGE PERSPEC-
TIVE). Consider the ensemble LDPC (n, A, p). The associated ensemble of compu-
tation graphs of height £ from a node perspective, denoted by C(, A, p), is defined
as follows. To sample from this ensemble, pick a graph G from LDPC (n, A, p) uni-
formly at random and draw the computation graph of height € of a randomly cho-
sen variable node of G. Each such computation graph, call it T, is an unlabeled rooted
graph in which each distinct node is drawn exactly once. The ensemble C(n, A, p)
consists of the set of such computation graphs together with the probabilities P{T €
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Ce(n, A, p)}, which are induced by the preceding sampling procedure.

In the same way, to sample from the ensemble of computation graphs from an
edge perspective, denote it by Ce(n, A, p), pick randomly an edge e, and draw the
computation graph of e of height £in G. Since C;(#, A, p) and C¢(n, A, p) share many
properties it is convenient to be able to refer to both of them together. In this case
we write Cy(n, A, p). v

ExampLE 3.36 (C1(n,A(x) = x,p(x) = x?)). In this simple example every vari-
able node has two outgoing edges and every check node has three attached edges.
Figure 3.37 shows the six elements of this ensemble together with their associated
probabilities P{T € C, (1, x, x*) }. All these probabilities behave like O(1/n), except
for the tree in the top row, which asymptotically has probability 1. Also shown is the
conditional probability of error, PE¥ (T, €). This is the probability of error which we
incur if we decode the root node of the graph T assuming that transmission takes
place over the BEC(¢) and assuming that we perform BP decoding for one iteration.

&
T P{T € C,(n, x,x2)} PP (T,¢)
P
(2n-6)(2n-8)
S (2n=1)(2n=5) e(1-(1-¢)%)?
~—
—_ 2(2n-6)
P (erer=s) e(1-(1-¢)?)
~—
< : (211—1)1(211—5) e
S < 4(2n-6)
N (2n-1)(2n-5) e +e(l-e)
< >< (2n—1)2(2n—5) e(1-(1- 6)2)
: 2 2
— 2n-1 €

Figure 3.37: Elements of C (1, A(x) = x, p(x) = x?) together with their probabilities
P{T € C,(n, x,x*)} and the conditional probability of error, PE¥ (T, ¢). Thick lines
indicate double edges.

The operational meaning of the ensembles C;(#, A, p) and Ce(n, A, p) is clear:
Ce(n, A, p) represents the ensemble of computation graphs that the BP decoder en-
counters when making a decision on a randomly chosen bit from a random sample
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of LDPC (n, A, p), assuming the decoder performs ¢ iterations and C,(#, A, p) rep-
resents the ensemble of computation graphs which the BP decoder encounters when
determining the variable-to-check message sent out along a randomly chosen edge
in the ¢-th iteration.

For T € Co(n, ), p), let PEP(T, €) denote the conditional probability of error in-
curred by the BP decoder, assuming that the computation graph is T. With this no-
tation we have

(3.38) Erppciarp [Py (Ge,€)] =D P{Te Ce(n, 1, p)} PF (T, €).
T

In principle the right-hand side of (3.38) can be computed exactly as shown in Fig-
ure 3.37. For a fixed ¢, there are only a finite number of elements T in C}(n, A p).
The probability P{T € C¢(n, A, p)} is a combinatorial quantity, independent of the
channel, and it can be determined by counting. To determine Py* (T, €) proceed as
follows: recall that we can assume that the all-zero word was transmitted. Therefore,
assume that all variable nodes of T are initially labeled with zero. Each such label is
now erased with probability €, where the choice is independent for each node. For
each resulting constellation of erasures the root node can either be determined (by
the BP decoder) or not. We get PE¥ (T, €) if we sum over all possible erasure con-
stellations with their respective probabilities. If we perform this calculation for the
example shown in Figure 3.37, the exact expression is not too revealing, but if we
expand the result in powers of 1/n we get

ELDPC(n,x,xz)[PEP(G’e’e =1)]=e(1-(1- 6)2)2+
(3:39) (3 - 12 + 13> — 4¢’) /n + O(1/n?).

We see that for increasing blocklengths the expected bit erasure probability after
one iteration converges to the constant value e(1 — (1 — €)?)2. This is equal to the
conditional erasure probability PE¥ (T, €) of the tree-like computation graph shown
in the top of Figure 3.37. This result is not surprising: from Figure 3.37 we see that
this computation graph has essentially (up to factors of order O(1/n)) probability
1 and that the convergence speed to this asymptotic value is therefore of order 1/n.

Although this approach poses no conceptual problems, it quickly becomes com-
putationally infeasible since the number of computation graphs grows exponentially
in the number of iterations. Faced with these difficulties, we start with a simpler task
— the determination of the limiting (in the blocklength) performance; we will come
back to the finite-length analysis in Section 3.22. We will see that in this limit the rep-
etitions in the computation graphs vanish and that the limiting performance can be
characterized in terms of a recursion. In order to give a clean setting for this recur-
sion, and also to introduce concepts which are important for the general case, we
start by giving a formal definition of the limiting objects.



COMPUTATION GRAPH AND TREE ENSEMBLE 91

§3.7.2. TREE ENSEMBLE

For a fixed number of iterations and increasing blocklengths, it is intuitive that fewer
and fewer cycles occur in the corresponding computation graphs. In fact, in the limit
of infinitely long blocklengths the computation graph becomes a tree with proba-
bility 1 and each subtree of a computation graph tends to an independent sample
whose distribution is determined only by the degree distribution pair (A, p).

DEFINITION 3.40 (TREE ENSEMBLES — NODE AND EDGE PERSPECTIVE). The tree en-
sembles 7}(){ p) and T¢(A, p) are the asymptotic versions of the computation graph
ensembles C;(1,, p) and Ce(n, A, p). We start by describing 7z(A, p). Each ele-
ment of T¢(A, p) is a bipartite tree rooted in a variable node. The ensemble 74(A, p)
contains a single element - the trivial tree consisting only of the root variable node
- and it will serve as our anchor. Let L(i) denote a bipartite tree rooted in a vari-
able node which has i (check-node) children and, in the same manner, let R(i) de-
note a bipartite tree rooted in a check node which has i (variable-node) children as
shown in Figure 3.41. To sample from T¢(1, p), £ > 1, first sample an element from
Te-1(A, p). Next substitute each of its leaf variable nodes with a random element
from {L(7) }i>1, where L(i) is chosen with probability A;;. Finally, substitute each
of its leaf check nodes with a random element from {R(7) };»1, where R(7) is chosen
with probability p;,;. The preceding definition implies the following recursive de-
composition. In order to sample from Tz (A, p), sample from Ti(A, p),0<i<¢ and
replace each of its (variable) leaf nodes by independent samples from 7;_;(A, p).
This recursive structure is the key to the analysis of BP decoding. The description

L(5) R(7)

AN N

Figure 3.41: Examples of basic trees, L(5) and R(7).

of Tz(1, p) differs from the one of 77(A, p) only in the probabilistic choice of the
root node. Again, To(A, p) contains a single element — the trivial tree consisting
only of the root variable node. To sample from 77(A, p), first choose an element
of {L(i)}i>1, where element L(i) has probability L; (this is the difference from the
previous definition). Next, substitute each of its leaf check nodes with a random el-
ement from {R(i)}>1, where R(i) is chosen with probability p;.;. For all further
steps we proceed as in the case of the ensemble 7. It follows that we have again the
following recursive decomposition. In order to sample from 77(A, p), sample from
Ti(A,p), 1 < i < ¢, and replace each of its (variable) leaf nodes by independent sam-
ples from T;_;(A, p). As for the computation graph ensembles, we apply the same
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convention and write 7;(A, p) if the statement refers equally to the node or the edge
tree ensemble. v

ExampLE 3.42 (Te(A(x) = x171, p(x) = x*7!) ENsEMBLE). The tree ensemble is
particularly simple for the regular case. Then each Tp(A(x) = x>, p(x) = x*")
consists of a single element, a bipartite graph of height ¢, rooted in a variable node,
where each variable node has 1 — 1 check-node children and each check node has
r — 1 variable-node children. The same is true for To(1(x) = x>}, p(x) = 1),
except that the root variable node has 1 check-node children. &

EXAMPLE 3.43 (T¢(A(x) = 1x+3x%,p(x) = £x° + 2x*) ENSEMBLE). As discussed
before, 7o(A, p) consists of a single element — a root variable node. The 12 elements
of T1(A, p) are shown in Figure 3.44, together with their probabilities. (Note that

A(x) = 1/2x + 1/2x* implies that L(x) = 3/5x* + 2/5x>.) &
3 12 2 8 8 32
125 125 625 625 625 625

N N N N b N N
A\ N N AN NN NN NN NN NN AN AN

12 48 8 32 32 128
125 125 625 625 625 625

D N N D N D N b N RN
/AN N AN N NN AN AN D N AN N

Figure 3.44: Twelve elements of 7 (1, p) together with their probabilities.

As in the case of the computation graph ensembles, we can associate with each
element of 7;(A, p) a conditional probability of error: we imagine that each variable
node is initially labeled with zero, that each label is then erased with probability e
by the channel, where erasures are independent, and that the BP decoder tries to
determine the root node. In terms of these conditional probabilities of error we can
write the probability of error of the tree ensemble as

P (€)= DB(TTilh )} B (T.0).

DEFINITION 3.45 (TREE CODE). Let T € 7;(A, p). Define C(T) to be the set of valid
codewords on T. More precisely, C(T) is the set of 0/1 assignments on the variables
contained in T that fulfill the constraints on the tree. Further, let C%!(T) denote
the valid codewords on T such that the root variable node is 0/1. Clearly, C°(T) and
C!(T) are disjoint and their union equals C(T). Finally, we need the subset of C! (T)
consisting only of the minimal codewords. Denote this set by CL. (T): a codeword

min
in C!. (T) has a1 at the root node and then for each of its connected check nodes
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exactly one of its child variable nodes is also 1. This continues until we have reached
the boundary. Figure 3.46 shows a tree with a non-minimal (left) and a minimal
(right) assignment. v

A
FITEAN /X (NN
AN AN

Figure 3.46: Left: Element of C'(T) for a given tree T € 75. Right: Minimal such el-
ement, i.e., an element of C.. (T). Every check node has either no connected vari-

ables of value 1 or exactly two such neighbors. Black and gray circles indicate vari-
ables with associated values of 1 or 0, respectively.

Discussion: Consider a code C and the computation graph T for a fixed number
of iterations. This computation graph may or may not be a tree. Project the global
codewords of C onto the set of variables contained in T. It can happen that this set of
projections is a strict subset of C(T). Here is a simple example: a position indexed by
T may not be proper and so it is permanently fixed to 0 by global constraints which
do not appear in the set of local constraints that define T (e.g., consider a variable
node on the boundary of T which has 3 edges connected to a check node of degree 3
outside T). As the next lemma shows, for large blocklengths this rarely happens. We
will not need this fact for our analysis for the BEC but it will come in handy when
we talk about GEXIT functions for more general channels.

Consider a position i of the code and let £ € N. Consider the node-perspective
computation graph of bit i of depth ¢, call it T. Let C(T) denote the tree code. Let
P(C,T) denote the projection of the set of global codewords onto T. We say that
T is proper if T is a tree and P(C,T) = C(T), i.e., if the set of projections of global
codewords onto T is equal to the set of all local codewords. Note that for £ = 0 this
notion coincides with the notion that the code G is proper at position i. You can find
the proof of the following lemma on page 523.

LEMMA 3.47 (MosT FINITE PROJECTIONS ARE PROPER). Let £ € N. Let G be chosen
uniformly at random from LDPC (n,1,r),3 <1 <r.Leti € [n] and let T be the
node-perspective computation graph of depth ¢ rooted in position i. Then

P{T is proper} =1+ o(1).
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§3.8. TREE CHANNEL AND CONVERGENCE TO TREE CHANNEL
§3.8.1. TREE CHANNEL

DEFINITION 3.48 (77, €)-TREE CHANNEL). Given the BEC characterized by its era-
sure probability e and a tree ensemble 7, = T;(A, p), we define the associated (7, €)-
tree channel. The channel takes binary input X € {0, 1} with uniform probability.
The output of the channel is constructed as follows. Given X, first pick T from 7,
uniformly at random. Next, pick a codeword from C°(T) uniformly at random if
X = 0 and otherwise pick a codeword from C!(T) uniformly at random. As a short-
hand, let us say that we pick a codeword from CX(T) uniformly at random. Transmit
this codeword over the BEC(¢). Call the output Y. The receiver sees (T, Y) and esti-
mates X. Let P (¢) denote the resulting bit error probability, assuming that (T, V)
is processed by a BP decoder. v

Discussion: We know already that the error probability depends on the tree but
not on the codeword that is sent. The distribution of the codeword is therefore ir-
relevant for the subsequent discussion. For the sake of definiteness we have chosen
this distribution to be the uniform one. This is also consistent with our previous dis-
cussion. We know that most projections onto computation graphs are proper. And
for a proper projection the induced probability distribution is the uniform one.

§3.8.2. CONVERGENCE TO TREE CHANNEL

THEOREM 3.49 (CONVERGENCE TO TREE CHANNEL). For a given degree distribu-
tion pair (A, p) consider the sequence of associated ensembles LDPC (n, A, p) for
increasing blocklength # under € rounds of BP decoding. Then

Jim Erppc(nap [P (66 0)] =P ) ()
Proof. From characterization (3.38) we have
nlLrEO Erppc(nip) [PPF(G,e, )] = nlggo Y P{Te Ce(n, A, p)} PEP(T,€).
T
Consider

S PITColnA,p)} B (1.) = ST Te(h p)) B (Toe).

Since the conditional probability of error is identical, the preceding difference can
be written as

3 (B{T € Co(m 1, p)) ~ BT € To(1, p)}) BV (T, ).

T
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The proof now follows by observing that, for each T,
lim P{T e Cp(n,A,p)} =P{T e To(A,p)}.

If you go back to Figure 3.37 you see that, in the limit of infinite blocklengths, the
only computation graph which we encounter is the tree shown in the top row. In
the general case, any computation graph that contains at least one repetition (edge
or node) has a probability that tends to zero at a speed of at least 1/#. Finally, this

convergence is uniform since there are only a finite number of possible graphs of a
fixed height. O]

§3.9. DENSITY EVOLUTION

Theorem 3.49 asserts that in the limit of large blocklengths the average performance
of an ensemble LDPC (1, A, p) converges to the performance of the corresponding
tree channel.

THEOREM 3.50 (PERFORMANCE OF TREE CHANNEL). Consider a degree distribution
pair (A, p) with associated normalized variable degree distribution from a node per-
spective L(x). Let € be the channel parameter, € € [0, 1]. Define x_; = 1 and for £ > 0
let

(3.51) xe=€A(1-p(1-xp1)).

Then for € >0
PY () = xe, P2 (e) = eL(1 - p(1 - x¢-1)).

Proof. Consider first ng (€). By definition, the initial variable-to-check message is
4

equal to the received message, which is an erasure message with probability e. It
follows that P%’(e) = ¢, as claimed. We use induction. Assume that P%’(e) = Xy
Consider P]%H (€). We start with the check-to-variable messages in the (£+1)-th it-
eration. Recall that by definition of the algorithm a check-to-variable message emit-
ted by a check node of degree i along a particular edge is the erasure message if any
of the i — 1 incoming messages is an erasure. By assumption, each such message is an
erasure with probability x, and all messages are independent, so that the probability
that the outgoing message is an erasure is equal to 1 — (1 - x,)"~'. Since the edge has
probability p; to be connected to a check node of degree i it follows that the expected
erasure probability of a check-to-variable message in the (£+1)-th iteration is equal
to ¥ pi(1=(1-x,)"1) =1-p(1-x,). Now consider the erasure probability of
the variable-to-check messages in the (€ + 1)-th iteration. Consider an edge e that
is connected to a variable node of degree i. The outgoing variable-to-check message
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along this edge in the (€ + 1)-th iteration is an erasure if the received value of the
associated variable node is an erasure and all i — 1 incoming messages are erasures.
This happens with probability e(1 — p(1 — x,))""!. Averaging again over the edge
degree distribution A, we get that P%H (6) =eA(1 = p(1—x¢)) = xp41, as claimed.
The proof for Pl%’ (€) is very similar. Recall that 7, and 77 are identical except
for the choice of the root node, which is chosen according to the normalized node
degree distribution L(x) instead of the edge degree distribution A(x). O

EXAMPLE 3.52 (DENsITY EVOLUTION FOR (A(x) = x%, p(x) = x°)). For the degree
distribution pair (A(x) = x%, p(x) = x°) we have xy = € and for £ > 1, x, = ¢(1 -
(1-x,_1))%. For example, for € = 0.4 the sequence of values of x, is 0.4, 0.34, 0.306,
0.2818,0.2617, 0.2438, and so forth. O

Theorem 3.50 gives a precise characterization of the asymptotic performance in
terms of the recursions stated in (3.51). Those recursions are termed density evolution
equations since they describe how the erasure probability evolves as a function of
the iteration number.

§3.10. MONOTONICITY

Monotonicity either with respect to the channel parameter or with respect to the
number of iterations ¢ plays a fundamental role in the analysis of density evolution.
The first lemma is a direct consequence of the non-negativity of the coefficients of
the polynomials A(x) and p(x) and the fact that p(1) = 1. We skip the proof.

LEMMA 3.53 (MONOTONICITY OF f(,-)). For a given degree distribution pair (1, p)
define f(e,x) =€eA(1 - p(1 - x)). Then f (e, x) is increasing in both its arguments
for x,e € [0, 1].

LEMMA 3.54 (MONOTONICITY WITH RESPECT TO CHANNEL). Let (A, p) be a degree
distribution pair and € € [0, 1]. If P (e) 2% 0 then P22 (€) CF 0forall0< e <e.
Proof. We prove the claim for ng(e). The corresponding claim for Pg&; (€) can be

14
treated in a nearly identical manner and we skip the details. Recall from Theo-
rem 3.50 that P%f(e) = x¢(€), where xo(€) =€, x¢(e) = f(€,xp-1(€)), and f(e,x) =
4
eA(1 - p(1 - x)). Assume that for some £ > 0, x,(€’') < x¢(€). Then

xe1(€) = F(€xe(€)) " TE fle,xe(e)) = xe (€).

But if ¢’ < ¢, then xo(€¢') = € < ¢ = x0(€) and we conclude by induction that

xe(e’) < XE(FS). So ifxg(e) g_)_of 0, then xe(e,) €—>_o)o 0. -

*For the BEC this “density” simplifies to a probability (of erasure) but for the general case dis-
cussed in Chapter 4, density evolution really describes an evolution of densities.
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LEMMA 3.55 (MONOTONICITY WITH RESPECT TO ITERATION). Let ¢, xg € [0, 1]. For
¢=1,2,...,define x¢(x0) = f(€ xe-1(x0)). Then x¢(x0) is a monotone sequence
converging to the nearest (in the direction of monotonicity) solution of the equation

x = f(ex).

Proof. If xo = 0 or € = 0 then x, = 0 for £ > 1 and the fixed point is x = 0. If for some

Lem. 3.53
€>1,xp>xp1 thenxp1 = f(e,x,) > f(€,xp-1) = x4, and the corresponding

conclusion holds if x; < x,_1. This proves the monotonicity of the sequence {x,} ¢>o.

Since for € > 0 we have 0 < f(e,x) < € for all x € [0,1], it follows that x,
converges to an element of [0, €] - call it xo. By the continuity of f we have xo, =
f(€ xo0). It remains to show that x., is the nearest (in the sense of monotonicity)

fixed point. Consider a fixed point z such that x,(x9) < z for some ¢ > 0. Then

Lem. 3.
xe+1(x0) = f (€, xe(x0)) e f(e,z) = z, which shows that xo, < z. Similarly, if

x¢(x0) > z for some € > 0 then xo, > z. This shows that x, cannot “jump” over any
fixed point and must therefore converge to the nearest one. O]

§3.11. THRESHOLD

From the density evolution equations (3.51) we see that for every non-negative inte-
ger £

Pg—;(e:o) =0, but P%)(e: 1) =1,

and in particular these equalities are satisfied if £ - co. Combined with the preced-
ing monotonicity property this shows the existence of a well-defined supremum of

€ for which ng(e) £ 0. This supremum is called the threshold. Further, in Prob-
4
lem 3.16 you will show that ng(e) %0 implies Pgﬁ;(e) % 0, and vice versa. We
4
can therefore generically consider P (¢).

DEFINITION 3.56 (THRESHOLD OF DEGREE DISTRIBUTION PAIR). The threshold as-
sociated with the degree distribution pair (A, p), call it €®" (A, p), is defined as

£— o0

€’ (A, p) =sup{ee[0,1]: P%)()L’p)(e) — 0}. v

EXAMPLE 3.57 (THRESHOLD OF (A(x) = x%, p = x°)). Numerical experiments show
that €7 (3,6) ~ 0.42944. O

What is the operational meaning of €** (A, p)? Using an ensemble LDPC (1, A, p)
of sufficient length we can transmit reliably over the channel BEC(e) if € < €*" (A, p)
but we cannot hope to do so for channel parameters exceeding this threshold. More
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1 r r(Lr) &™(1,r) €(1,1)
3.6 3 1=05 ~04294
4 8 1 l=05 ~0.3834
3 5 2 2=06 05176
4 6 1 2~0.667 ~0.5061
3.4 1 22075 w~0.6474

Table 3.58: Thresholds €** (1, r) under BP decoding and the corresponding Shannon
thresholds €% (1, r) for some regular degree distribution pairs.

precisely, given € < € (A, p) there exists an iteration number ¢ so that ng (e) is
[4

below the desired bit erasure probability. Therefore, by Theorems 3.30 and 3.49, ele-
ments of the ensemble LDPC (n, A, p), if decoded with ¢ rounds of BP, will show a
performance approaching Pgﬁ; (€) as the blocklength increases. Table 3.58 lists thresh-

olds for some regular degree distribution pairs.

§3.12. FIXED POINT CHARACTERIZATION OF THRESHOLD

The preceding definition of the threshold is not very convenient for the purpose of
analysis. We therefore state a second equivalent definition based on the fixed points
of density evolution.

THEOREM 3.59 (FIXED POINT CHARACTERIZATION OF THE THRESHOLD). For a given
degree distribution pair (A, p) and e € [0,1] let f(e,x) =eA(1 - p(1 - x)).

(i) €¥*(A,p) =sup{e€[0,1]: x = f(e x) has no solution x in (0,1]}.
(ii) €®P(A,p) =inf{e€[0,1]: x = f(e, x) has a solution x in (0, 1]}.

Proof. Let x(¢) be the largest solution in [0,1] to x = f(e, x). Note that for any
x € [0,1] we have 0 < f(€,x) < e. We conclude that x(¢) € [0, €].

By Lemma 3.55 we have x;(¢) ki x(€) . We conclude that if x(¢) > 0 then € is
above the threshold, whereas if x(€¢) = 0 then € is below the threshold. O

DEFINITION 3.60 (CRITICAL POINT). Given a degree distribution pair (A, p) that
has threshold e** we say that x*" is a critical point if

] BP,
f(EBP’xBP):xBP and %“ gp = 1.

=X

In words, x®" is (one of) the point(s) at which f (€, x) — x tangentially touches the
horizontal axis. v
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The fixed point characterization gives rise to the following convenient graphical
method for determining the threshold. Draw f (e, x) —x as a function of x, x € (0, 1].
The threshold €™ is the largest € such that the graph of f(e, x) — x is negative.

EXAMPLE 3.61 (GRAPHICAL DETERMINATION OF THRESHOLD). The graphical deter-
mination of the threshold of (A, p) = (x?, x°) is shown in Figure 3.62. The graphs
of f(e,x) —x = €(1 - (1 -x))? - x for the values € = 0.4, 0.42944, and 0.45 are
depicted. We see that the supremum of all € such that this plot is strictly negative
for x € (0, 1] is achieved at €®* ~ 0.42944. For this €®” there is one critical value
of x, x®" ~ 0.2606. At this point the expected decrease in the erasure fraction per
iteration reaches zero so that the decoder is expected to slow down critically and

come to a halt. &
L _ BP
g.gé i 0,005 ~ 0.4741
-0.02f €= -0.01-
-0.04} -0.02-
-0.06} €=0.4 -0.03-
00 0.1 02 03 04 x 0.0 0.1 02 03 04 x

Figure 3.62: Left: Graphical determination of the threshold for (1,p) = (x%,x°).
There is one critical point, x"" ~ 0.2606 (black dot). Right: Graphical determination
of the threshold for optimized degree distribution described in Example 3.63. There
are two critical points, x‘f’}; ~ 0.1493, 0.3571 (two black dots).

EXAMPLE 3.63 (OPTIMIZED ENSEMBLE). In the general case there can be more than
one critical point. This happens in particular with optimized degree distributions.
The more degrees we allow and the more highly optimized ensembles we consider
the more simultaneous critical points we are likely to find. Consider the degree dis-
tribution pair

A(x) = 0.106257x + 0.486659x> + 0.010390x"° + 0.396694x"°,
p(x)=0.5x" +0.5x%

It has a design rate of one-half, a threshold of €F ~ 0.4741, and two critical points
xF ~ 0.35713565 and x"* ~ 0.14932401. Why do we get multiple critical points
if we optimize degree distributions? In Section 3.14.4 we will see that to achieve
capacity we need f(€®", x) = x for the whole range x € [0,€""], i.e., we need equal-
ity everywhere so that all points in this range are critical points. This is called the
matching condition. Therefore, the closer we get to capacity the more critical points
we expect to see. <&
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§3.13. STABILITY

Expanding the right-hand side of (3.51) into a Taylor series around zero we get
(3.64) xe = eN'(0)p" (1)xe-1 + O(xzy)-

For sufficiently small x, the convergence behavior is determined by the term linear
in xp. More precisely, the convergence depends on whether el’(0)p’(1) is smaller
or larger than 1.

THEOREM 3.65 (STABILITY CONDITION). Assume that we are given a degree distri-
bution pair (A, p) and €, xg € [0, 1]. Let x¢(x0) be defined as in Lemma 3.55.

[Necessity] If eA’(0)p’(1) > 1 then there exists a strictly positive constant
&=&(A, p,e) such that lime_,  x¢(x0) > & for all xo € (0,1).

[Sufficiency] If eA’(0)p’(1) < 1 then there exists a strictly positive constant
&=£&(A, p,€) such that lime_, o x¢(x9) = 0 for all x € (0, &).

Note that eA(1 — p(1 - 0)) = 0 for any initial erasure fraction ¢, so that zero is
a fixed point of the recursion given in (3.51). Therefore, the preceding condition is
the stability condition of the fixed point at zero. The most important consequence
of the stability condition is the implied upper bound on the threshold:

BP 1
(3.66) € (A,p) < W

In fact, this bound also applies to MAP decoding.

LEMMA 3.67 (STABILITY CONDITION AND MAP THRESHOLD). Assume that we are
given a degree distribution pair (A, p) and a real number e, € € [0, 1].

[Necessity] If eA’(0)p’(1) > 1 then there exists a strictly positive constant
&= &(A, p,€) such that lim, o, PY*F (1,1, p, €) > &.

Proof. To each element G € LDPC (1, A, p) and each channel realization associate
a “normal” graph (not bipartite); call it I'. The nodes of I are the check nodes of G.
The edges of T correspond to the variable nodes of degree 2 in G whose values were
erased by the channel: each such variable node of degree 2 has exactly two outgoing
edges in G and so naturally forms an edge in I'. This connection between the bipartite
graph G and the graph T' is discussed in more detail in Section C.s.

Let u =€A'(0)p’(1). From Lemma C.37 and Lemma C.38 we know that if 4 > 1
then a positive fraction of nodes in I' lie on cycles.

A cycle in T corresponds to a cycle in G so that all involved nodes are of degree
2 and have been erased by the channel. Such a cycle constitutes a codeword, all of
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whose components have been erased. No decoder (not even a MAP decoder) can
recover the value associated with these bits. Since the fraction of concerned bits is
positive, the bit erasure probability is positive. In other words, we are transmitting
above the MAP bit threshold. O

§3.14. EXIT CHARTS

An EXIT chart is a helpful visualization of the asymptotic performance under BP
decoding. For the BEC it is equivalent to density evolution.

§3.14.1. GRAPHICAL REPRESENTATION OF DENSITY EVOLUTION

Consider a degree distribution pair (A, p). Recall from Section 3.12 that the asymp-
totic behavior of such a degree distribution pair is characterized by f (e, x) = eA(1—
p(1 - x)), which represents the evolution of the fraction of erased messages emit-
ted by variable nodes, assuming that the system is in state (has a current such frac-
tion of) x and that the channel parameter is €. It is helpful to represent f (e, x) as
the composition of two functions, one which represents the “action” of the variable
nodes (which we can think of as a repetition code) and the second which describes
the “action” of check nodes (a simple parity-check code). We define v.(x) = eA(x)
and c(x) =1 - p(1 —x), so that f(e,x) = ve(c(x)). Recall that the condition for
convergence reads f(e,x) < x, Vx € (0,1). Observe that v.(x) has an inverse for
x > 0 since A(x) is a polynomial with non-negative coefficients. The condition for
convergence can hence be written as

c(x) <v'(x), x€(0,1).

This has a pleasing graphical interpretation: c(x) has to lie strictly below v_!(x)
over the whole range x € (0,1). The threshold €®" is the supremum of all numbers
¢ for which this condition is fulfilled. The local such condition ar?und x =0, ie,
dv !(x) 1

the condition for small positive values x, reads p’(1) = ¢’(0) < = [x=0 = 7 -

This is the stability condition.

EXAMPLE 3.68 (GRAPHICAL REPRESENTATION FOR (A(x) = x%,p(x) = x°)). We
havev:!(x) = (x/e)"/> and ¢(x) = 1-(1-x)°. The curves corresponding to v ! (x)
for e = 0.35,0.42944, and 0.50 as well as the curve corresponding to c(x) are plotted
in the left-hand graph of Figure 3.69. For € ~ 0.42944, v_!(x) just touches c(x) for
some x € (0, 1), i.e., €"¥ ~ 0.42944. The graph on the right-hand side of Figure 3.69
shows the evolution of the decoding process for € = 0.35. O
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€=0.35

1.0[, -
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()i 7(0.35) ~ 0.884
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Figure 3.69: Left: Graphical determination of the threshold for (1(x) = x2, p(x) =
x°). The function v ! (x) = (x/e)'/? is shown as a dashed line for € = 0.35, ¢ = € ~
0.42944, and € = 0.5. The function c¢(x) = 1 - (1 — x)° is shown as a solid line.
Right: Evolution of the decoding process for € = 0.35. The initial fraction of erasure
messages emitted by the variable nodes is x = 0.35. After half an iteration (at the
output of the check nodes) this fraction has evolved to c(x = 0.35) ~ 0.88397. After
one full iteration, i.e., at the output of the variable nodes, we see an erasure fraction
of x = v.(0.88397), i.e., x is the solution to the equation 0.883971 = v_!(x). This
process continues in the same fashion for each subsequent iteration, corresponding
graphically to a staircase function which is bounded below by ¢(x) and bounded
above by v 1(x).

§3.14.2. EXIT FuncTION

We will now see that both ¢(x) and v¢(x) have an interpretation in terms of entropy.

DEFINITION 3.70 (EXIT FuncTION). Let C be a binary code. Let X be chosen with
probability px(x) from C and let Y denote the result of letting X be transmitted
over a BEC(¢). The extrinsic information transfer (EXIT) function associated with
the i-th bit of C, call it h;(€), is defined as

h,-(e) = H(X, | YN,').

The average EXIT function is
1 n
h(e):;Zhi(e). v
i=1

Discussion: The input parameter € represents an entropy: if we assume that X;
is chosen uniformly at random from {0, 1} and that Y; is the result of sending X;
over a BEC then H(X;|Y;) = eH(X;|Y; = ?) = €. The EXIT function therefore
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characterizes how entropy is transferred from input to output. The word “extrin-
sic” in EXIT refers to the fact that we consider H(X;|Y.;) instead of H(X;|Y),
i.e., we do not include the observation Y; itself. You are warned that in the litera-
ture mutual information is often considered instead of entropy. Assuming that we
impose a uniform prior on Xj, this differs from our definition only in a trivial way
(H(X,' ’ YN,') =1- I(Xi; YNI')).

ExAMPLE 3.71 (PARITY-CHECK CODE). Consider the binary parity-check code with
parameters C[n, n—1, 2] and a uniform prior on the set of codewords. By symmetry,
hi(e) = h(e) foralli € [n] and

h(e)=1-(1-¢)" 1.

A check node of degree i in the Tanner graph represents a parity-check code C[i, i—
1,2]. Let the channel parameter of the BEC be x. From earlier discussion the asso-
ciated EXIT function is 1 — (1 — x)"~!. The function c(x) depicted in Figure 3.69
is the average over the set of EXIT functions corresponding to check nodes of de-
gree i, where the average is with respect to the edge degree distribution: indeed,

Zipi(1-(1-x)"") =1-p(1-x) =c(x). %

ExAMPLE 3.72 (REPETITION CODE). Consider the binary repetition code C[#, 1, 1]
with a uniform prior on the set of codewords. By symmetry, h;(e) = h(e) for all
i€[n]and

h(e)=€"". O

ExaMPLE 3.73 ([7,4, 3] HAMMING CoDE). The parity-check matrix H of the [7, 4, 3]
binary Hamming code is stated explicitly in Example 1.24. Assuming a uniform prior
on the set of codewords, a tedious calculation reveals (see Problem 3.30) that

Bitam (€) = 3€% + 46> — 15¢* + 12¢° — 3¢5, o

Figure 3.75 depicts the EXIT functions of Examples 3.71, 3.72, and 3.73.
There are many alternative characterizations of EXIT functions, each with its
own merit. Let us list the most useful ones.

LEMMA 3.74 (VARIOUS CHARACTERIZATIONS OF EXIT FuncTiOoNs). Let C[n, k] be
a binary linear code and let X be chosen with uniform probability from C[n, k].
Further, let H and G be a parity and a generator matrix representing C, respectively.
Let Y denote the result of letting X pass over a BEC(¢). Let £MF(y.;) denote the
MAP estimator function of the i-th bit given the observation y.;. Then the following
are equivalent:
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0.0 02 04 06 08 ¢

Figure 3.75: EXIT function of the [3, 1, 3] repetition code, the [6, 5, 2] parity-check
code, and the [7, 4, 3] Hamming code.

(i) hi(e) = H(X;|Y.:)
(ii) hi(e) =P{2M"(Y.;) =7}

(iii) h(e) = SEEN)

nde
(iv) hi(e) = Yecpnii) el€l(1 - €)"17¥€1(1 + rank(Hg ) - rank(Hg,(;y))

V) hi(e) = Lecpu iy €I (1 - )€l (rank(Gegy sy ) - rank(Ge ).

Discussion: The second characterization states that the EXIT value equals the
erasure probability of an extrinsic MAP decoder. This is useful when doing actual
computations. The most fundamental characterization is the third one: it states that
the (average) EXIT function equals the derivative of the conditional entropy with
respect to the channel parameter divided by the blocklength n.

Proof. The proof of the equivalence of characterizations (i), (ii), (iv), and (v) is left
as Problem 3.28.

In what follows we concentrate on the third characterization, which is the most
fundamental one (if you would like to define an EXIT function for a non-uniform
prior or a non-linear code, this is the proper starting point). Although all bits are
sent through the same channel BEC(¢), it is convenient to imagine that bit i is sent
through a BEC with parameter ¢;, where (by chance) ¢; = € for all i € [n]. We claim
that

dH(X|Y(€1,.--,€n)) RS OH(X|Y(e1,..-,€1))

de Z Je;

i=1
" OH(X;|Y(e1,...,€n))

- Z 8(—:,-

i=1

€j=¢,V je[n]

€j=¢€,Y je[n] '
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To see the second transition, use the chain rule to write H(X|Y) = H(X;|Y) +
H(X.i|X;,Y). Due to the memoryless property of the channel, we further have
H(X.;|X;,Y) = H(X.;| Xi, Y.;). But the right-hand side is no longer a function
of €;. Therefore its contribution vanishes when we take the (partial) derivative with
respect to €;. Finally, note that

H(X;|Y) =P{Y; = 2} P{zM"*"(Y.;) = 2} = €;hi(e),

so that M = h;(e) and 9 = h(e). O

nde —

As we have seen in the preceding proof, it is useful to generalize to a situation
where the i-th bit is sent through the channel BEC(¢; ). Let us assume that the indi-
vidual channel parameters €; are parameterized in a differentiable way by a common
parameter ¢, i.e., €; = €;(€). Now e is no longer the channel parameter itself but if we
change € in a smooth manner then we can imagine that the set of individual chan-
nels {BEC(¢;) }_; describes some smooth curve in “channel space” Depending on
the parameterization, this description includes, e.g., the case where all channels stay
fixed except for one, or the case where all channels are the same and are changed in
lock-step. Characterization (iii) of Lemma 3.74 is still meaningful; i.e., we can define
the (average) EXIT function as h(e) = % and the individual EXIT functions
as h;(e) = —aH(a)i’i‘Y) %.

ExaMmPLE 3.76 (EXIT FUNCTION OF VARIABLE NODES). Consider the EXIT function
of an [i + 1,1, i] repetition code, where the last bit is passed through a BEC with
parameter € and bit 1 to bit i are passed through a BEC with parameter x. This
is the case for a variable node of degree i in the Tanner graph of an LDPC code.
Consider the EXIT function corresponding to one of the first i positions. We have
H(X|Y) = €eIT}_, x> where all the x; have value equal to x. Taking the derivative
with respect to, e.g., x;, and setting x; = x we get ex' . If we average this over the
edge degree distribution A we get 3°; A;ex’™! = ed(x) = v¢(x). We conclude that
ve(x) is the average of a collection of EXIT functions. &

As we have seen in Examples 3.71 and 3.76, v¢(x) and ¢(x) are (averaged) EXIT
functions. For this reason we call Figure 3.69 an EXIT chart.

§3.14.3. Basic PROPERTIES OF EXIT FUNCTIONS

THEOREM 3.77 (DuALITY THEOREM). Let C be a binary linear code, let C* be its
dual, and, assuming uniform priors on the codewords, let h;(¢) and h; (¢) denote
the corresponding EXIT functions. Then

hi(e) + hi(1-¢€)=1.
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Proof. Recall that if H is a parity-check matrix of C then it is also a generator matrix
of C*. The claim now follows from characterizations (iv) and (v) of Lemma3.74. O

ExAMPLE 3.78 (REPETITION CODE AND SINGLE PARITY-CHECK CODE). The codes
[n,1,n] and [n, n—1,2] are duals and from Examples 3.72 and 3.71 we know that for
all i € [n] their EXIT functions are ¢" ! and 1 — (1 — €)™, respectively. Therefore,
in agreement with Theorem 3.77,

i1 -(1-(1-¢)" =1, &

THEOREM 3.79 (MINIMUM Di1sTANCE THEOREM). Let C be a binary linear code of
length # with minimum distance d and with EXIT functions h;(¢), i € [n]. Then
hi(e), i € [n], is a polynomial of minimum degree at least d — 1 and the average
EXIT function has minimum degree exactly d — 1.

Proof. Consider characterization (iv) of Lemma 3.74. Let £ be a subset of cardinality
strictly lower than d — 1. Since any d — 1 or fewer columns of H are linearly inde-
pendent, it follows that (1 + rank(Heg ) — rank(Hg;y)) is zero for any such subset
E. Therefore, h;(e) does not contain monomials of a degree less than d — 1. On
the other hand, if £ U {i} is chosen to correspond to the support of a minimum dis-
tance codeword, then (1+rank(Hg ) -rank(Hg;})) is one and this will contribute
a monomial of degree d — 1. Since these minimum degree terms cannot be canceled
by any other terms it follows that 4 (¢) has minimum degree exactly d — 1. O

ExAMPLE 3.80 (REPETITION CODE, PARITY-CHECK CODE, HAMMING CODE). We
see from our previous examples that the average EXIT functions of the [, 1, 1]
repetition code, the [n,n — 1,2] single parity-check code, and the [7,4,3] Ham-
ming code have minimum degree n — 1, 1, and 2, respectively, as predicted by The-
orem 3.79. &

The most fundamental property of EXIT functions is a direct consequence of the
third characterization in Lemma 3.74. For historical reasons we label it as a theorem,
even though there is really nothing to be proved.

THEOREM 3.81 (AREA THEOREM). Let C be a binary code. Let X be chosen with
uniform probability from C and let Y denote the received word after transmission
over a BEC(¢). To emphasize that Y depends on the channel parameter € write Y (¢).
If h(e) denotes the corresponding EXIT function then

(3.82) H(X|Y(8)) =n /0 * h(e)de.
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Proof. Using the characterization h(e) = %dy(e)) of Lemma 3.74, we have

[05 %Lm))de — H(X|Y(8)) - H(X|Y(0)) = H(X|Y(8)). O

Problem 3.31 discusses a combinatorial proof of this theorem which starts with
the characterization of h(e) given in Definition 3.70.

EXAMPLE 3.83 (AREA THEOREM APPLIED TO (7,4, 3] HAMMING CODE).

1 1 4
/ hyam (€)de = / (362 +4e® - 15¢* + 126 - 366) de = = &
0 0

§3.14.4. MATCHING CONDITION

Let us go back to the EXIT chart method as depicted on the right-hand side of Fig-
ure 3.69. The area under the curve c(x) equals 1 — [p and the area to the left of
the curve v !(x) is equal to € [A. This is easily verified by a direct calculation, in-
tegrating the respective functions, but it also follows from (the Area) Theorem 3.81.
Assume that we integrate from 0 to 1. The normalized integral is then equal to
H(X|Y(1))/n = H(X)/n. If we assume a uniform prior on the set of codewords
this equals r, the rate of the code.

Consider the check-node side. The rate of a parity-check code of length i is % =
1- %, so that the area under an individual EXIT function of such a codeis 1 — % If
we average over the edge degree distribution we get 1 — ); pi% =1- [p.

The argument at the variable node side is more interesting. First note that the
area “to the left” of the curve v (x) is equal to the area “under” v (x). By definition,
if we integrate the average EXIT function then we get the difference of entropies at
the two endpoints of the “path” For the EXIT function corresponding to a variable
node one position is fixed to the channel BEC(€) and the other ones go from “no
information” to “perfect channel”” If all the other positions have “no information”
then the uncertainty is ¢, if all the other positions see a “perfect channel” then the
uncertainty is 0. The difference is therefore e. The EXIT function is the average of
the individual EXIT functions: the EXIT function associated with the fixed position
is zero (since the input does not change) and the remaining i individual EXIT func-
tions are equal by symmetry. We conclude that the integral under one of these EXIT
functions is . If we average with respect to the edge degree distribution A this gives
use [A.

We know that a necessary condition for successful BP decoding is that these
two areas do not overlap (the two curves v.!(x) and c(x) must not cross). Since
the total area equals 1, we get the necessary condition (for successful BP decoding)
(e [A) + (1 - [p) < 1. Rearranging terms, this is equivalent to the condition

l—CSha—e<f——l—r(/1,p).

<
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In words, the design rate r(A, p) of any LDPC ensemble which, for increasing block-
lengths, allows successful decoding over the BEC(¢€) cannot surpass the Shannon
limit 1 —e.

The final result (namely that transmission above capacity is not possible) is triv-
ial, but the method of proof shows how capacity enters in the calculation of the
performance under BP decoding and it shows that for the design rate to achieve ca-
pacity the component curves have to be perfectly matched. In the next section we
construct capacity-achieving degree distributions. We use the matching condition
eA(1 - p(1 - x)) = x as our starting point. This matching condition also explains
why optimized ensembles tend to have many critical points as we discussed in Ex-
ample 3.63.

§3.15. CAPACITY-ACHIEVING DEGREE DISTRIBUTIONS

Consider a pair of degree distributions (A, p) of design rate r = r(A, p) and with
threshold € = €®"(A, p). By Shannon, we must have r < 1 — €®”, and it is natural to
use the following definition of the (multiplicative) gap as a measure of performance.

DEFINITION 3.84 (MULTIPLICATIVE GAP). Let (A, p) be a degree distribution pair
with rate r = r(A, p) and threshold €®* = (A, p). Further, let § = §(A, p) be the
unique non-negative number such that r = (1 - §)(1 - €*?), ie,, 6 = %. We
then say that (A, p) achieves a fraction (1 — §) of capacity. Equivalently, we say that

(A, p) has a multiplicative gap 9. v

Unfortunately, as the next theorem shows, no fixed pair (A, p) can have zero
gap. The proof of this theorem is the topic of Problem 3.18.

THEOREM 3.85 (LOWER BOUND ON GAP). Let (A, p) be a degree distribution pair of
design rate r, r € (0, 1), and with average check-node degree Tavg. Then

rravg_l(l -r)
1+ T (1 —7)

d(A,p) >

The best we can therefore hope for is to construct a sequence of degree distribu-
tion pairs that achieve capacity.

DEFINITION 3.86 (CAPACITY-ACHIEVING SEQUENCE OF DEGREE DISTRIBUTIONS).
We say that a sequence {(AN), p(N)) Y51 achieves capacity on the BEC(e) if

I&im r(AM), pMN)y =1 ¢, and

(3.87) im (A, p(N)y =g,

Note that (3.87) implies that e*” (1), p(N)) converges to e. v
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If you are mainly interested in how in practice we can find degree distributions
that allow reliable transmission close to capacity, fast forward to Section 3.18. Our
current aim is to prove that capacity-achieving degree distributions exist.

ExAMPLE 3.88 (CHECK-CONCENTRATED DEGREE DISTRIBUTION). For a € (0,1) so
that 1/a € N, choose

b =1-0-07= 2 ()0 pa) = a,

i=1

Recall that for a e Rand i € N, (01.‘)(—1)"’1 is defined as

(‘:)(—1)“ _ ala—-1) ..l:!(oc -i+1) (—1) = %(1 ~ liLl) (1-a).

Since a € (0, 1), this shows that all coefficients of the expansion of A4(x) are non-
negative. Note that A, (x) and p,(x) are matched, i.e.,

(3.89) Ao(1-pa(1-x))=x, Vxe[0,1).

Unfortunately we cannot use (A4 (x), pa(x)) directly since this pair has an associ-
ated rate of 0. We will therefore have to modity it. Let igN) (x) denote the function
consisting of the first N terms of the Taylor series expansion of A,(x) (up to and
15 ()

O

including the term x™~') and define the normalized function A&N)(x) =
We then have

/01 AN (x)dx = Nz_:l (‘Z‘) (—il+)"11 - (i)J(r_ll)N_l

i=1

-
f palx)dx = a

l+a

>

To verify the summations first check the correctness for N = 2 and then apply in-
duction. Let us start by computing the rate r(a, N). Using (3.19) and the above sum-
mations we have

Ny =1~ Jo P san gy o pa(x)dr
( ,N) [01 A(N)(x)dx ( )fo /\(N) )dx
CAR)EDVNT - YN)

1= v (W) DN
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Next, consider the gap to capacity. For any x € [0, 1],
Aa(x) 2 A0 (x),
since the coefficients of )Ata (x) are non-negative, so that from (3.89)
x=Aa(1-pa(1-2)) 2 AV (1= pu(1-)) = AV (ALY (1 - pa(1 - x)).
It follows that €** (a, N) > A (1). Therefore,
- (@ N) - r(eN) AV ! Ji pax)dx 1]
1-e®(a,N) " 1AM ) | AN (x)dx
- N(6) ()Nt
R G

Suppose that we want to construct a capacity-achieving sequence of degree distri-
butions for the channel parameter e. This means that we want to choose a = a(N)
in such a way that the rate converges to the design rate, r = 1 — ¢, and that the gap
converges to zero. In order to proceed we require an estimate on % ( I‘f]) (—1)N 1 In

Problem 3.19 you are asked to show that
In (ﬂ(“)(—an) = —aH(N -1) - ¢(N,a)a?,
o \N

where H(N) is the N-th Harmonic number and where, for a < 1,0 < ¢(N, a) <5.
Here is our choice: pick @ = a(N) so that X ()(-1)N"! = 1 - . Since H(N) »
l

0(a,N) =

In 1
In(N) this is possible and a » H(N—ljl) ~ rlln—g] (from the last expression we see that
« is indeed in [0, %) for N sufficiently large as required in the estimate). It follows
that
1-
r(N)=1-¢e+O(1/N), é‘(N)_ 1=(-¢) =0 (1/N). O
N-(1-¢)

ExAMPLE 3.90 (HEAVY-TAIL Po1ssoN DISTRIBUTION). There are infinitely many
other capacity-achieving degree distributions. We get a second example if we start
with

00 .0
Ao(x) = —éln(l -x)= é > xT, and
i=1

o0

pal(x) = e#(x1) = o=@ > = TC ,
il

i=0
and proceed along the same lines. The details of the calculations for this case are left
to Problem 3.20. O
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§3.16. GALLAGER’S LOWER BOUND ON DENSITY

We have seen in the previous section two sequences of capacity-achieving degree
distribution pairs and infinitely more examples exist. Faced with such ample choice,
which one is “best”? There are many possible and reasonable criteria upon which
we could decide. As an example, we could investigate how quickly the finite-length
behavior approaches the asymptotic limit for the various choices. This is done in
Sections 3.22 and 3.23. Another important point of view is to introduce the notion
of complexity. As we discussed in Section 3.5, on the BEC the decoding complexity is
in one-to-one correspondence with the number of edges in the graph, since we use
each edge at most once. How sparse can a graph be to achieve a fraction (1 — &) of
capacity? In the setting of LDPC ensembles under BP decoding Theorem 3.85 gives
the answer. We will now see a more general information-theoretic bound which
applies to any (sequence of) code(s) and any decoding algorithm.

DEFINITION 3.91 (DENSITY OF PARITY-CHECK MATRICES). Let C be a binary linear
code of length n and rate r and let H be a parity-check matrix of C. The density of
H, denoted by A(H), is defined as

ACH) = (i) Hiy = 0} v

EXAMPLE 3.92 (DENSITY OF STANDARD LDPC ENSEMBLE). The density of a degree
distribution pair (A, P) = (n,L,R) = (n, A, p) is equal to

1 1 1 1-r 11 1 1-r
AN(1)—=P'(1)—=L'(1)-=R'(1)—=——-=——
()nr ()nr ()r (1) r [Ar [p r

This density is equal to the decoding complexity of the BP decoder, when measured
per information bit. &

THEOREM 3.93 (LOWER BOUND ON DENSITY). Let {Cy } be a sequence of binary lin-
ear codes in which codewords are used with uniform probability and which achieve
afraction (1-0) of the capacity of the BEC(e) with vanishing bit erasure probability.
Let { Ay } be the corresponding sequence of densities of their parity-check matrices.
Then

(3.94) liminf Ay > w,
N—co 1-6
where
K - eln (1—) €

1—e)ln(%)’ K= (l—e)ln(%_e).
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Proof. Consider a binary linear code C[#n, nr]. Let X be chosen uniformly at ran-
dom from C[n, nr] and let Y be the received word after transmission over a BEC(¢).
Let £ denote the random index set of erasure positions. There is a one-to-one cor-
respondence between Y and (Yz, &) as well as between (X, &) and (Xg, Xz, E).
Further, Xz = Yz. We have

H(X|Y) = H(X| Ye,€) = H(X,E | Yz, €)
= H(Xg, Xg, E|Yg, ) = H(Xe, X | Yg, £) = H(Xg | Y, €)
= > H(Xe|Ye =y, € =E)p(Ye = yg, € = E)
ye.E

= 3 (Bl - rank(Hg))p(Ye = . € = E)
ye.E

= %:(]E\ —rank(Hg))p(E =E) = ne - ;rank(Hg)p(E =E).

The rank of Hg is upper bounded by the number of non-zero rows of Hg. This num-
ber in turn is equal to the number of parity-check nodes which involve erased bits.
Therefore, )y rank(Hg) p(€ = E) is upper bounded by the average (where the av-
erage is over the channel realization) number of parity checks which involve erased
bits. Let P(x) denote the check-node degree distribution from a node perspective
(such a degree distribution is defined regardless whether the code is low-density or
not) and let R(x) denote the normalized such quantity, R(x)n(1 —r) = P(x). If
a parity-check node is of degree i then the probability that it involves at least one
erased bit is 1 — (1 — €), and therefore the average number of parity-check nodes
which involve at least one erased bit is

> Pi(1-(1 —e)y=n(1-r)-P(1-¢)<n(1-r)(1-(1-e)¥D).

In the last step we have used Jensen’s inequality (1.61). We therefore have

H(X|Y) |

(3.95) e-(1-r(1-(1-e)FWM).

Assume now that we have a sequence of codes { Cy }, where Cy has length ny, and

N—
that this sequence has asymptotic gap §. This means that dy —%° 8, and therefore

N—oo

rn —> (1-0)(1 —¢€). Apply the liminf to both sides of (3.95). From Fano’s in-
equality (1.49) we know that #H (X]Y) must converge to zero for the bit erasure
probability to tend to zero. We therefore have

liminf(1 - (1-8y)(1-€))(1-(1 —e)fvy > ¢
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Solving this equation for R}, (1) we get

1ggng&U)zln(l+Eﬁ%3)>ln<aﬁ%3)-

In (%) In ()

To finish the proof observe that

. . l-ry .. . 1-(1-6n)(1-¢€)
liminf Ay = liminf R} (1 =liminf R} (1
iminf Ay = liminf Ry, (1) P s (1) (1-6n)(1-¢)
i (5)
> liminf R (1 ¢ > o0) ‘
1N—>1<>o N( )(1—51\])(1—6) ln(ﬁ) (1_5)(1_6)
Ky +K;In § -
o 1-96

§3.17. OPTIMALLY SPARSE DEGREE DISTRIBUTION PAIRS

Surprisingly, check-concentrated degree distribution pairs are essentially optimal
with respect to a complexity versus performance trade-off. More precisely, the next
theorem states that if we pick N and « for the check-concentrated ensemble carefully
then the trade-off between gap & and complexity A is, up to a small additive constant,
the best possible. We skip the proof.

THEOREM 3.96 (OPTIMALITY OF CHECK-CONCENTRATED DISTRIBUTION). Consider
the check-concentrated ensembles introduced in Example 3.88 and transmission
over the BEC(¢). Choose

N:max(r_C(e)(l_e)(l_ﬂ’i(l—e)21)’ LS

o :lnN’

2 2
where ¢(¢) = (1 — €)©e(’& ™) and where y is the Euler-Mascheroni constant,
y ~ 0.5772. This degree distribution pair achieves at least a fraction 1 — § of the
channel capacity with vanishing bit erasure probability under BP decoding. Further,
the density A is upper bounded by

1 1
Ki + Ky log 5 + K(e, §) (1+ 1_65) - K; + K;log 5

Y < T3 +x+0(9),

(397) A<
€

where K; and K are the constants of Theorem 3.93,

eln(l + % (8c(e) +(1- c(e))))

K(e9) = (1-¢)ln =

>
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and where k = max[o,1] K(e,0) ~ 0.5407. Comparing (3.97) with (3.94), we see
that, up to a small constant «, right-concentrated degree distribution pairs are opti-
mally sparse.

From the preceding discussion one might get the impression that essentially
no further improvement is possible in terms of the performance-complexity trade-
off. This is true within the current framework. But we will see in Chapter 7 that, by
allowing more complicated graphical models (in particular by introducing so-called
state nodes), better trade-offs can be achieved.

§3.18. DEGREE DI1STRIBUTIONS WITH GIVEN MAXIMUM DEGREE

In practice we are concerned not only with complexity (average degree) but also
with the maximum degree since large degrees imply slow convergence of the finite-
length performance to the asymptotic threshold (see Section 3.22). A glance at The-
orem 3.96 shows that, although the average degree only grows like In (—13, the max-
imum grows exponentially faster, namely like 5. Assume therefore that we have a
given bound on the maximum variable-node degree; call it 1,,,x. Recall that a degree
distribution pair (A, p) has a threshold of at least € if

eA(1-p(1-x))-x<0, x€[0,1].
Assume that we fix the check-node degree distribution p and define the function

fxdas o d) =ed(1-p(1-x)) —x =€) Ai(1-p(1 “x)) ok,

i>2

The function f is linear in the variables A;, i = 2,..., 1. (note that A; = 0), and
from r(A,p) =1 - [p/ [ A, we see that the rate is an increasing function in Y, A;/i
(for fixed p). Therefore, we can use the continuous linear program

(3.98) mfx{Z/\i/iMizO;Z/li:l;fSO;xe[0,1]}

i>2 i>2

to find the degree distribution A that maximizes the rate for a given right-hand-
side p and a given threshold €. In practice, we use a finite program. We can avoid
numerical problems for x around zero caused by this discretization by incorporating
the stability condition 1, < 1/(ep’(1)) explicitly into the linear program.

If we exchange the roles of the variable and check nodes and let y denote the
fraction of the erased messages emitted at the check nodes, then an equivalent con-
dition is

1-y-p(1-€A(y)) <0, ye[0,1].
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Proceeding in the same fashion as before, we see that we can optimize the check
degree distribution for a fixed variable degree distribution. In order to find a good
degree distribution pair (A, p) we can proceed as follows. Start with a given degree
distribution pair and iterate between these two optimization problems. In practice
an even simpler procedure suffices. It is conjectured that check-concentrated degree
distributions achieve optimal performance. In this case p(x) is completely specified
by fixing the average check-node degree ray,:

rir+l-r Yoo —r(r+1-r
P(x): ( an)xr—1+ avg ( an)xr

>

Tavg Tavg

where r = |rayg]. Now run the linear program (3.98) for various values of Tavg until
the optimum solution has been found.

ExXAMPLE 3.99 (COMPARISON: OPTIMUM VERSUS CHECK-CONCENTRATED). Assume
that we choose 1.x = 8 and r = 6, and that we want to obtain a design rate of one-
half. Following the preceding procedure we find the pair

A(x) = 0.409x + 0.202x* + 0.0768x> + 0.1971x° + 0.1151x7, p(x) = x°,

which yields a rate of (A, p) »~ 0.5004. This degree distribution pair has a threshold
of €?* (A, p) ~ 0.4810, which corresponds to a gap of § ~ 0.0359.

In comparison, a quick check shows that the check-concentrated degree distri-
bution pair with equal complexity and comparable rate has parameters o = é and
N =13. We get

A(x) = 0.416x + 0.166x% + 0.1x> + 0.07x* + 0.053x° + 0.042x°+
0.035x” +0.03x® + 0.026x° + 0.023x'% + 0.02x'! + 0.0183x'2,
p(x)=x°.

The design rate is 7(A, p) ~ 0.499103 and the threshold is €** (A, p) ~ 0.480896 (it
is determined by the stability condition), so that § ~ 0.0385306. The second degree
distribution pair is slightly worse in all respects (higher maximum degree, smaller
rate, smaller threshold, higher fraction of edges of degree 2). o

§3.19. PEELING DECODER AND ORDER OF LIMITS

Density evolution computes the limit

(3.100) lim lim Eyppc(n,i,p) [P (G,e 0)];

£—o00 n—00

i.e., we determined the limiting performance of an ensemble under a fixed number
of iterations as the blocklength tends to infinity and then let the number of iterations
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tend to infinity. What happens if the order of limits is exchanged, i.e., how does the
limit

(3.101) lim lim Eqppceanp [Py (Go€,€)]

n—>00 f{—o00

behave? This limit corresponds to the more typical operation in practice: for each
fixed length the BP decoder continues until no further progress is achieved. We are
interested in the performance as the blocklength tends to infinity. In Section 3.22 we
discuss the finite-length analysis of LDPC ensembles under BP decoding. We will
see how we can compute the performance for a particular length (and an infinite
number of iterations). The following example shows the typical behavior.

ExAMPLE 3.102 (CONVERGENCE TO THRESHOLD FOR LDPC (n,xz,x5 )). Consider
the ensemble LDPC (n, x%, x°). Figure 3.103 shows By ppc(s.2,15) [P (G, €, £ = 00)]
as a function of e for n = 2/, i = 6, ..., 20. More precisely, we consider an expurgated
ensemble as discussed in Section 3.24. In the limit of large blocklengths, the bit era-
sure probability converges to zero for € < € ~ 0.4294 and to a non-zero constant
for values above the threshold. In particular, the threshold for the limit (3.101) is the
same as the threshold for the limit (3.100). &

BP
Py i

107
10—3 L
107F
1075 F
10-6 L

0.3 0.325 0.35 0.375 0.4 0.425 e

Figure 3.103: Eippc(y2,45) [Ph (G5€,€ = 00)] as a function of € for n = 20,0 =
6,...,20. Also shown is the limit E; ppc (oo x2,45) [Py (G, €€ = 00)], which is dis-
cussed in Problem 3.17 (thick curve).

Motivated by this example, we will show that the thresholds corresponding to
the two limits are always the same. Assume this for the moment and consider its
consequence: it follows that the threshold is the same regardless of how the limit is
taken (sequentially or jointly) as long as both 7 and ¢ tend to infinity. To see this, let
£(n) be any increasing function in # so that lim,,_, ., £(n) = co. Then, for any fixed
¢,

lim Eyppc(n,ip) [Py (G,e,8(n))] < lim Eyppc(n,i,p) [Py (G e £)],
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because the error probability is a decreasing function in €. Since this is true for any
¢ we can take the limit on the right-hand side to get

lim Eippc(nip) [Py (G 8(n))] < gggo lim Erpec(nip [Py (Gr€ €)].

On the other hand, using again the monotonicity with respect to ¢, we have for a
fixed n

}Ln:o Erppc(nip) [Py (G>€€)] < Erppcinip [Py (G 6 €(n))].
Taking the limit with respect to n we get

lim ehnolo Erppc(nip [Py (Gre €)] < lim Erppcinag [Py (Gre €(n))].

n—>00 f—

If we assume that

lim lim IELDPC(n,)L,p) [PEP(G’ € E)] = lim lim IELDPC(n,/Lp) [PEP(G’ 6 8)],

n—>00 f—oo0 £—00 n—>00

then it follows from the preceding two inequalities that
nlg{}o Eippc(uip [Po (G, €(n))]

also has the same limit.

The key to the analysis is the so-called peeling decoder. This decoder has identical
performance to that of the message-passing decoder: if you take a sneak preview of
Section 3.22 you will see that the message-passing decoder gets stuck in the largest
“stopping set” that is contained in the set of erased bits. Such a stopping set is a subset
of the variable nodes together with its outgoing edges so that no check node has
induced degree 1. From the following description of the peeling decoder you will see
that the peeling decoder gets stuck in exactly the same structure. The performance of
the two decoders is therefore identical (assuming an infinite number of iterations).

Although the two decoders have identical performance, the computation rules
of the peeling decoder differ from those of the message-passing one in two aspects:
(i) at the variable nodes we do not obey the message-passing principle but we re-
place the received value with the current estimate of the bit based on all incoming
messages and the received message; (ii) rather than updating all messages in parallel
we pick in each step one check node and update its outgoing messages as well as the
messages of its neighboring variable nodes.

In addition we can apply the following simplifications without changing the be-
havior of the algorithm: once a non-erasure message has been sent out along a check
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node this check node has served its purpose and it no longer plays a role in the fu-
ture of the decoding. This is true since a check node sends out a non-erased message
only if all but possibly one of its neighbors are known. Therefore, after processing
this check node all its neighbors are known. It follows from this observation that
we can safely delete from the graph any such check node and all its attached edges.
In the same manner, each known variable node can send to its neighboring check
node its value and these values are accumulated at the check node. After that we can
remove the known variable node and its outgoing edges from the graph. This pro-
cedure gives rise to a sequence of residual graphs. Successful decoding is equivalent
to the condition that the sequence of residual graphs reaches the empty graph.

EXAMPLE 3.104 (PEELING DECODER APPLIED TO [7,4, 3] HAMMING CODE). Rather
than giving a formal definition of the decoder, let us apply the peeling decoder to
the [7,4,3] Hamming code with received word (0,%,%,1,0,%,0). This is shown in
Figure 3.105. The top leftmost picture shows the initial graph and the received word.
The following two pictures are part of the initialization: (i) known variable nodes
send their values along all outgoing edges; (ii) these values are accumulated at the
check nodes (black indicates an accumulated value of 1 and white an accumulated
value of 0) and all known variable nodes and their connected edges are removed.
After the initialization each decoding step consists of the following: (i) choose a
check node of residual degree 1 uniformly at random and forward the accumulated
value to the connected variable node whose value is now determined, (ii) delete
the chosen check node and its connected edge and forward the value of the newly
determined variable node to all its remaining neighbors (check nodes), and (iii)
accumulate the forwarded values at the check nodes and delete the variable node
and its connected edges.

In our example at each step only a single check node of residual degree 1 exists.
After three decoding steps the residual graph is the empty graph - the decoder has
succeeded in determining the codeword. &

We will now see that if we apply the peeling decoder to elements of an ensemble
and if we increase the blocklength, then the sequence of residual graphs closely fol-
lows a “typical path” We will describe this path, characterize the typical deviation
from it, and relate this path to standard density evolution. As we discussed earlier,
running the peeling decoder until it is stuck is equivalent to running the message-
passing decoder for an infinite number of iterations. Therefore, if we can show that
the peeling decoder has a threshold equal to the threshold €** computed via density
evolution, then we have in effect shown that the two limits (3.100) and (3.101) agree.

The proof of the following theorem is relegated to Section C.4.
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Figure 3.105: Peeling decoder applied to the [7,4,3] Hamming code with the re-
ceived word y = (0,7,7,1,0,2,0). The vector % indicates the current estimate of
the decoder of the transmitted codeword x. After three decoding steps the peeling
decoder has successfully recovered the codeword.
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THEOREM 3.106 (EVOLUTION OF RESIDUAL GRAPH FOR PEELING DECODER). Con-
sider the performance of the ensemble LDPC (n, L, R) under the peeling decoder.
Assume that the normalized degree distributions L and R have degrees bounded by
1max and rpay, respectively. Let t denote time, ¢ € N. Time starts at zero and increases
by one for every variable node which we peel off. For a code G € LDPC (n, L, R) and
a channel realization &€ (set of erasures), let (L(G, £, t), R(G, £, t)) denote the resid-
ual degree distribution pair at time ¢, where the normalization of L(G, £, t) is with
respect to n and the normalization of R(G, £, t) is with respect to n(1 — r). Note
that (L(G,&,t),R(G,&,t)) is a point in Rms~1+Fmax _ there are 14 — 1 degrees
of freedom for L and there are ry,, degrees of freedom for rp,,. More precisely,
nLi(G,E,t) (n(1-r)R;(G,&,t)) denotes the number of variable (check) nodes of
degree i in the residual graph at time ¢. By connecting the points corresponding to
the residual degree distributions from the start of the decoding process until its end
we get the decoding path. This path is a curve in Rm»~1*¥max This decoding path is
a random variable depending on the graph and channel realization.
Consider L;(y) and R;(y) given by

(3.107) Li(y) = eLiyi, i>2,
Ro(y) = 1-2R;j(»),
21
(3.108) Ri(y) = R(DeA(y)[y-1+p(1-er ()],

(3.100) Ri(y) ZRj(f)(eA(y))"(l-eA(y))f",izz.

=2

If we plot the curve corresponding to (L(y),R(y)) for y € [0,1] as a curve in
Rlma=1+Emax ywe get the expected decoding path.
_ /(M
If € < €” then with probability at least 1 — O(#'/%e” (masrma)® ) the decoding
path of a specific instance has maximum L, distance from the expected decoding
path at most O (n~1/0) uniformly from the start of the process until the total number
of nodes in the residual graph has reached size nn, where # is an arbitrary strictly

positive constant.
_ /()
If € > € then, with probability at least 1 — O(n'/®e” Gmaxrman)? ), the decoding
path of a specific instance has maximum L;-distance from the expected decoding
path at most O(n~/%) uniformly from the start of the process until the decoder gets

stuck.

Discussion: The actual decoding path is parameterized by ¢ and the expected
decoding path is parameterized by y. But the plots are parametric (neither ¢ nor
y appear) and both paths are curves in Rtm=~1*max Tt js sometimes convenient to
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plot the curves in a non-parametric form, as is done in Figure 3.111. In this case it is
good to know the relationship between ¢ and y: after ¢ steps the expected number
of remaining variable nodes is ne — ¢, since there are ne variable nodes remaining at
the start of the decoding process and we remove one at each step. From (3.107) we
know that the expected number of remaining variables is also equal to n 3°; L; (y) =
neL(y). It follows that ne — t = neL(y), which is equivalent to t = ne(1 — L(y)) or

y=L"(1- )

EXAMPLE 3.110 (EVOLUTION FOR (3,6)-REGULAR ENSEMBLE). Assume that we ap-
ply the peeling decoder to the (3, 6)-regular ensemble. What is the evolution of the
degree distribution of the residual graph? From the description of the algorithm, a
variable is either removed or it retains all of its edges. Therefore, all remaining vari-
able nodes are of degree 3 for our example. According to Theorem 3.106, the fraction
of remaining variables (with respect to 7) as a function of the parameter y is €y>.
Here, y = 1 corresponds to the beginning of the process just after the initialization
step.

The degree distribution on the check-node side is more interesting. Consider
this degree distribution just after the initial step. Each edge of a check node is con-
tained in the initial residual graph with probability e. This means that, e.g., the num-
ber of check nodes of degree 1, should be }; Rj({)el (1—¢)/!. We can rewrite this
as R'(1)ep(1 — €), which agrees with the stated formula if we specialize it to y = 1.

Figure 3.111 shows the evolution of the residual degrees R;(y), j=0,...,6. &

=2

0.3+ 123

0.2+ 4
=

0.1+ .
Jj=3
j=6

00 02 04 06 08 y

Figure 3.111: Evolution of the residual degrees R;(y), j = 0,...,6, as a function of
the parameter y for the (3, 6)-regular degree distribution. The channel parameter is
€ = €® ~ 0.4294. The curve corresponding to nodes of degree 1 is shown as a thick
line.

From the stated expressions we can verify that the threshold under the peeling
decoder is identical to the threshold under BP decoding. Consider the term y —
1+ p(1-€A(y)), which appears within the square brackets in the expression for
R} (). We recognize this as the density evolution equation in disguise: if we choose
€ < €®?, then this expression is strictly positive over the whole range, implying that
the fraction of nodes of degree 1 along the expected path stays strictly positive over



122 BINARY ERASURE CHANNEL

the whole decoding range. But if we choose € > €"”, then this fraction hits zero at
some critical point. At this point the algorithm stops.

§3.20. EXIT FUNCTION AND MAP PERFORMANCE

In Section 3.14, EXIT functions appear as a handy tool to visualize the decoding
process: from EXIT curves, such as the ones depicted in Figure 3.69, one can imme-
diately read off the “bottlenecks” in the decoding process. Once these critical regions
have been identified, the component codes can be changed appropriately to improve
the “matching” of the curves and, hence, the performance of the system.

There is another, perhaps more surprising, application of EXIT functions: they
can be used to connect the performance of a code under BP decoding to that under
MAP decoding. To keep things simple we concentrate in the sequel on the regular
case but we write down the general expressions in those cases where it requires no
additional effort.

§3.20.1. UPPER BoUND oN EXIT FUNCTION

DEFINITION 3.112 (BP EXIT FUNCTION). Let X be chosen uniformly at random from
a linear code of length n and dimension k, call it C[n, k]. Let Y denote the received
word after transmission over a BEC(¢€). Consider a fixed graphical representation of
the code and a fixed schedule of the BP decoder. Let fcfp’e(YNi) denote the extrinsic
estimate delivered by the BP decoder in the ¢-th iteration. The BP EXIT function is
defined as

WPt (e) = P{&7P4(Y) = 7).
v

Discussion: Since the code might contain cycles, set Y; to be an erasure when
computing the extrinsic BP estimate of bit x;. This ensures that this estimate is only
a function of Y.;.

LEmMA 3.113 (EXIT vErsus BP EXIT FUNCTION).
hi(e) < h?P’g(e).
Proof. We have

hi(e) = H(X; | Yoi) © HOXG | R5P4(Y.0)) € PLE(Y.0) = 2) = HP(e).

Step (i) is a direct consequence of (the data processing inequality) (1.48). Consider
step (ii). We are given the BP estimate fc?P’e( Y.;) and the structure of the code and
we want to compute the entropy of X;. If fcfp *£(Y.;) # 2 then the entropy is zero. On
the other hand, if fcfp’e( Y.;) = ?, which happens with probability ]P’{fcfp’e( Y.i)=12},

then the entropy is at most 1. O
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It would seem that not much more can be said about the relationship of the
EXIT function and the BP EXIT function. But in the limit of large blocklengths, a
fundamental connection between these two quantities appears. Therefore, we turn
our attention to the MAP performance of long codes.

§3.20.2. AsympTOTIC BP AND MAP EXIT FUNCTION

DEFINITION 3.114 (EXIT FuNcTION OF (A, p)). The EXIT function associated with
the degree distribution (A, p) is defined as

n—oo

. 1 &
h(e) = limsup E{ppc(n,1,p) [; > hc,i(e)]»
i-1

where G denotes an element taken uniformly at random from LDPC (n,1,p). v

Discussion: We used the lim sup instead of the ordinary limit. Toward the end
of this section we will have proved that, at least for the regular case, the ordinary
limit exists. If you prefer, simply ignore this technicality and think of the standard
limit.

DEFINITION 3.115 (BP EXIT FuNcrTION OF (A, p) FOR THE BEC(€)). The BP EXIT
function associated with the degree distribution pair (A, p) is defined as

o 1 &
B (e) = lim lim Bipp(nap) [; > (e | v
i=1

Contrary to h(e), h""(€) can be computed easily.

LEMMA 3.116 (BP EXIT FUNCTION FOR REGULAR ENSEMBLES). Consider the regular
degree distribution pair (A(x) = x*71, p(x) = x*~!). Then the BP EXIT function is
given in parametric form by

W) = {(e,o>, cclo.e), )
(e(x),L(1-p(1-x))), eec(e’",1] & xe(x"",1],

where e(x) = yr=5(1=5y> and where xPP denotes the location of the unique mini-
mum of €(x) in the range (0, 1] and €*® = e(x"").

Proof. Suppose that we first let the blocklength tend to infinity and then let the
number of iterations grow. We know from Section 3.12 that in this case the erasure
probability emitted by the variable nodes, call it x, tends to a limit and that this limit
is a fixed point of the density evolution equation eA(1 - p(1 — x)) = x. Solving this
fixed point equation for €, we get e(x) = m, x € (0,1]. In words, for each
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non-zero fixed point x of density evolution, there is a unique channel parameter e. If
at the fixed point the erasure probability emitted by the variable nodes is x, then the
extrinsic erasure probability of the decision equals L(1 — p(1 — x)). This is also the
value of the BP EXIT function at this point. That ¢(x ) has indeed a unique minimum
as claimed in the lemma and that this minimum determines the threshold €®" is the
topic of Problem 3.14. O

ExAMPLE 3.117 (BP EXIT FuncTtioN). The BP EXIT function h®?(e) for the (1 =
3,r = 6)-regular case is shown on the left-hand side of Figure 3.118. By explicit com-
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Figure 3.118: Left: BP EXIT function h®F(¢); Right: Corresponding EXIT function
h(e) constructed according to Theorem 3.120.

putation we see that the unique minimum of ¢(x) appears at x®" ~ 0.2605710 and,
therefore, €** = e(x"") ~ 0.429439814. As predicted by Lemma 3.116, h®" (¢) is zero
fore € [0,€"). Ate = €® it jumps to the value L(1-p(1-x"")) ~ 0.472646. Finally,
to the right of €®”, both €(x) and L(1 - p(1 - x)) are increasing and continuous,
and so h"" (€) increases smoothly until it reaches 1 at e = 1. <&

The integral under the curve (e(x), L(1-p(1-x))) appears frequently in what
follows. It is therefore handy to compute it once and for all and to give it a name. We
call this integral the trial entropy, a choice that will hopefully become clear after we
have stated and proved Theorem 3.120.

DEFINITION 3.119 (TRIAL ENTROPY). Consider a degree distribution pair (A, p) and
define e(x) = m. The associated trial entropy P(x) is defined as

P(x) = foxm p(1-2))é'(2)dz

=e(x)L(1-p(1-x))+ L' (1)xp(1 -x) - L'(1)

R'(1)

(1-R(1-x)),
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where the second line follows from the first one by applying integration by parts
twice. In the case of (1, r)-regular degree distributions we get

P(x)=x+%(l—x)r_l(lJrl(r—l)x—rx)—%. v

Here is the punch line: the EXIT function can be constructed from the BP EXIT
function as shown on the right-hand side of Figure 3.118. This explains why we called
P(x) the trial entropy.

THEOREM 3.120 (EXIT FUNCTION FOR REGULAR DEGREE DISTRIBUTIONS). Con-
sider the (1, r)-regular degree distribution, let P(x) denote the associated trial en-
tropy, and define e(x) = x/A(1-p(1-x)). Let x™** be the unique positive solution
of P(x) = 0 and define eM*? = ¢(xM4?). Then

h(e):{o, e € [0, €MAP),

WP (), ee (eM?? 1],
and for eMAP <e< 1
lim Eg[Hg(X|Y(€))/n] = feh(e')de' - P(x(e)),
n—o0 0

where x(€) is the largest solution of the equation e(x) = €.

Discussion: In words, the theorem states that lim,_, . E¢[He(X | Y (€))/n] ex-
ists and that the quantity e™*? defined earlier is the MAP threshold. In the limit of
infinite blocklengths, the average conditional entropy converges to zero for € < e"4?
and it is non-zero for € > e"**. Further, for € > eM**, the EXIT function h(e) coin-
cides with the BP EXIT function h"?(¢) and lim, o, Eq[H¢(X | Y(€))/n] is equal
to the integral of /i (€), which in turn is equal to P(x(¢€)). This is the reason we called
P the trial entropy.

ExAaMPLE 3.121 (EXIT CURVE FOR (1 = 3,r = 6)-REGULAR ENSEMBLE). The right-
hand side of Figure 3.118 shows the application of Theorem 3.120 to the (3, 6)-regular
degree distribution. The result is x™*” ~ 0.432263 and M4 = ¢(xM*?) ~ 0.488151.
&

Proof of Theorem 3.120. We prove the theorem by establishing the following four
claims:

(i) h(e) =0,ee[0,eM7), (i) h(e) <h*®(e),eec[0,1],
1 1
(iii) fo h(e)de > r(A, p), (iv) fMAP P (e)de = r(A, p).
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Let us first see how the theorem follows from these claims. From (i) we see that h(¢)
is zero for € € [0, €MA). Consider h(e) for € > eM**. We have

/1 h(e)de(i)/lh(e)de(i;i) r(A )(iX) 1 h" (€)de
MAP ~Jo = P) = MAP )

But since on the other hand h(e) hBP(e) for € € (eM*?, 1], it must be true that
h(e) = h® () for almost all € € (¢M**, 1]. Since further h(e) is a monotone func-
tion and h®" (¢€) is continuous we have equality everywhere. From this argument we
know that r(A,p) = fol h(e)de. Using Lemma 3.27, which asserts that for regular
ensembles the actual rate converges to the design rate, we can rewrite this as

1
11msup/ Eg[hg(e)] de—/ lim sup Eg[h¢(e)]d Def3u4f0 h(e)de.

n—oo

In fact, we can conclude the more general equality
lim sup [E Eg[ho(e)]de = fE h(e)de,

where E denotes any subset of [0, 1]. This is true since the left-hand side is always
upper bounded by the right-hand side (Fatou-Lebesgue). Since we have equality on
[0, 1], we must have equality for all subsets E. Therefore,

€ € 1
lim sup [0 Eq[he(e')]e = [0 h(e)de' = r(1, p) - / h(e')de'.

But conversely, we have

hmlnff Eg[he(e')]€ —hmlnff Eg[he(e')]de’ - hmsup/ E¢[he(€')]de

n—>oo

r(A, p) —hmsup[ E¢[he(e')]de

r(,p) - f h(e')de'.

Comparing the last two expressions we conclude that the limit exists and is given in
terms of the integral of k(). That the latter integral is equal to P(x(€) ) follows from
the definition of the trial entropy, the fact that P(x™#?) = 0, and that, for x > xM¥,
h=h",

We prove the four claims in order and start with (i), which is the most difficult
one. Let € denote the channel parameter and let x denote the corresponding fixed
point of density evolution, i.e., the largest solution of the equation eA(1-p(1-x)) =



EXIT FUNCTION AND MAP PERFORMANCE 127

x. Further, define y = 1 — p(1 — x). Assume we use the peeling decoder discussed
in Section 3.19. At the fixed point the expected degree distribution of the residual
graph, call it (L(z), R(z)), has the form

(3.122) i(z) = IL((Z;/))’
(3.123) R(z):R(l_x+zx)—R(1—x)—sz’(l—x).

1-R(1-x)-xR'(1-x)

First, let us show that, at e = eM4”, (L, R) = 0, i.e., the design rate of the residual en-
semble is zero. This means that, for this parameter, the residual graph has in expecta-
oo
in the form R’(1) = L'(1). If we express the latter condition explicitly using the
definitions of L and R shown as follows as well as the mentioned relationships
between ¢, x, and y, we find after a few steps of calculus the equivalent condi-
tion P(x) = 0 (where P(x) is the trial entropy of Definition 3.119). Now note that
g(x) = P(1-x) = (rl-r-1)x* - r(1 - 1)x* ' + rx — (r - 1) has three sign
changes and therefore by Descarte’s rule of signs (see Theorem 1.52) the polynomial
equation g(x) = 0 has either one or three non-negative real solutions. If 1 > 2, it is
easy to check that (1) = ¢’(1) =0, i.e., g(x) has a double root at x = 0, and since
gq(0)=r-1>0,49"(1) = -(1-2)(r - 1)r <0, and lim,_,0, g(x) = —oo0, there
must be exactly one root of g(x) for x € (0, 1) and so exactly one root of P(x) for
x €(0,1).If 1 =2, then g(x) has a triple root at x = 1 and e"** < r—il
It remains to be shown that the actual rate indeed is zero, i.e., that (up to a sub-
linear number) all the check-node equations are linearly independent with high
probability. This will settle the claim since this implies that in the limit of infinite
blocklengths the normalized (by n) conditional entropy is zero. We use the tech-
nique introduced in Lemma 3.22 and show that

tion the same number of variable nodes as check nodes. Write r(L, R) = 1

(3.124) Y(u)= log(%(l +ut)t ﬁ((l +ut )y (1- ul_l)i)Ri) <0,
i=2

for u € [0, 1], where we have equality only at u = 0 and u = 1. To show that this
inequality indeed holds does not require any sophisticated math but the proof is
lengthy. We therefore relegate it to Problem 3.33.

Let us prove (ii). Using the upper bound discussed in Lemma 3.113, we know
that for any G € LDPC (n,1,p) and £ € N

1
I’l(;,i((:') < ; Z hg’l)i’g(e).

n
i=1 i=1

=
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If we take first the expectation over the elements of the ensemble, then the lim sup
on both sides with respect to #, and finally the limit £ — oo, we get the desired result.
Consider (iii). By (the Area) Theorem 3.81 we have for any G € LDPC (n, A, p)

r(G) = f Z hg,i(€)de.

If we take the expectation over the elements of the ensemble and the limit as n
tends to infinity, then by Lemma 3.27 the left-hand side converges to the design
rate r(A, p). Therefore, taking into account that the integrand is non-negative and
bounded (by the value 1), we have

(Lemma 3.27) r(A,p) = lim E [ Z hg, ,(e)de]
1
(Fubini) = lim | E[; ;hc,i(e)]de
1 n
(Fatou-Lebesgue) < f lim supIE[l th,i(e)]de
0 n—o0 n .-
1
(Definition 3.114) = f h(e)de.
0

To see (iv) let us determine that number e"4” so that (A, p) = [map K™ (€)de.
We see from Lemma 3.116 and Definition 3.119 that

Lo " (©de = (1) P4 = ()

where the last step follows since we have already seen that P(x™4?) = 0. If we spe-
cialize the expression P(x) for the regular case given in Definition 3.119 we readily
see that P(1) = r(A, p). O

§3.20.3. MAXWELL CONSTRUCTION

Itis surprising that (at least in the regular case) the MAP performance can be derived
directly from the performance of the BP decoder. So far this connection is seen
through a sequence of lemmas. Let us give a more direct operational interpretation
of this connection. The central character in this section is the extended BP (EBP)
EXIT curve.

DEFINITION 3.125 (EXTENDED BP EXIT CuURVE). For a given a degree distribution
pair (A, p) define e(x) = x/A(1 - p(1 —x)). Then the EBP EXIT curve is defined as

B = (e(x),L(1 - p(1-x))), x€[0,1]. v
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We know from Theorem 3.120 that, for regular ensembles and x > x", h®?
h*PP. But h*®" also contains a second “spurious” branch (x < x®"). This branch
corresponds to unstable fixed points of density evolution.

ExaMPLE 3.126 (EBP EXIT CURVE FOR (1 = 3,r = 6)-REGULAR ENSEMBLE). The
EBP EXIT curve is shown in Figure 3.127. For small values of x, the EBP curve goes

g £

=) =

-~ =~

0.6 0.6

0.4 0.4

0.2 0.2

[=1-r
0.0 02 04 06 08 h 0.0 02 04 06 08 h

Figure 3.127: Left: EBP EXIT curve of the (1 = 3,r = 6)-regular ensemble. Note
that the curve goes “outside the box” and tends to infinity. Right: According to

Lemma 3.128 the gray area is equal to 1 — r(1,1) = 1 = 3.

“outside the box” This is a consequence of A’(0)p’(1) = 0 < 1: for small values of
x we have eA(1 - p(1-x)) =€) (0)p’(1)x + O(x*) = O(x?). Therefore, e(x) 30
1/(A'(0)p’(1)) = oo. But in general, even for ensembles for which 1'(0)p’(1) > 1,
part of the EBP curve might have “¢” coordinates larger than 1. One such example
is discussed in Problem 3.39. O

The EBP EXIT curve has its own area theorem. A priori, this area theorem has no
connection to (the Area) Theorem 3.81 — after all, the EBP EXIT curve is defined in
terms of the (in general) suboptimal BP decoder, whereas the EXIT curve to which
Theorem 3.81 applies concerns optimal (MAP) decoding. That there is nevertheless
a connection between the two is discussed in Problem 3.81.

LEMMA 3.128 (AREA THEOREM FOR EBP EXIT CURVE). Assume that we are given a
degree distribution pair (A, p) of design rate r. Then the area under the EBP EXIT
curve satisfies

1
/ R (x)de(x) = (A, p).
0
Proof. According to Definitions 3.119 and 3.125 we have ' h*®" (x)de(x) = P(1) =

r(A, p), where the last step follows from a direct computation, which we have already
discussed in the proof of Theorem 3.120. O



130 BINARY ERASURE CHANNEL

EXAMPLE 3.129 (AREA OF EBP EXIT CURVE FOR (1 = 3,r = 6)-REGULAR ENSEM-
BLE). The right-hand side picture of Figure 3.127 shows the area of the EBP EXIT
curve for this case. Since part of the EPB EXIT curve lies outside the unit box it is
slightly more convenient to regard the complement of this area which is shown in
gray. As predicted by Lemma 3.128, the gray area is equal to 1 — r(1,r) = % = % O

Let us now combine Lemma 3.128 (the area theorem of the EBP EXIT curve)
with Theorem 3.120 (which describes the EXIT function). This combination gives
rise to the Maxwell construction. Rather than giving a formal definition, let us ex-
plain this construction by means of an example.

EXAMPLE 3.130 (MAXWELL CONSTRUCTION FOR (1 = 3,r = 6)-REGULAR ENSEM-
BLE). The Maxwell construction is depicted in the leftmost picture of Figure 3.131.
Consider the EBP EXIT curve associated with the degree distribution. Take a verti-
cal line and adjust its position in such a way that the area which is to the left of this
line and bounded to the left by the EBP EXIT curve is equal to the area which is to
the right of this line and bounded above by the EBP EXIT curve. These two areas
are shown in dark gray in the leftmost picture. The claim is that the unique such
location of the vertical line is at € = €M4*. In fact, some thought shows that this is a
straightforward consequence of Theorem 3.120 and Lemma 3.128.

Instead of looking at the balance of the two dark gray areas shown in the left-
most picture we can consider the balance of the two dark gray areas shown in the
middle and the rightmost picture. These two areas differ only by a constant from the
previous such areas. In the next section we give an operational interpretation of the

latter two areas in terms of the so-called Maxwell decoder. &
1.0 1.0 1.0
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2

0.0 0.20.40.60.8 ¢ 0.0 0.20.40.60.8 ¢ 0.0 0.20.40.60.8 ¢

Figure 3.131: Left: Because of Theorem 3.120 and Lemma 3.128, at the MAP threshold
eMAP the two dark gray areas are in balance. Middle: The dark gray area is propor-
tional to the total number of variables which the M decoder introduces. Right: The
dark gray area is proportional to the total number of equations which are produced
during the decoding process and which are used to resolve variables.
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§3.21. MAXWELL DECODER

Let us define the Maxwell (M) decoder: Given the received word, which was trans-
mitted over the BEC(¢), the M decoder proceeds like the standard peeling decoder
described in Section 3.19. At each time step a parity-check equation involving a sin-
gle undetermined variable is chosen and used to determine the value of the variable.
This value is substituted in any parity-check equation involving the same variable.
If at any time the peeling decoder gets stuck in a non-empty stopping set, a posi-
tion i € [n] is chosen uniformly at random from the set of yet undetermined bits
and a binary (symbolic) variable v; representing the value of bit 7 is associated with
this position. In what follows, the decoder proceeds as if position i was known and
whenever the value of bit 7 is called for it is referred to as v;. This means that mes-
sages consist not only of numbers 0 or 1 but in general contain (combinations of)
symbolic variables v;. In other words, the messages are really equations that state
how some quantities can be expressed in terms of other quantities. It can happen
that during the decoding process of the peeling decoder a yet undetermined vari-
able is connected to several nodes of degree 1. It will then receive a message describ-
ing its value from each of these connected check nodes of degree 1. Of course, all
these messages describe the same value (recall that, over the BEC, no errors occur).
Therefore, if and only if at least one of these messages contains a symbolic variable,
then the condition that all these messages describe the same value gives rise to linear
equations which have to be fulfilled. Whenever this happens, the decoder resolves
this set of equations with respect to some of the previously introduced variables v;
and eliminates those resolved variables in the whole system. The decoding process
finishes once the residual graph is empty. By definition of the process, the decoder
always terminates.

At this point there are two possibilities. The first is that all introduced variables
{vi}iez, I < [n], were resolved at some later stage of the decoding process (a special
case of this being that no such variables ever had to be introduced). In this case each
bit has an associated value (either 0 or 1) and this is the only solution compatible
with the received information). In other words, the decoded word is the MAP es-
timate. The other possibility is that there are some undetermined variables {v; } ez
remaining. In this case each variable node either already has a specific value (0 or
1) or by definition of the decoder can be expressed as a linear combination of the
variables {v; }jez. In such a case each realization (choice) of {v; } iz € {0, 1}/*! gives
rise to a valid codeword and all codewords compatible with the received informa-
tion are the result of a particular such choice. In other words, we have accomplished
a complete list decoding, so that |Z| equals the conditional entropy H(X|Y). All
this is probably best understood by an example.

EXAMPLE 3.132 (M DECODER APPLIED TO (1 = 3,r = 6) CoDE). Figure 3.133 shows
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Figure 3.133: M decoder applied to a (1 = 3, = 6)-regular code of length »n = 30.
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the workings of the M decoder applied to a simple code of length n = 30. Assume
that the all-zero codeword has been transmitted. In the initial decoding step the re-
ceived (i.e., known and equal to 0) bits are removed from the bipartite graph. The
remaining graph is shown in (i). The first phase is equivalent to the standard peel-
ing algorithm: in the first three steps, the decoder determines the bits 1 (from check
node 1), 10 (from check node 5), and 11 (from check node 8). At this point the peel-
ing decoder is stuck in the constellation shown in (iv). The second phase is distinct
to the M decoder: the decoder assigns the variable v, to the (randomly chosen) bit
2, which is now considered to be known. The decoder then proceeds again as the
standard peeling algorithm. Any time it gets stuck, it assigns a new variable v; to
a yet undetermined and randomly chosen position i. This process continues until
some of the previously introduced variables can be eliminated. For example, con-
sider step (ix): the variable node at position 30 receives the messages vg + v1 as
well as the message v;,. This means that the decoder has deduced from the received
word that the only compatible codewords are the ones for which the value of bit 30
is equal to the value of bit 12 and also equal to the sum of the values of bit 6 and
bit 12. The decoder can now deduce from this that v¢ = 0, i.e., the previously in-
troduced variable v¢ is eliminated from the system. Phases in which new variables
are introduced, phases during which some previously introduced variables are re-
solved, and regular BP decoding phases might alternate. Decoding is successful (in
the sense that a MAP decoder would have succeeded) if at the end of the decoding
process, all introduced variables have been resolved. This is the case for the shown
example. <

The following lemma, whose proof we skip, explains why at the MAP thresh-
old the two dark gray areas are in balance. In short, the area on the left is propor-
tional to the total number of variables which the decoder introduces and the area on
the right is proportional to the total number of equations which are generated and
which are used to resolve those variables. Further, as long as the number of generated
equations is no larger than the number of introduced variables then these equations
are linearly independent with high probability. Therefore, when these two areas are
equal then the number of unresolved variables at the end of the decoding process is
(essentially) zero, which means that MAP decoding is possible.

LEMMA 3.134 (AsYMPTOTIC NUMBER OF UNRESOLVED VARIABLES). Consider the
(1, r)-regular degree distribution pair. Let e(x) = x/A(1 — p(1 — x)) and let P(x)
denote the trial entropy of Definition 3.119.

Let G be chosen uniformly at random from LDPC (n, Ax) =xr"1 p(x) =x*1 )
Assume that transmission takes place over the BEC(¢) where € > ™" and that we
apply the M decoder. Let S(G, €) denote the number of variable nodes in the resid-
ual graph after the ¢-th decoding step and let V (G, £) denote the number of unre-
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solved variables {v; } ;7 at this point, i.e., V(G, £) = |Z|. Then, as n tends to infinity,
(s(x),v(x)) = limy—oo (E¢[S(G, |xn])/n], E¢[V (G, |[nx|)/n]) exists and is given
by

s(x) =e(x)h™F (x),  v(x) =P(%) = P(x) + (" — (x))h™™ (%) 1y ppy,

where X is the largest real solution of ¢ = €(x). Further, the individual instances
(S(G, |zn])/n, V(G, |nz])/n) concentrate around this asymptotic limit.

ExXAMPLE 3.135 (UNRESOLVED VARIABLES FOR (1 = 3,r = 6)-ENSEMBLE). Fig-
ure 3.136 compares the evolution of the number of unresolved variables as a function
of the size as predicted by Lemma 3.134 with empirical samples. We see a good agree-
ment of the predicted curves with the empirical samples, even for the case ¢ = 0.46

for which the lemma is not guaranteed to apply (since 0.46 < eMAP). &
y -l y v
0.04 ¢ : 0.04 ; 0.04 +
0.02 0.02 0.02 t
0.00 0.00 0.00
002757020304 s 9% 01020304 % 01020304 s

Figure 3.136: Comparison of the number of unresolved variables for the Maxwell de-
coder applied to the LDPC (n, X xr‘l) ensembles as predicted by Lemma 3.134
with samples for n = 10,000. The asymptotic curves are shown as solid lines,
whereas the sample values are printed as dashed lines. The parameters are ¢ = 0.50
(left), € = eMAP ~ 0.48815 (middle), and € = 0.46 (right). The parameter € = 0.46
is not covered by Lemma 3.134. Nevertheless, up to the point where the predicted
curve dips below zero the experimental data agrees well.

§3.22. EXACT FINITE-LENGTH ANALYSIS

The density evolution equations give a precise and simple characterization of the
asymptotic (in the blocklength) performance under BP decoding. Nevertheless, this
approach has several shortcomings. The concentration of the individual perfor-
mance around the ensemble average is exponential in the blocklength but the con-
vergence of the ensemble performance to the asymptotic limit can be as slow as
O(1/n). Therefore, for moderate blocklengths the performance predicted by the
density evolution equations might deviate significantly from the actual behavior.
This problem is particularly pronounced when we are interested in the construc-
tion of moderately long ensembles and impose stringent conditions on the required
error probabilities. In these cases the finite-length effects cannot be ignored.
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§3.22.1. STOPPING SETS

We see how a finite-length analysis for the BEC can be accomplished by studying
how the BP decoder fails. The key objects for the analysis are the so-called stopping
sets (ss).

DEFINITION 3.137 (STOPPING SETS). A stopping set (ss) S is a subset of V, the set of
variable nodes, such that all neighbors of S, i.e., all check nodes which are connected
to S, are connected to S at least twice. The support set of any codeword is an ss and,
in particular, so is the empty set. \v

ExAMPLE 3.138. Consider the Tanner graph shown in Figure 3.139. The subset S =

0 10
9

2
1
1
1
1
1
1
1
1
1
1

=R WHR UTAANI0\ O O — N W U1\ NI 00
— NN W s U1 N NI o O

Figure 3.139: The subset of variable nodes S = {7,11, 16} is a stopping set.

{7,11, 16} is an ss - the set of check nodes connected to S is {1,2, 3,6}, and each
of these nodes is connected to S at least twice. Note that this subset does not form
the support set of a codeword - check node 2 has three incoming connections. <&

The basic structural properties of ss and their operational significance is sum-
marized in the following lemma.

LEMMA 3.140 (BASIC PROPERTIES OF STOPPING SETS).

1. Let S; and S, be two ss. Then S; U S5 is an ss.
2. Each subset of V contains a maximum ss (which might be the empty set).

3. Let G be a binary linear code. Assume that we use G to transmit over the BEC
and that we employ a BP decoder until either the codeword has been recov-
ered or until the decoder fails to progress further. Let £ denote the subset of
V that is erased by the channel. Then the set of erasures that remains when
the decoder stops is equal to the maximum ss contained in £.
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Proof. To see the first claim note that if c is a neighbor of S; U S, then it must be
a neighbor of at least one of S; or S,. Without loss of generality assume that c is a
neighbor of §;. Since &) is an ss, ¢ has at least two connections to S; and therefore
at least two connections to S; U S,. Each subset of V thus contains a maximum ss
— the union of all ss contained in V (which might be the empty set). It remains to
verify the third claim. Let S be an ss contained in £. We claim that the BP decoder
cannot determine the variable nodes contained in S. This is true since, even if all
other bits were known, every neighbor of S has at least two connections to the set
S and so all messages to S are erasure messages. It follows that the decoder cannot
determine the variables contained in the maximum ss contained in £. Conversely,
if the decoder terminates at a set S, then all messages entering this subset must be
erasure messages, which happens only if all neighbors of S have at least two con-
nections to S. In other words, S must be an ss and, since no erasure contained in
an ss can be determined by the BP decoder, it must be the maximum such ss. [

The name “stopping set” stems from the operational significance outlined in the
last property: these are the sets in which the BP decoder gets stuck. Although code-
words give rise to ss, not all ss correspond to codewords. This gives a characteriza-
tion of the suboptimality of the BP decoder: a MAP decoder fails if and only if the
set of erasures include the support set of a codeword - the BP decoder on the other
hand gets trapped by a larger class, the ss. The basic idea of the finite-length analy-
sis is straightforward. Consider the block erasure probability. Fix a certain erasure
pattern. Over the ensemble of all graphs with a certain degree distribution deter-
mine the number of constellations which contain stopping sets within the support
set of this erasure pattern. Since by definition of the ensemble all constellations have
equal probability, the probability (averaged over the ensemble and conditioned on
the specific erasure pattern) that this erasure pattern cannot be corrected is then the
ratio of the number of such “bad” constellations to the total number. To arrive at the
unconditional erasure probability, average over all erasure patterns. In the following
we describe this procedure and its extension in some more detail. The combinatorial
problem at the heart of this procedure, namely the determination of “bad” constel-
lations, is involved. As an example we treat one simple case in Section 3.22.4. To
keep the discussion simple, we restrict our attention to the case of (1, r)-regular
ensembles.

§3.22.2. INFINITE NUMBER OF ITERATIONS

Consider the regular ensemble LDPC (nxl, n%xr). Fix v variable nodes and num-

ber the corresponding v1 variable-node sockets as well as all n1 check-node sockets
in some fixed but arbitrary way. A constellation is a particular choice of how to at-
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tach the v1 variable-node sockets to the nl check-node sockets. Let T'(v) denote
the cardinality of all such choices. We have T'(v) = (:i) (vl

Let B(v) denote the set of all constellations on v fixed variable nodes which
contain (non-trivial) ss and let B(v) denote the cardinality of B(v). Clearly, 0 <
B(v) < T(v). Let B(s,v), B(s,v) € B(v), denote the set of constellations on v
fixed variable nodes whose maximum ss is of size s. As before, let B(s,v) denote the
corresponding cardinality. For x € C, and with some abuse of notation, define

S X $ n v n-v B(X’ V)
B(x,v)=) B(s, -1, P(yx,e) = 1- —.
@) =Tren (2] P =3 (M) o
Consider first the case y = 0, so that B(y = 0,v) = B(v). Note that B(y = 0,v)/T(v)
denotes the probability that v chosen variable nodes contain a non-empty ss. Since
(ﬁ)e"(l —€)"™” is the probability that there are v erased bits,

P(x=0,e) =E[P}’(G,¢)],

where the expectation is over the ensemble LDPC (nx?, n%xr). In words, P(y =
0,¢) denotes the average block erasure probability. If, on the other hand, we pick
x=1,then B(y =1,v)/T(v) equals the expected fraction (normalized to n) of bits
participating in an ss contained in the v fixed variable nodes. It follows that

P(x=1,e) =E[Py" (G,e)],

the average bit erasure probability. It is shown in Section 3.22.4 how the quantity B
can be determined.

EXAMPLE 3.141 (BLOCK ERASURE PROBABILITY OF LDPC (nx3, §x6)). Figure 3.142
shows the resulting curves for Ey ppc( 55,2 40) [PEP(G, €)] asa function of e for n = 2/,
’2

i € [10]. For increasing lengths the curves take on the characteristic shape which is
composed of a “waterfall” region and an “error floor” region. O

As we have seen, in many aspects practically all elements of an ensemble behave
the same. This is in particular true for the behavior in the initial phase of the BP de-
coder where the number of erasures in the system is still large. Toward the very end,
however, the various elements of the ensembles show significant differences and this
difference does not tend to zero as we increase the length. Some elements of the en-
semble exhibit small “weaknesses.” In practice it is therefore important to eliminate
these weaknesses. A simple generic method of accomplishing this is to “expurgate”
the ensemble. If we were using a MAP decoder the expurgation procedure should
eliminate codes which contain low-weight codewords. Since we are using the BP de-
coder, the appropriate expurgation is to eliminate codes which contain low-weight
stopping sets.



138 BINARY ERASURE CHANNEL

Py’
107
sy
2
2 &
10 =
14
=
| | L
0.1 0.2 0.3 0.4 €

Figure 3.142: By ppc (s, 246 [PEP(G, €)] as a function of e for n = 2, i € [10].
’2

DEFINITION 3.143 (EXPURGATED ENSEMBLES). Assume we are given the ensemble
LDPC (n, A, p) and an expurgation parameter s, s € N. The expurgated ensemble
ELDPC (n,s, A, p) consists of the subset of codes in LDPC (#, A, p) that contain no
stopping sets of size in the range [1,...,s - 1]. v

All our previous expressions can be generalized. In particular let B(smin, S, V),
B($min>$,v) S B(v), denote the set of constellations on v fixed variable nodes
whose maximum ss is of size s and which contain ss only of size at least sp;,. De-
fine B( Y, Smin>v) = 25 B(Smin> S, V) (%)X and let P(y, Smin,€) = Yoy (:)e"(l -

e)n—v B(X;(n;i;,‘/)

ExAMPLE 3.144 (ExPUrRGATION OF LDPC (nx3, %xé) ENSEMBLE). Figure 3.145 de-

picts P(x = 0, Smin,€) for the ensemble LDPC (nx?, %xﬁ), where n = 500, 1000,
2000. The dashed curves correspond to the case spin = 1, whereas the solid curves
correspond to the case where spni, was chosen to be 12, 22, and 40, respectively. How
can we determine realistic values for sp;,? In Section 3.24 we see how to determine
the expected number of stopping sets of a given size. Applying these techniques we
can determine that, for the given choices, the expected number of ss of size less
than sy, is 0.787263, 0.902989, and 0.60757, respectively. Since in each case the
expected number is less than 1 it follows that there exist elements of the ensemble
which do not contain ss of size less than the chosen sp,;,. This bound is crude since it
is only based on the expected value and we can get better estimates by investigating
the distribution of the number of low-weight ss. Indeed, this is done in the asymp-
totic setting in Theorem D.32. The plots in Figure 3.145 demonstrate the importance
of considering expurgated ensembles. O
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Figure 3.145: P(y = 0, Smin,€) for the ensemble LDPC (nx3, gx(’), where n =
500, 1000, 2000. The dashed curves correspond to the case sy, = 1, whereas the
solid curves correspond to the case where s, was chosen to be 12, 22, and 40, re-
spectively. In each of these cases the expected number of ss of size smaller than sp;,

is less than 1.

§3.22.3. FIXED NUMBER OF ITERATIONS

As a further generalization, consider the quantity

" (n _yB(X> Smin> &, V)
P(y, Smin> £>€) = ( )ev l-e)"V—C— 2,
(o smins )= 3 ()1 - ey o

We define the depth of a constellation as the smallest number of iterations that
is required to decode this constellation. Stopping sets have infinite depth. Here,
B(Smin> $> €, v), B(Smin> S, & v) S B(v), denotes the set of constellations on v fixed
variable nodes whose depth is greater than ¢, which contain ss only of size at least
Smin» and whose size after ¢ iterations is equal to s. Further define

s\X
B(Xasmin’g’v):ZB(Smin’S’g’V) (z) .
N

As a particular instance, P(y = 1, Smin = 1, £, €) is the expected bit erasure probabil-
ity at the ¢-th iteration and it is therefore the natural generalization of the asymptotic
density evolution equations to finite-length ensembles.

ExAMPLE 3.146 (EQuATIONS FOR LDPC (500x3,250x6) ENSEMBLE). Figure 3.147
depicts P(y = 1,8min = 12,¢,¢) for the ensemble LDPC (SOOx3 ,250x6) and the
first 10 iterations (solid curves). Also shown are the corresponding curves of the
asymptotic density evolution for the first 10 iterations (dashed curves). More pre-
cisely, from the density evolution equations (3.51) we know that asymptotically the
bit erasure probability in the ¢-th iteration is equal to eL(1 — p(1 — x¢_;)), where
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x¢ =€A(1-p(1-xp_1)) and x¢ = €. As one can see from this figure, for parameters
close to the threshold the finite length performance and the infinite-length perfor-
mance are fairly close for several iterations. As e moves away from the threshold the
difference between the two curves increases. &

0.1 0.2 0.3 0.4 €

Figure 3.147: P(x = 1, Smin = 12,¢,€) for the ensemble LDPC (500x3, 250x6) and
the first 10 iterations (solid curves). Also shown are the corresponding curves of the
asymptotic density evolution for the first 10 iterations (dashed curves).

Using the quantity P(y = 0,smin = 1,¢,€) we can make statements about the
distribution of the required number of iterations. More precisely, for € > 1,

P(x=0,5min=1,€—-1,€) = P(x =0, Smin = 1, £, €)
is the probability that the required number of iterations is £.

EXAMPLE 3.148 (DISTRIBUTION OF ITERATION NUMBER FOR LDPC (nx3, §x6) EN-
SEMBLE). Figure 3.149 depicts this probability distribution of the number of iter-
ations. Over a large interval the curves are approximately straight lines (in a log-
log plot), which indicates that over this range the probability distribution follows a
power law, i.e., has the form €% for some suitable non-negative constants & and f3.
In other words, the probability distribution has large tails. This observation cannot
be ignored in the design of a message-passing system. If low erasure probabilities are
desired then the decoder has to be designed in a flexible enough manner so that for
some rare instances the number of iterations is significantly larger than the average.
Otherwise the additional erasure probability incurred by a premature termination
of the decoding process can be significant. &

§3.22.4. RECURSIONS

So far we discussed how to accomplish the finite-length analysis for the BEC(¢),
assuming that we are given the probability of occurrence of ss of all sizes. We now
show how this latter task can be accomplished via a recursive approach.
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Figure 3.149: Probability distribution of the iteration number for the
LDPC (nx3 , gx(’) ensemble, lengths n = 400 (top curve), 600 (middle curve), and
800 (bottom curve) and € = 0.3. The typical number of iterations is around 5, but,
e.g., for n = 400, 50 iterations are required with a probability of roughly 1071°,

In the sequel we assume that the parameters spmi, and y have been fixed and
we suppress the dependency of the recursions on these parameters in our notation.
Although we give the expressions for general y, the combinatorial interpretation of
the quantities is simplest if we assume that y = 0. Our language therefore reflects
this case.

Consider the set of all constellations which contain non-trivial ss. Let A(v, ¢, s)
be the number of such constellations on v fixed variable nodes which have t fixed
check nodes of degree at least 2 and s fixed check nodes of degree 1. Note that for
s = 0 these are the ss of size v, and we have

A(v,t,5=0) = coef {((1+x)" -1 -rx)",x"*} (v1)!.

The first term describes in how many ways we can choose the v1 sockets from ¢
fixed check nodes so that no check node has degree 1 and the term (v1)! takes into
account all possible permutations. Therefore, initialize A(v, t,s) by

X
A(v,t,s) = coef{((l +x) -1- rx)t,xﬂ} (v1)! (K) Lfsmimevy Lis=0}»
n

where the extra factor (%)X distinguishes between the block and the bit erasure case,
1f5m<v) €nables us to look at expurgated ensembles, and 1,y indicates that this
expression is only valid for s = 0 and that A(v, ¢, s) is initialized to zero otherwise.

For v running from 1 to #, recursively determine A(v, t,s) forall 0 < t,s < n by
means of the update rule

t+ At+A
A(v,t,s)+:A(v—1,t—At—0,s+o—As)v(l)!( ) )( S)
At + As At
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coef{((l +x) = 1) (L4 x)T -1 - )™ ,xl‘AS‘T}
((t—At—a)r— (v- 1)1+5+‘7_A5)(5+0_A5)rm§)

T o N

where 1 <As<1,0<0<1-As,0<Ar< |24, and0< 7<1- As— 0 - 2At.
We then have L
r

n
B(X> $Smin> V) = A(v,t,s).
Gosmno) = S ("7 a9

Figure 3.150 indicates how this recursion has been derived. Recall that in the BP

t S
At o As
| —
t-At-o s+0—As

Figure  3.50: Derivation of the recursion for A(v,t,s) for
LDPC (A(x) = nx*, P(x) = nXx") and an unbounded number of iterations.

decoding process one variable node which is connected to a check node of degree 1
is removed together with all involved edges. This process is continued until we have
reached an ss. For the recursion we proceed in the opposite direction — we start with
an ss and add one variable node at a time, each time ensuring that this variable node
has at least one check node of degree 1 attached to it. The recursion describes in how
many ways this can be done, where some care has to be taken to ensure that each
constellation is counted only once.

More precisely, assume we add one variable node of degree 1. Assume that As
of its attached check nodes have degree 1, where by assumption As > 1. Assume
turther that o of the check nodes that previously had degree 1 are being “covered”
by edges emanating from the new variable node, so that each of these check nodes
now has degree at least 2. Finally, assume that At new check nodes of degree at least
2 are added (through multiple edges). All remaining edges go to check nodes that
already had degree at least 2. If the new constellation has parameters (v, f,s) then
the original constellation must have had parameters (v — 1,5 + 0 — As, t — At - 0).

Let’s look in detail at all the factors in the recursion: The term v(1)! accounts for
the fact that we can choose the position of the new variable node within the total v
variable nodes and that we can permute its edges. The factors ( A:fAS) (AzrtAs) count
in how many ways the At + As new check nodes can be placed among the total t +s
check nodes. For each new check node of degree 1 we can choose the socket to which
we want to connect, resulting in a factor r°. Next, the o check nodes which are being
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covered are chosen from s + 0 — As check nodes which had degree 1, accounting for

the factor (**7.*°). If we assume that T edges are connected to check nodes that

already had degree at least 2, then there are ((t At-o)r- (V Dltsto- %) many ways of

choosing these 7 sockets. This is true since (f — At — a)r -(v-1)l+s+0-Asis
the total number of open such sockets. By assumption, 1 — As — 7 edges are used to
add At new check nodes of degree at least 2 and to cover o check nodes that used to
have degree 1. This accounts for the factor

coef{((l +x)T - 1)0 (1+x)*-1- rx)At,xl_As_T} :

Only the last factor 2, which ensures that each constellation is counted exactly
once, merits a more detalled discussion. To see its function, consider again the peel-
ing decoder. If a constellation has, e.g., u variable nodes with at least one check
node of degree 1 attached to it then the peeling decoder has u distinct possibili-
ties in choosing which node to remove next. In the same way, such a constellation
can be “reconstructed” in u distinct ways. Therefore, in the aforementioned recur-
sion we should weigh each such reconstruction with the corresponding fraction 1.
Unfortunately, u does not appear explicitly in the recursion. Rather, we are given s,
the number of check nodes of degree 1. Since one variable node can be attached to
multiple check nodes of degree 1, u and s are not in one-to-one correspondence.
Fortunately, we are also given As, the number of check nodes of degree 1 that the
new variable node is connected to. Let As be called the multiplicity of a variable
node. We then see that if we add the multiplicities of the u variable nodes then this
multiplicity adds to s. Therefore, summed over all possible reconstruction paths the
factor % ensures that each constellation is counted exactly once.

The complexity of the preceding recursion is ®(n*) in time and ®(n?) in space.

§3.23. FINITE-LENGTH SCALING

We have seen in the previous section how an exact (ensemble-average) finite-length
analysis can be accomplished. This solves the problem in principle. In practice this
approach becomes computationally challenging as we increase the degree of irregu-
larity or the blocklength. Further, although the analysis is exact, it reveals little about
the nature of the system.

Let us therefore consider an alternative approach. First, we separate the contri-
butions to the error probability into those that stem from “large” and those that are
due to “small” failures. These two contributions are fundamentally different and are
therefore best dealt with separately.

In Section 3.24 we discuss methods that allow us to assess the contribution due
to small failures. In the present section we discuss a scaling law which applies to large
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failures. The left-hand graph in Figure 3.62 shows the situation for the (3, 6)-regular
ensembles that has one critical point. The right-hand graph in Figure 3.62 shows an
optimized degree distribution which has two critical points. For a critical point x"*
let v** = €’ L(1 - p(1 - x®")). The operational meaning of v®* is the following:
assume that a degree distribution pair has a single non-zero critical point. Suppose
that € ~ € and that for a large blocklength the BP decoder fails. If the residual
graph (of the peeling decoder) is still large (i.e., the failure is not just due to a small
weakness in the graph) then with probability approaching 1 (as # tends to infinity)
the fraction of undetermined bits is close to v**.

THEOREM 3.151 (Basic ScaLING Law). Consider transmission over the BEC using
random elements from an ensemble LDPC (#, A, p) which has a single non-zero
critical point x"*. Let €®® = €®” (A, p) denote the threshold and let v** = "’ L(1 -
p(1—x")). Set z = \/n(e” —¢). Let P, ,(n, A, p,€) and Py, (n, 1, p,€) denote
the expected bit/block erasure probability due to errors of size at least yv**, where
y € (0,1). Then as n tends to infinity (with z held fixed),

Py (n,4,p,€) = Q(z/a) (1+0(1)),
Py, (1, A, p,€) = v"PQ (z/a) (1+0(1)),

where a = a(A, p) is a constant which depends on the ensemble.

Figure 3.153 shows the application of the basic scaling law (dotted curves) to the
(3,6)-regular ensemble. As one can see, although the scaling curves follow the ac-
tual exact curves reasonably well, and indeed approach the true curves for increasing
lengths, the curves are shifted.

CONJECTURE 3.152 (REFINED SCALING Law). Consider transmission over the BEC

using random elements from an ensemble LDPC (n, A, p) which has a single non-

zero critical point x®. Let €®* = €°"(,p) denote the threshold and let v** =

e L(1-p(1-x")).Set z = \/ﬁ(eBp—ﬁn_g—e). LetPy (1, A, p,e) and Py, (n, A, p, €)
denote the expected bit/block erasure probability due to errors of size at least yv®*,

where y € (0,1). Then as n tends to infinity (with z held fixed),

Poy(m,4,p,€) = Q (z/a) (1+0(n')),
Py, (1,1, p,€) =v*"Q (z/at) (1 + O("_1/3))’

where a« = (A, p) and 8 = B(A, p) are given by

o= (B o G _3p ) - M (),
(DA™ ()
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(GBP)ZA()/BP)Z _ (EBP)ZA((}/BP)Z) _ (yBP)Z(eBP)z/V((yBP)Z) )1/2
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where x®" is the unique critical point, x®" =1 - x"", y** =1 - p(1 - x""), and Q is
a universal constant whose value can be taken equal to 1 for all practical purposes.?
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Figure 3.153: Scaling of Eyppc(s,x2,x5)[Ps(G,€)] for transmission over the BEC(¢)
and BP decoding. The threshold for this combination is €** ~ 0.4294. The
blocklengths/expurgation parameters are n/s = 1024/24, 2048/43, 4096/82, and
8192/147, respectively. The solid curves represent the exact ensemble averages.
The dotted curves are computed according to the basic scaling law stated in The-
orem 3.151. The dashed curves are computed according to the refined scaling law
stated in Conjecture 3.152. The scaling parameters are « = 0.56036 and 3/Q =
0.6169; see Table 3.154.

Discussion: The conjecture improves upon the basic scaling law in two aspects.
First, the refined scaling law predicts a finite-length shift of the BP threshold of the
form /311_%. From Figure 3.153 we see that the refined scaling law indeed corrects for
the shift (dashed curves) and that it gives a much better match to the true curves.

3 Define

f Ai(iy)Bi(2'’z + iy) - Ai(2' Pz + 1y)B1(1y)
"2 Ai(iy)

where Ai(-) and Bi(-) are the so-called Airy functions. Then Q = ["{1 - K(z)?] dz. Numerically, we
get O = 0.996 + 0.005.
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1 r ¢ e o B/Q

3 4 i =0.75 0.6473 0.5425 0.5936
3 5 % =0.6 0.5176  0.5657 0.6162
3 6 % =0.5 0.4294 0.5604 0.6170
4 5 % =0.8 0.6001 0.5533 0.5716
4 6 % ~0.6666 0.5061 0.5605 0.5744
5 6 % ~0.8333 0.5510 0.5606 0.5597
6 7 g ~0.8571 0.5079 0.5623 0.5478
6 12 % =0.5 0.3075 0.5116 0.5063

Table 3.154: Thresholds and scaling parameters for some regular standard ensembles.
The shift parameter is given as /Q.

Second, the refined scaling law gives an explicit characterization of the scaling pa-
rameters. Table 3.154 lists scaling parameters for some standard regular ensembles.
It is the topic of Problem 3.41 to show that in the regular case the scaling parameters
take on a very simple form. Figure 3.155 shows the application of the scaling result
to an irregular ensemble.
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Figure 3.155: Scaling of ELDPC(n,A:éx+§x3,p:x5) [P3(G,€e)] for transmission over
BEC(e) and BP decoding. The threshold for this combination is €** ~ 0.482803.
The blocklengths/expurgation parameters are n/s = 350/14, 700/23, and 1225/35.
The solid curves represent the simulated ensemble averages. The dashed curves are
computed according to the refined scaling law stated in Conjecture 3.152 with scal-
ing parameters a = 0.5791 and f3/Q = 0.6887. The two curves are almost on top of
each other and are hard to distinguish.

We will not give a proof of the scaling law but we provide in the remainder of
this section an informal justification of the aforementioned scaling forms. It is con-
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venient to visualize the decoder in the form of peeling off one variable node at a time
as was discussed in Section 3.19. Keep track of the evolution of the residual graph asa
function of time. We know from Theorem 3.106 that the trajectories corresponding
to individual instances of decoding closely follow the expected value (given by the
density evolution equations). For the (3, 6)-regular ensemble the evolution of the
expected degree distribution is shown in Figure 3.111. Focus on the evolution of the
residual nodes of degree 1, denoted R; (the corresponding curve is the one shown
in bold in Figure 3.111). Several individual trajectories are shown for € = 0.415 and
n = 2048 and n = 8192 in Figure 3.156. From Theorem 3.106 we know that the devia-
tions of individual curves are no larger than O( n°/6). In fact the deviations are even
smaller and, not surprisingly, they are of order O(y/n). Assume that the channel
parameter ¢ is close to €. If € = €®" then at the critical point the expected number
of check nodes of degree 1 is zero. Assume now that we vary e slightly. If we vary e
so that Ae is of order @ (1), then the expected number of check nodes of degree 1 at
the critical point is of order ®(n). Since the standard deviation is of order ®(\/n),
then with high probability the decoding process will either succeed (if (e —€®") < 0)
or die (if (e—€®") > 0). The interesting scaling happens if we choose our variation of
€ in such a way that Ae = z/\/n, where z is a constant. In this case the expected gap
at the critical point scales in the same way as the standard deviation and one would
expect that the probability of error stays constant. Varying the constant z gives rise
to the scaling function.

What is the distribution of the states around the mean? A closer look shows that
this distribution (of the nodes of degree 1) is initially Gaussian and remains Gaus-
sian throughout the decoding process. The mean of this Gaussian is the solution of
the density evolution equations. Therefore, all that is required to specify the full dis-
tribution is the evolution of the covariance matrix. In a similar manner as there are
differential equations that describe the evolution of the mean, one can write down a
system of differential equations that describe the evolution of the covariance matrix.

Consider Figure 3.156. Those trajectories that hit the R; = 0 plane die. One can
quantify the probability for the process to hit the R; = 0 plane as follows. Stop den-
sity and covariance evolution when the number of variables reaches the critical value
vP?. At this point the probability distribution of the state approaches a Gaussian (as
the length increases) with a given mean and covariance for R; > 0 (while it is ob-
viously 0 for R; < 0). Estimate the survival probability (i.e., the probability of not
hitting the R; = 0 plane at any time) by summing the Gaussian distribution over
Ry > 0. Obviously this integral can be expressed in terms of a Q-function.

The preceding description leads to the basic scaling law. Where does the shift
in Conjecture 3.152 come from? It is easy to understand that we underestimated the
error probability in the preceding calculation: we correctly excluded from the sum
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Figure 3.156: Evolution of n(1 — r)R; as a function of the size of the residual graph
for several instances for the ensemble LDPC (1, 1(x) = x%, p(x) = xS) for n = 2048
(left) and n = 8192 (right). The transmission is over the BEC(e = 0.415).

the part of the Gaussian distribution lying in the R; < 0 half-space - trajectories
contributing to this part must have hit the R; = 0 plane at some point in the past.
On the other hand, we cannot be certain that trajectories such that R; > 0 when v
crosses vF didn’t hit the R; = 0 plane at some time in the past and bounce back (or
will not hit it at some later point). Taking this effect into account gives us the shift.

§3.24. WEIGHT DISTRIBUTION AND ERROR FLOOR

In the previous section we have seen how we can model large-sized failures of the
decoder. We focus now on those errors that are caused by small weaknesses in the
graph. We start by determining the average weight distribution. The regular case
is discussed in more detail in Lemma D.17 on page 513. If you are unfamiliar with
manipulations of generating functions you might want to review the material in
Appendix D before proceeding. If patience is not your strongest virtue, fast forward
to Lemma 3.166 to see how the following results help in finding expressions for the
error floor.

LEMMA 3.157 (WEIGHT DISTRIBUTION). Let A, (G, w)/A(G,w) denote the num-
ber of codewords/stopping sets of weight w of a code G, G € LDPC (A, P). Then

E[Acwss(Gow)] =" a(w, €)Bewsss (),

e

where
a(w,e) = coef{H(l + xyi)Af,nye},

coef{l‘[i (1+2) +(1- z)i)Pi ,ze}
ZUUN

Bew(e) =
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coef{Hi((l +2z) - iz)P",ze}
)

Proof. Consider the A(1) variable nodes, out of which there are A; nodes of de-
gree i. In how many ways can we select w of those nodes so that the total num-
ber of attached edges is e? Denote this number by a(w, e) and consider its gener-
ating function Y, , a(w, e)x" y°. This generating function depends on A(x). To
start, consider a single variable node of degree i. Then this generating function is
equal to 1 + xy'; we can either skip this node (corresponding to 1) or, if we in-
clude this node, then we have one node and i edges (corresponding to the term
xy"). More generally, if we have A; variable nodes of degree i then the generating
function is [T;(1 + xy')™, since for each such node we can decide to include it
in our set or not. The expression of a(w, e) follows from this observation by let-
ting the product range over all node degrees. It remains to determine the proba-
bility that we get a codeword/ss if we connect e edges uniformly at random to the
P'(1) = A’(1) check-node sockets. Denote this probability by fB..s(e). In total
there are (Algl)) choices. How many of those give rise to codewords/ss? A constel-
lation gives rise to a codeword if each check-node socket is connected to an even
number of edges. For a check node of degree i the corresponding generating func-
tion is 3 ; (;j)zzj =1 ((1+2)"+ (1-2)") (see Section D.3). On the other hand, we
get an ss if no check node contains exactly one connection. This is encoded by the
generating function }_ ., (;)zf = (1+z)" - iz. Taking into account that there are P;

Bss(e) =

check nodes of degree i, the expressions for fB.,.ss(e) follow. O

For large blocklengths and weights, E[ Ay (G, w) | becomes expensive to com-
pute. Fortunately, we can derive a very accurate asymptotic expansion using the
Hayman method discussed in Appendix D. This expansion is substantially easier
to evaluate.

LEMMA 3.158 (HAYMAN APPROXIMATION OF WEIGHT DISTRIBUTION). Let G be an
element of LDPC (n, L, R) and let A, (G, w)/A(G, w) denote the number of code-
words/ss of G of weight w of G. Define

pcw(x,y,z) = (H(l +xyj)Lj) H((l +Z)i ; (1 _Z)i)Ri;"’
j

i

PSS(x’y’Z) = (H(l +xyj)Lj) H((l +Z)i _ Z.Z)Rii,

] 1

Leta = (%, %, %) and define the 3 x 3 symmetric matrix B(x, y, z): its first row

consists of the vector xda/dx and its second and third rows of the corresponding
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derivative with respect to y and z. Let (x4, ., z¢ ) be a positive solution of the system
of equations a(x, y,z) = (w, €, €) and define

L'(1)

3= O LB (e ) 0.1+ o

a2

Then for w € (0,1) and n € N so that nw € N,

E[A(G, na)] = o’e(1-¢€/L'(1)) Mp(xwyeyze)”ewL’(l)h(e/L'(l))(l (1))
’ 27n|B(xe, yes ze)| X0 ylczle ’

where y = 1 except when all variable nodes either have even degree or all have odd
degree, in which case p = 2. The growth rate G(w) of the weight distribution, defined
as

1
G(w) = nango - log E[A(G, nw)],

is given by
G(w) = log (p(xw, Yes Ze) e—L’(l)h(e/L’(l))) '

W 4,€ ~€
XoYeZe

Note: The matrix B becomes singular for left regular ensembles. The special case
of regular ensembles is discussed in detail in Lemma D.17.

Proof. From Lemma 3.157 we know that
L'(1
E[A(G, nw)] = Zcoef{p(x,y’Z)n,xwyeze}/(n ( ))
€ e

Fix avalue w,0 < w < 1, and set w = nw. Further fixe, 0 < € < L’'(1), and look at val-
ues e of the form e = ne + Ae, where Ae = o(y/nlogn). What is the local expansion
of the term coef{---}, i.e., what is the behavior of coef{---} for small deviations of e
around ne? The answer is furnished by the Hayman method stated in Lemma D.14.
This local expansion reads

up (xw,ye,ze)" (yeze)*Aee’%(o’l’l)ﬁ_l(O’I’I)T(l +0(1)),

v/ (2mn)3|B| (x yezg)"

where (x4, Ve, z¢) is the unique positive solution to the set of equations a(x, y,z) =
(w, €, €) and where u is equal to 1 unless all powers of L(x) are even or all powers
of L(x) are odd, in which case y takes on the value 2.
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For the term ("L’e(l)) we have from Example D.16 the local expansion

2mne(1 - ¢/L'(1))

Let us combine these two expressions to get a local expansion of the number of
words with a given number of emanating edges. To simplify the notation define

(E/(L/(1) - )BT (14 0(1).

ne

>

(27n)?(B| (xgyeze)"
B=y; %z (e/(L'(1) — €)™

(AE) 1 T,_L'Q) Ae)2
Coe ((o L1) B (0,1,1)7+ (L/(m)) Y ’

A= \J e(1-¢/L'(1)) pp (xu, yer2e)" e " (DML M)

where in the last step we have made use of the definition of 02 in the statement of the
theorem. We see that the number of codewords of weight nw which have e = ne+Ae
attached edges has a local expansion ABC. Here, A represents the number of such
codewords with e = ne edges, B represents the first-order change if we alter the
number of edges, and C represents the second-order change. In order to determine
the total number of codewords of weight nw (regardless of the number of attached
edges) we need to sum this expression over e. Look for the value of € where the
summands over e take on their maximum value. Since B represents the change of
the summands with respect to a change in e, this value of € is characterized by the
condition that B = 1. Explicitly, the condition reads

/
yeze = (e[ (L'(1) = €)).
_(ae)?
Around this spot the expression has the expansion Ae 2107 i.e., it behaves like a
Gaussian with variance o%n. Therefore, the sum is equal to AV 27no?. This is the
result stated in the lemma. The growth rate is a special case of this general result. [J

How can the preceding expression be evaluated efficiently?

COROLLARY 3.159 (EFFICIENT EVALUATION OF WEIGHT DISTRIBUTION). Define

acW/ss(x’)’):(H(1+xyj)]“j), bew(2) = H((1+Z)l+(l_z)) ’
]

xaaCW/SS('x’ y)

bss = 1 fi Ri’: > = >
@=TI(0+2) - )", el = 2



152 BINARY ERASURE CHANNEL
Zabcw/ss(z)
bcw/ss (Z) dz
Let z be the parameter, z > 0. Calculate in the given order

e(z) = e(2), y(2) = e(2)/(2(L'(1) - €(2))),
x(z) = solution of d(x, y(z)) =€(z), w(z)=c(x(2),y(2)).

yaacw/ss('x’ )’)

b eCW SS(Z) =
ey /ss (X, ¥)0y !

dCW/SS(x’ y) =

Insert the calculated set of parameters (x(z), y(z), z), and €(z) into the expressions
of Lemma 3.158. The result is the Hayman approximation of the number of words of
weight nw(z).

Discussion: The evaluation of the parameters € and y as well as w is immediate.
The only non-trivial computation is the determination of x as a function of z.

EXAMPLE 3.160 (WEIGHT DISTRIBUTION). To be specific, let us consider the weight
distribution of codewords. The weight distribution of ss behaves in a similar way.
Figure 3.161 shows the growth rate G(w) for the (3, 6) ensemble as well as the (2, 4)
ensemble. Note that those two cases behave differently. While G 3 ¢)(w), the growth

0.6
0.5r

0.4}
0.3}
0.2}
0.1}
0.0£"

@ ~0.0227

0.0 0.1 02 0.3 0.4 05 06 07 08 09 w

Figure 3.161: Growth rate G(w) for the (3, 6) (dashed line) as well as the (2, 4) (solid
line) ensemble.

rate of the (3, 6) ensemble, is initially (for small w) negative and only turns positive
around w ~ 0.0227, G, 4)(w) is positive over the whole range. &

What causes this different behavior in the two ensembles? The following lemma,
whose proof we skip, gives the answer.

LEMMA 3.162 (GROWTH RATE). Consider an ensemble LDPC (n, L, R) and let 1,
be the minimal variable-node degree. Let Ly, denote the fraction of variable nodes
having degree 1,. Then

_ :l-min_2 lminp,(l) lmin/2 2
Gewsss(@) = wT(log(w) -1)+ “’IOg(lem(W) ) + 0(w?).
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For 1, = 2 this specializes to
Gewsss(@) = wIn(1(0) p'(1)) + O(w?).

Note: If 1pin > 3, then G(w) is always negative for sufficiently small w (due
to the term wlog(w)). The situation is more interesting if 1,,i, = 2. In this case
G(w) has a derivative at zero and this derivative is negative/positive if A'(0)p’(1) is
smaller/bigger than 1. For example, for the growth rate of the (2, 4) ensemble shown
in Figure 3.161 we have 1'(0)p/(1) = 3 so that G5 4y () = wlog,(3) + O(w?).

At this point it is tempting to conjecture that the minimum distance grows lin-
early if and only if 1'(0)p’(1) < 1. Unfortunately the situation is more involved.
First, note that the growth rate, as defined earlier, corresponds to

1
lim —logE[A(G, wn)].
n—-oo n

This quantity has the advantage of being relatively easy to compute. But we have not
shown (and there is no reason to believe that this is in fact correct) that the growth
rate of “typical” elements of the ensemble behaves like this average. To answer this
question one should determine instead lim, .o, E[+ log A(G, wn)]. Unfortunately
this quantity is much harder to compute. Using Jensen’s inequality we know that

1 1
(3.163) lim E[—log A(G, wn)] < lim —logE[A(G, wn)] = G(w).
n—o0 n n—oo p

This implies that the computed growth rate G(w) is in general an upper bound on
the “typical” growth rate. Fortunately, this issue does not play a role if we are inter-
ested in the question whether typical codes exhibit a linear minimum distance or
not.

The second point is important in our current context. The growth rate G(w) only
captures the behavior of codewords/ss of weight linear in #. It remains to investigate
the behavior of sublinear-sized constellations. For what follows it is convenient to
recall from Definition 1.10 the notion of a minimal codeword.

LEMMA 3.164 (ExPECTED NUMBER OF CODEWORDS OF FIXED WEIGHT IN ASYMP-
toTic Limit). Consider the ensemble LDPC (#, 1, p) and define y = A'(0)p(1).
Let E[A., /s (G, w)] (E[ACW/SS(G, w)]) denote the expected number of (minimal)
codewords/ss. Let Pcw/ss(x) = Vw0 Pewsss(W)x" (lscw/ss(x) = Lzt Pewsss(w)x™)
denote the asymptotic generating function counting the number of (minimal) cw/ss,
ie.,

pcw/ss(w) = nlLrEOE[Acw/ss(G’W)]’ ﬁcw/ss(w) = }}LrEOE[ACW/SS(G>W)]
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Then
_ 1 A 1
(3.165) Poyyes(x) = Ve Peyyss(x) = -3 In(1 - px).

Proof. From (D.38) we know that p., /(W) = [4“’(2;”)4’“’, so that

1
cwssx - 47WxW:—’
)= 2 () VI px

and we know that ., /(w) = 5, so that

A x" 1
Pcw/ss(x) Z ﬂ :—EIH(I—MX). 0

w>1

LEMMA 3.166 (AsyMPTOTIC ERROR FLOOR). Consider the ensemble LDPC (n, 1, p)
and define 4 = A’(0)p’(1). Let s denote the expurgation parameter introduced in
Definition 3.143. Then for € < €®°

MAP BP oo (ue)”
hm EELDPC(nsAp)[ / (Ge)]=1-e T

1 w
lim 1 Egippc(nnn [Py (60)] = 2 3 (ue)”.

w=s

For s = 1 these expressions specialize to

nlggo Erppc(nnp) [P?AP/BP(G’ €)] =1-+/1- pe,

1ope

hm nELDPC(n/\p)[ MAP/BP(G €)= 21— pe

Discussion: For both the BP decoder and the MAP decoder we only consider the
erasure floor below €**. We conjecture that under MAP decoding the expression for
the erasure floor stays valid in the regime € < ¢ < MAP.

Proof. We start with the unexpurgated case.

Consider BP decoding. We claim that for € < € the erasure probability due to
large-weight stopping sets is negligible. Let a be any strictly positive constant. Since
€ < €®?, there exists an £ so that x,, the expected fraction of erasures left in the £-th
iteration, is strictly less than «. By (the Concentration) Theorem 3.30 this implies
that the contribution to the block erasure probability due to erasures of size exceed-
ing an decays exponentially in the length 7. Since this is true under BP decoding
this is also true under MAP decoding.
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If u =0, i.e., if Lyyin > 3, then we need to show that for € < €"*

nhj{)lo ELDPC(n,/\,p) [PQAAP/BP(Ga €)= l}LHgO ”ELDPC(n,A,p) [PadAP/BP(G’G)] =0.
We use the union bound. From (D.33), (D.34), arlld (D.36) we see that the block (bit)
erasure probability due to cw/ss of size up to n3 decays like 1/n (1/n%). This con-
tribution therefore vanishes. Further, we know from Lemma 3.162 that for 1,;, > 3
the growth rate G(w) is negative for w sufficiently small. Redefine « if necessary so
that G(w) < 0 for w € (0, a]. Therefore, also the contributions due to cw/ss of size

between 13 and an vanish. This proves the claim since we know already from our
discussion above that error events of size larger than an do not contribute in the
asymptotic limit.

Let us now turn to the case y > 0. We start with the bit-erasure probability. Fix a
maximum weight W, W € N. By (D.39), if we fix a finite W and let # tend to infinity,
then the minimal codewords/stopping sets of weight at most W become asymptot-
ically non-overlapping with high probability (with high probability there is only a
small number of such words; they have bounded weight and they are distributed
over alength n which tends to infinity). The standard union bound is therefore tight.
By (D.38) the expected number of minimal words of size w is equal to y,, = % Each
such word is erased with probability €* and causes a bit erasure probability of w/n.
If we sum up the individual contributions we see that the bit erasure probability

w_.w
T

If ye < 1, then the contribution to the bit erasure probability stemming from

larger words can be made arbitrarily small by choosing W sufficiently large. We

caused by words of size at most W multiplied by » tends to

do this again in two stages. For cw/ss of size up to n3 we know from (D.37) that
their number grows like 4. The union bound (which is an upper bound on the
contribution) therefore shows that cw/ss of size between W + 1 and n3 contribute
to the erasure probability only in a negligible way. By the same argument that we

used above we also know that cw/ss of size between n3 and an as well as cw/ss of
size larger than an do not contribute to the error probability in the asymptotic limit.
The claim now follows by letting W' tend to infinity.

Consider now the block erasure probability. What is the contribution to the
block erasure probability due to cw/ss that are entirely composed of minimal cw/ss
of individual weight at most W, where W is a fixed integer? The number of such
cw/ss and their composition is given by a Poisson distribution (see (D.39)). We make
a mistake if at least one minimal cw/ss is contained in the set of erasures. Therefore,
the block erasure probability due to such cw/ss is given by

w Aw A —Uw

1- 3 I1 %(1 ),
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In more detail: we make an error (represented by 1) unless for a given constellation

(represented by the numbers a,,...,aw) each of the minimal cw/ss has at least

one component which is not contained in the erasure set (represented by the factor

1 — €"). Now note that
Aie™

w\i i=/1(1— ")
Z il (1 —€ ) = ‘ Z il

i : i . i

§i_—A-Ae"
A e _ e—AeW

If we apply the same sequence of steps to our problem we get

W gt ; "
T L

By using a similar argument as for the bit erasure probability one can show that
words of large weight (larger than a constant) have a negligible influence on the
block erasure probability. We get the promised expression by letting W tend to in-

)™

finity and observing that e ™ =v=1 ~ 2~ = \/T— e.

The expurgated case follows in essentially the same manner by taking into ac-
count the following key fact: the distribution of the number of cw/ss of size w, w > s,
in the expurgated ensemble is the same as the corresponding distribution in the
unexpurgated ensemble. Therefore the only change in the above derivations is the
lower summation index. O]

NOTES

Regular LDPC codes were defined by Gallager in his ground breaking thesis [19].
Rather than looking at ensembles, Gallager showed that one can construct specific
instances so that the corresponding computation graph is tree-like for clog(n) iter-
ations, where c is a suitable positive constant. He then argued that for that number
of iterations the message-passing decoder can be applied and analyzed in terms of
what would now be called density evolution. Although the limited computational
resources available at that time did not allow him to compute actual thresholds, ex-
plicit computations on some examples for a few iterations gave an idea of the large
potential of this scheme. Historically it is interesting to note that LDPC codes were
never patented (neither by Gallager himself, nor by Codex for whom Gallager con-
sulted, nor by Motorola which later acquired Codex). According to Forney, Codex
did not foresee a market for LDPC codes except the government level. For the latter,
patents are of no use.

In 1954 Elias introduced the erasure channel as a toy example [16]. With the ad-
vent of the Internet this channel was thrown into the limelight. For a general his-
torical outline of message-passing decoding see the Notes at the end of Chapter 4
starting on page 261. We limit our present discussion to the BEC.
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Although Gallager did not explicitly consider transmission over the BEC, the
general (class of) message-passing decoder(s) that he introduced specializes to the
BP decoder discussed in this chapter.

Zyablov and Pinsker were the first authors to consider the decoding problem for
sparse graph codes on the erasure channel [55]. They introduced a particular type
of regular code ensemble and a decoding algorithm that is equivalent to the peeling
decoder (and therefore also equivalent to the message-passing decoder): at each de-
coding round the decoder recovers all erasures that are connected to checks which
are otherwise connected only to known bits. They showed that in the asymptotic
case and for a suitable choice of parameters such a decoder has a positive erasure
correcting radius and that the number of decoding rounds is of the order log(#).
Translating their results into modern language, they accomplished this by bound-
ing the probability that a submatrix does not contain checks of degree 1 (i.e., by
bounding the probability of containing a stopping set). They also computed the av-
erage weight distribution of the ensemble. Unfortunately, the paper was hidden in
the Russian literature and was essentially forgotten until recently. It therefore had
little impact on the ensuing development.

Without doubt one of most important post-Gallager developments in the realm
of the analysis of message-passing systems was the series of papers [27, 24, 25, 26]
by Luby, Mitzenmacher, Shokrollahi, Spielman, and Stemann. A good portion of the
material presented in this chapter is taken from these papers. In particular, they in-
troduced the notion of irregular ensembles together with the elegant and compact
description of these ensembles in terms of degree distributions discussed in Sec-
tion 3.3. It is only through this added degree of freedom introduced by degree dis-
tributions that capacity can be approached arbitrarily closely. These papers also con-
tain the complete asymptotic analysis, which we have presented. In particular, the
fact that the decoding performance is independent of the transmitted codeword (the
all-zero codeword assumption discussed in Section 3.6.1), the notion of concentration
and the proof technique to show concentration (Theorem 3.30), the convergence to
the tree ensemble (Theorem 3.49), the density evolution equations (Theorem 3.50),
the stability condition (Theorem 3.65), the proof that the heavy-tail Poisson distribu-
tion (which the authors called Tornado sequence) gives rise to capacity-achieving
degree distributions (Example 3.90), and, finally, the idea of using linear program-
ming to find good degree distributions (Section 3.18) are contained in these papers.
The original analysis was based on the peeling decoder discussed in Section 3.19. It
is fair to say that almost all we know about message-passing coding we first learned
in the context of message-passing coding for the BEC, and a good portion of the
fundamental ideas was developed in this sequence of papers.

The fact that there can be global constraints in addition to the local constraints
described by the computation tree (see discussion on page 93) was pointed out in-
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dependently by Macris, Montanari, and Xu as well.

The lower bound on the gap to capacity expressed in Theorem 3.85 is due to
Shokrollahi [37]. It was the first bound in which the Shannon capacity was de-
rived explicitly from the density evolution equations. One can therefore think of
it as a precursor to the (asymptotic) area theorem. A systematic study of capacity-
achieving degree distributions was undertaken by Oswald and Shokrollahi [37].
They showed that the check-concentrated (which was called right-concentrated in
their paper) degree distribution has a better complexity-versus-performance trade-
off than the Tornado sequence. Further properties of the class of capacity-achieving
degree distribution pairs were discussed by Orlitsky, Viswanathan, and Zhang [35].

Sason and Urbanke [44] presented the so-called Gallager lower bound on the
density of codes (Section 3.16 as well as Theorem 3.93). It is a variant of an argument
originally put forth by Gallager in his thesis [19]. The same paper also contained
the material of Section 3.17, which proves that check-concentrated ensembles are
essentially optimal. Upper bounds on achievable rates of LDPC ensembles under
message-passing decoding were derived by Barak, Burshtein, and Feder [7].

EXIT charts were introduced by ten Brink [49] as an efficient visualization of BP
decoding. For the BEC, EXIT charts are equivalent to the density evolution analy-
sis and they are exact. The basic properties of EXIT charts for transmission over
the BEC, in particular the duality result (Theorem 3.77) as well as the area theorem

(Theorem 3.81) are due to Ashikhmin, Kramer, and ten Brink [4, 5]. Rather than
following one of the original proofs of the area theorem as given by these authors
(one of which is discussed in Problem 3.31), we have taken the point of view of Méas-
son, Montanari, Richardson, and Urbanke [28], which uses characterization (iii) in
Lemma 3.74 as a starting point. From this vantage point, the area theorem is just an
application of the fundamental theorem of calculus (see Theorem 3.81).

The MAP decoding threshold for transmission over the BEC was first determined
by Montanari [34] essentially by the method on page 126 which we use to prove claim
(i) of Theorem 3.120. The realization that the EXIT curve can be derived from the
BP curve via the area theorem is due to Méasson and Urbanke [31]. The material in
Section 3.20 is taken from the papers of Méasson, Montanari, and Urbanke [29, 30].

Several authors have considered ways of improving the BP decoder. Although
one can phrase this in many ways, the essential idea is to use the BP decoder to
reduce the originally large linear system to a (hopefully) small one (think of the
Maxwell decoder that introduces some symbolic variables and expresses the re-
maining bits in terms of these unknowns). The latter system can then be decoded
directly by Gaussian elimination with manageable complexity. A patent application
that contains this idea was filed by Shokrollahi, Lassen, and Karp [45]. A variation on
this theme was independently suggested by Pishro-Nik and Fekri [38]. The idea just
described is reminiscent of the efficient encoding method described in Appendix A.
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The Maxwell decoder (see Section 3.21) as the hidden bridge between MAP and BP
decoding is due to Méasson, Montanari, and Urbanke [29, 30]. Further connections
relating to the upper bound on the MAP threshold can be found at the end of Chap-
ter 4.

The concept of stopping sets (Section 3.22.1) was introduced by Richardson and
Urbanke in the context of efficient encoding algorithms for LDPC ensembles [42].
Stopping sets play the same role for BP decoding over the BEC that codewords play
under MAP decoding. The exact finite-length analysis (Section 3.22) for regular en-
sembles was initiated by D1, Proietti, Richardson, Telatar, and Urbanke in [13]. This
paper contained recursions to compute the exact ensemble average block erasure
probability for the regular case and more efficient recursions for the special case
of left degree 2 and 3. This was quickly followed by extensions to irregular ensem-
bles and the development of more efficient recursions by Zhang and Orlitsky [54].
Efficient expressions for the general case which allowed the determination of the
bit as well as block erasure probability (with equal complexity) as well as the de-
termination of the finite-length performance for a fixed number of iterations and
expurgated cases were given by Richardson and Urbanke [43]. Our exposition fol-
lows closely this paper. An alternative approach to the finite-length analysis was put
forth by Yedidia, Sudderth, and Bouchaud [53] (see also Wang, Kulkarni, and Poor
[52]).

Scaling laws have a long and successful history in statistical physics. We refer
the reader to the books by Fisher [17] and Privman [39]. The idea of scaling was
introduced into the coding literature by Montanari [33]. The scaling law presented
in Section 3.23 is due to Amraoui, Montanari, Richardson, and Urbanke [2]. The
explicit determination of the scaling parameters for the irregular case as well as the
optimization of finite-length ensembles is due to Amraoui, Montanari, and Urbanke
[3] (for a description of the Airy functions see [1]). The refined scaling law stated in
Conjecture 3.152 was shown to be correct for left-regular right-Poisson ensembles
by Dembo and Montanari [11].

Miller and Cohen [32] proved that the rate of a regular LDPC code converges
to the design rate (Lemma 3.27). Lemma 3.22, which gives a general condition of
convergence of the code rate to the design rate, is due to Méasson, Montanari, and
Urbanke [30].

The first investigations into the weight distribution of regular LDPC ensembles
were already done by Gallager [18]. The combinatorial expressions and expressions
for the growth rate were extended to the irregular case simultaneously for various
flavors of LDPC codes by Burshtein and Miller [9], Litsyn and Shevelev [22, 23],
as well as Di, Richardson, and Urbanke [14, 15]. The related weight distribution of
stopping sets was investigated by Orlitsky, Viswanathan, and Zhang [36]. Asymptotic
expansions for the weight distribution (not only its growth rate) using the Hayman



160 BINARY ERASURE CHANNEL

method were first given by Di [12]. Rathi [40] used the Hayman method to prove
concentration results for the weight distribution of regular codes (see also Barak
and Burshtein [6]).

The error floor under BP decoding was investigated by Shokrollahi, Richardson,
and Urbanke [41].

The weight distribution problem also received considerable attention in the sta-
tistical physics literature. Sourlas pointed out [46, 47] that a code can be considered
a spin-glass system, opening the way for applying the powerful methods of statisti-
cal physics to the investigation of the performance of codes. The weight distribution
of regular LDPC code ensembles was considered by Kabashima, Sazuka, Nakamura,
and Saad [20] and it was shown both by Condamin [10] and by van Mourik, Saad,
and Kabashima [50] that in this case the limit of % log of the expected number of
codewords equals the expected value of % log of the number of codewords, i.e., that
inequality (3.163) is in fact an equality. The general weight distribution was investi-
gated by Condamin [10] and by van Mourik, Saad, and Kabashima [50, 51].

PrROBLEMS

3.1 (PoissoN ENSEMBLE). Consider the infinite degree distribution R; = cv'/il,
i > 0, where v is strictly positive. Find the constant ¢ so that ) ; R; = 1. Express
the generating function R(x) = ¥; R;x’ in a compact form. What is the average
degree R'(1)? Find the corresponding degree distribution from an edge perspective
p(x). Consider the ensemble LDPC (#, A, p). How should we choose v so that the
ensemble has rate r?

3.2 (EDGE PERSPECTIVE). Let (L(x), R(x)) denote a degree distribution pair from
the node perspective. Let (A(x), p(x)) be the corresponding degree distribution
pair from an edge perspective as defined in (3.16). Prove that A; (p;) is the probability
that a randomly chosen edge is connected to a variable (check) node of degree i.

3.3 (AVERAGE VARIABLE AND CHECK NODE DEGREE). Prove that ([1)~! is the av-
erage variable-node degree and, similarly, that ([p)~' is the average check-node
degree.

3.4 (DESIGN RATE). Prove that 1 — [p/ [A is equal to the design rate (A, p) of the
ensemble LDPC (1, A, p).

3.5 (YOUR FrIENDS HAVE MORE FRIENDS THAN You). The following standard exer-
cise in graph theory has a priori no connection to coding. But it demonstrates very
well the difference between node and edge perspective.

Consider a graph (not bipartite) with node degree distribution A(x) = 3; A;x".
This means that there are A; nodes of degree i. The total number of nodes is A(1)
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and, since every edge has two ends, in order that such a graph exists we need A’(1)
to be even. Think of the nodes as people and assume that each edge represents the
relationship of “friendship,” i.e, two nodes are connected if and only if the two re-
spective people are friends.

Express the average number of friends, call it a, in terms of A(x). Now express
the average number of friends of a friend in terms of A(x). Denote this quantity by
b. Show that in average a friend has more friends than the average person; i.e., show
that b — a > 0. What is the condition on A(x) so that this inequality becomes an
equality? Don't take it personally. This applies to everyone.

3.6 (RANDOM VARIABLE NODES OF DEGREE 1 ARE BaD). Consider an ensemble
LDPC (n,A,p) = LDPC(n, L, R) with A(0) = A; > 0. Prove that in the limit of
large blocklengths, the fraction of variable nodes of degree 1 which are connected
to check nodes which in turn are connected to at least two variable nodes of degree
1 convergestoy = 1—p(1-A;). Use this result to conclude that if transmission takes
place over the BEC(¢), then under any decoder the resulting bit erasure probability
is lower bounded by L€y, which is strictly positive for any € > 0.

Discussion: This is the reason why we did not include variable nodes of degree
1 in our definition of LDPC ensembles. The picture changes if edges are placed in a
structured way as discussed in more detail in Chapter 7.

3.7 (TANNER CODES — TANNER [48]). The definition of the ensemble can be gener-
alized in the following way. Consider a set of n variable nodes and m generalized
check nodes. The check nodes are defined in terms of a code C, where C has length
r and dimension k. Assume that a check node is satisfied if and only if the con-
nected variable nodes form a codeword in C. What is the design rate of the code as
a function of the parameters?

3.8 (PROPER PROJECTIONS). Prove Lemma 3.47 for general €. Also, what happens if
you consider a projection onto a set of k randomly chosen components?

Hint: Take G and remove from it the computation tree T except for the leaf vari-
able nodes. Compute the expected number of codewords in such a graph assuming
that the leaf nodes take on the value 0. Lemma D.25 might come in handy for this
purpose. Then proceed as in the case £ = 0.

3.9 (ELEMENTS OF H (7, k) HavE HigH DENsITY). The purpose of this exercise is to
show that almost no binary linear code has a low-density representation. Consider
binary linear codes C[n, k], where k is the design dimension.

(i) Write down the total number of binary (n — k) x n parity-check matrices H.

(ii) Prove that each code C[n, k] is represented by at most 2(n=k)” distinct (n-
k) x n parity-check matrices H.
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(iii) Determine an upper bound on the number of binary (n - k) x n parity-check
matrices H with at most na non-zero entries, where a € R.

(iv) Conclude from (i), (ii), and (iii) and using Problem 1.25 that if we pick a binary
linear code C[n, k] uniformly at random from Gallager’s parity-check ensem-
ble then the probability that one of its parity-check matrices has at most na
ones tends to zero. More precisely, show that if k = rn, where r € (0, 1), then
the probability is upper bounded by an expression that asymptotically (as n
grows) reads 272" for some constant « that is positive (calculate «).

3.10 (EQUIVALENCE OF DECODERS). Show that the message-passing decoder of Sec-
tion 3.5 and the iterative decoder introduced in Section 1.9 (more precisely, the gen-
eralization of this decoder working on the Tanner graph) lead to identical results.
For any graph and any erasure pattern, the remaining set of erasures at the end of
the decoding process is identical.

3.11 (SUBOPTIMALITY OF ITERATIVE DECODER). Find a simple graph and an erasure
pattern so that message-passing decoding fails on the BEC, but on the other hand
the ML decoder recovers the transmitted codeword. This shows that in general the
message-passing decoder is suboptimal. What is the smallest example you can find?

3.12 (REGULAR ExaMPLE). Consider the regular degree distribution pair (A(x) =
x%, p(x) = x%). Determine the rate, the threshold e*" (both graphically and analyti-
cally), the gap to capacity, and the stability condition. Further, determine the gap to
capacity that is predicted by Theorem 3.85 and Theorem 3.93.

3.13 (DENSITY EVOLUTION FOR REGULAR ExaMPLE). Consider the regular degree

distribution pair (A(x) = x%, p(x) = x°). Fore = 4/10, determine P,B;’(e) and Pg&;(e)
14

for £ € [10].

3.14 (ANALYTIC DETERMINATION OF THRESHOLD - BAZzZI, RICHARDSON, AND UR-
BANKE [8]). Although one can use the graphical method discussed in Section 3.12
to determine the threshold to any degree of accuracy, it is nevertheless pleasing (and
not too hard) to derive analytic expressions. Solving (3.51) for € we get

M1-p(1-%))

In words, for a given positive real number x there is a unique value of € such that x
fulfills the fixed point equation f (e, x) = x. Therefore, if x < € then the threshold is
upper bounded by e.

Consider the regular degree distribution pair (1, ). Let x®" denote the unique

r-3 i

positive real root of the polynomial p(x) = ((1 - 1)(r - 1) - 1)x™ 2 - 17 x".

(3.167) e(x) =
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Prove that the threshold €®" (1, 1) is equal to €®? (1, ) = (1 — x°F), where €(x) is
the function defined in (3.167).
BP __ 3125
Show that €°"(3,4) = 3672250051 0.647426.

3.15 (OVERCOMPLETE TANNER GRAPHS - VARDY). Let Cbe abinarylinear code with
dual C*. Let H be the parity-check matrix of C whose rows consist of all elements
of C* and let G be the corresponding Tanner graph. Assume that transmission takes
place over the BEC(¢€) and that the BP decoder continues until it no longer makes
progress. Show that in this case the BP decoder performs bit MAP decoding. What
is the drawback of this scheme?

3.16 (EQUIVALENCE OF CONVERGENCE). Show that ng(e) ©% 0ifand only if
14

f—o00

BP

3.17 (AsyMPTOTIC BIT ERASURE PROBABILITY CURVE). Regard the asymptotic bit
erasure probability curve By ppc(oo,1,p) [Py (G, €, € — 00)]. Prove that it has the para-
metric form

(e eL(1-p(1-x(e)))) e [e™,1],

where x(¢) is the largest root in [0, 1] of the equation eA(1-p(1-x)) = x. It is more
convenient to parameterize the curve by x (instead of €). Show that an equivalent
parameterization is

x xL(1-p(1-x)) .
(A(l—P(l—x))’ A(1-p(1-x)) ), x2x(e).

3.18 (LOWER BOUND ON GAP). Prove Theorem 3.8s.
Hint: Start with (3.51) and argue that you can rewrite it in the form 1 - p(1-x) <
A7t (x/€P?), 0 < x < 1. Now integrate the two sides from zero to €” and simplify.

3.19 (BOUND ON FRACTIONAL BiNomIAL). Show that

1n(%(1"\‘7)(—1)N*1) — _aH(N-1) - ¢(N, @),

where, for a < J we have 0 < ¢(N,a) <5.

3.20 (HEAVY-TAIL Po1sSON DISTRIBUTION ACHIEVES CAPACITY). Show that the
heavy-tail Poisson distribution introduced in Example 3.90 gives rise to capacity-
achieving degree distribution pairs.
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3.21 (RANK OF RANDOM BINARY MATRIX). Let R(/, m, k) denote the number of
binary matrices of dimension ! x m and rank k, so that by symmetry R(I, m, k) =
R(m, 1, k). Show that for I < m

(3.168)
1, 0=k<lI,
amb izl (1 = 2i-m) | 0<k=1I,
R(Z,M,k): Hl:O( k ) k )
R(I-1,m,k)2"+R(I-1,m, k-1)(2" -2*1), 0<k<],
0, otherwise.

3.22 (ML PERFORMANCE OF H.(n, k)). In this exercise we are concerned with the
maximum likelihood performance of the ensemble H(n, k). Let PE*(H, ¢) denote
the bit erasure probability of a particular code defined by the parity-check matrix
H when used to transmit over a BEC(€) and when decoded by an ML decoder. Let
PrP(H, €) denote the corresponding block erasure probability. Show that

L (1) egnee ZiR(e~Ln—k, j)2
(3.169) Epniy [Py (H,€)] = Z( ) ~= (n—K)e ’
=0 n 2

n=k 1y e—1 )
Ew(nky [Py (H,€)] = Z(e)eeé"‘e[1—n(1—zl‘”+k) +

e=0 i=0

(3.170) Zn: (n)eeénfe,

e=n—k+1 €

where R(I, m, k) is the number of binary matrices of dimension / x m and of rank
k (see Problem 3.21).

3.23 (CyCLE CODES AND THE STABILITY CONDITION). Consider the degree distribu-
tion pair (A(x) = x, p(x)). Codes from such an ensemble (with all variable nodes
of degree 2) are called cycle codes. Show that €®” (A(x) = x,p(x)) = pTll)’ ie., the
threshold of such a degree distribution pair is given by the stability condition.

3.24 (EXIT FuncTioN oF DuaL oF HAMMING CoDE). Find the dual of the [7, 4, 3]
Hamming code and determine its EXIT function by direct computation. Check that
your result agrees with (the duality) Theorem 3.77.

3.25 (BOUNDS ON THE GIRTH OF A TANNER GRAPH — GALLAGER [19]). We are given
an undirected graph G with node set V and edge set £, where each edge e is a an
unordered pair of (not necessarily distinct) vertices, e.g., e = {v;, v;}. In this case
we say that e connects vertices v; and v;. A path is an ordered alternating sequence
of nodes and edges v;,, e;,, Vi, €i,,..., so that e;, = {v;,vj_, }. A cycle in a graph
is a closed path. The length of the cycle is the number of nodes (or edges) on this
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path. The girth g of a graph is the length of the smallest cycle in the graph. Consider
the Tanner graph of an (1, r)-regular LDPC code of length n. Show that the girth g
of this graph grows at most logarithmically in n. More precisely, show that

logn
log(L-1)(r-1)

Conversely, can you show that it is always possible to construct such a graph with
girth fulfilling

g/A-1<

e logn +log —h;_r > g/4—12
+1> - 17
g 2log(1-1)(xr-1) "¢

For large n the construction promises a girth which is at least half of the given upper
bound.

3.26 (CONNECTION GIRTH AND MINIMUM STOPPING SET SiZE — ORLITSKY, UR-
BANKE, VISWANATHAN, AND ZHANG). Let 0(1, g) denote the size of the smallest
possible stopping set in a bipartite graph with variable node degree 1 and girth g.
Show that

(i) V1>2,0(1,2)=1.
(i) V1>2,0(1,4)=2.
(ii)) 0(1,6)=1+1.
(iv) 0(1,8) =21.
Can you show that, more generally,

141+1(1-1)+-+1(1-1)F, g/2isodd,
141+1(1-1)+-+1(1-1)%, g/2iseven?

o(l,g) > {

Conversely, can you show that

4

gt+4
1-1) 2>
T 51D

0(1,9) <

and 0(2,g) < g/2?

Note: If 1 = 2 the bounds on g grow linearly in n and, therefore, the size of the
smallest stopping set is at most O (log 7). This suggests that if in a graph a significant
fraction of variable nodes has degree 2 then small stopping sets are likely to exist.
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3.27 (FINITE GEOMETRY CONSTRUCTION - Kou, LIN, AND FOSSORIER [21]). Con-
sider the following construction of an (1, r)-regular LDPC code of length n. Pick a
prime p. Let n = p* and arrange the n variable nodes in a p x p grid. Choose a slope
and a shift and consider a line, i.e., the set of all points on this line. Each such line
contains exactly p points. Associate to each such line a check node, which is con-
nected to all the variable nodes on this line. If we pick all p shifts for a given slope
then we get p check nodes and every variable node participates in exactly one check.
Show that if we pick 1 distinct slopes then we get an LDPC code (i) of length p?, (ii)
with 1p check nodes, (iii) with variable node degree 1, and (iv) with check-node
degree p. Show further that the resulting graph has girth exactly 6.

3.28 (VARIOUS CHARACTERIZATIONS OF EXIT FuNcTION). Prove the equivalence
of the various characterizations in Lemma 3.74.

3.29 (CycLE CopEs). Consider a cycle code ensemble LDPC (7, x, p(x)). Show that
the BP threshold and the MAP threshold are identical.

3.30 (EXIT FunctioN oF HAMMING CODE). Derive the EXIT function given in
Example 3.73 for the [7,4] Hamming code.

3.31 (ALTERNATIVE PROOF OF AREA THEOREM - ASHIKHMIN, KRAMER, AND TEN
BRINK [4, 5]). For the BEC there are many alternative proofs of the area theorem.
Let us consider one such alternative here. Let C be a binary linear code of rate r and
length n. We want to show that fol h(e)de =r.

Let I1(n) denote the set of permutations on 7 letters. Assume that the 2" code-
words of the code C are equally likely. Let K denote the index set of known bits.
Justify each of the following steps:

nfolh(e)dez[01ghi(e)deziZ:[OIH(Xi|Y[n]\{i})de
anfol > (1-e)Mem Mg (X | Xic)de

=170 Ke[n\ (i}
(n - 1= |KPIIK]!

i=1Ke[n]\{i} n!

= 1 H(Xo(j) | Xo((j-11)

H(X;|Xx)

1 n
= > H(Xo(j) | Xo((j-11))

i) 1
ol

S H(Xp.. o X)) Y H(X) Y ar,

oell[n]
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3.32 (INTERPRETATION OF AREA THEOREM). In the general case where bits are sent
over different channels (the Area) Theorem 3.81 has the following interpretation: if
we change the set of all channels from some starting state to some final state (change
the individual channel parameters) then by doing so we change the conditional
entropy H(X|Y). Assume that we connect the initial and the final state by some
smooth path; i.e., €; = €;(€) is a piecewise differentiable function of € for i € [n].
Then the (average) EXIT function h(e) measures the change per de of H(X|Y).
More interestingly, since h(e) = - Y1, h;(e), every bit position i contributes lo-
cally to this change according to h;(e). For different curves that connect the same
final and initial state the total change of H(X | Y) along the path is the same but the
individual contributions according to h;(€) are in general different. This is best seen
by a simple example.

Consider the [2,1,2] repetition code. Assume first that the two channels are
parameterized by €; = € = €,, where € goes from 0 to 1.

Consider next the alternative parameterization €;(¢) = min{1,e} and €;(¢) =
max{0,e — 1}, where ¢ € [0, 2].

For both cases compute the individual contributions of the two EXIT functions.

3.33 (EXIT FOR REGULAR ENSEMBLES). Prove inequality (3.124).

Hint: The proof is conceptually simple but on the lengthy side. Either pick a
particular 1 and prove the assertion for this 1 or prove the statement for some “suf-
ficiently large” 1. Bon courage!

3.34 (SCALING OF Py FOR H). Consider Gallager’s parity-check ensemble H(#, 1)
and transmission over the BEC(¢). Fix z = \/n(e* — €) and let n tend to infinity.
Show that in this limit the average block error probability under MAP decoding
behaves like

z
ver(l—e*)
Hint: Make use of the results of Problem 3.21. More precisely, let A be a k x

m random binary matrix where each entry is chosen independently uniformly at
random from {0, 1}. Use the fact that

E’H(n,r)[PB(H’Z)]:Q( )(1+O(1/”))-

0, k> m,

IP’{rank(A) = k} = {Hl'(:ol (1 _2i—m) , 0< k< m.

3.35 (MINIMAL CODEWORDS). Consider an ensemble LDPC (n, A, p) with 1’(0) > 0.
Let n tend to infinity and consider the ratio of the expected number of codewords of
weight w and the expected number of minimal codewords of weight w. Show that
for increasing w this ratio converges to \/4w/7.
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Hint: Expand out the two generating functions in Lemma 3.164.

3.36 (MAP vERsUs BP THRESHOLD). Consider the sequence of (i, 2i)-regular LDPC
ensembles in the limit of large blocklengths. This exercise will show that the perfor-
mance of BP and MAP decoding can be arbitrarily different but nevertheless the
fixed points of BP completely specify the MAP performance.

(i) What is the design rate of these ensembles? What is the Shannon threshold?
(i) Give the parametric expression (e(x), h**"(x)) for the EBP EXIT function.
(iii) Show that lim;_ . €(x) = x forany 0 < x < 1.

(iv) Use (iii) to show that the sequence of BP thresholds €®” (i) converges to 0
when i — oo.

(v) Show that the sequence of MAP thresholds e"4* (i) converges to e = 1 if

i — oo.
(vi) Plot the asymptotic EBP EXIT curves for i = 2, 3,4,6, 12,24, and 72.

3.37 (ALTERNATIVE DERIVATION OF STABILITY CONDITION). Consider the asymp-
totic generating function as given in Lemma 3.164 and the resulting erasure floor as
stated in Lemma 3.166. At what value of € does this erasure floor expression diverge?
Does this value look familiar to you?

3.38 (DoMINANT CODEWORD TYPE). Consider the degree distribution pair (A(x) =
0.15x + 0.15x% + 0.7x%%, p(x) = 0.1x* + 0.2x° + 0.2x5 + 0.3x” + 0.2x?°). Plot the
function ¥ (y) defined in Lemma 3.22 for this case and show that its maximum is
not taken on at y = 1. Does this necessarily mean that the relative weight of the
“dominant” codeword type is not one-half?

3.39 (EXIT Out oF Box). We have seen in Figure 3.127 that the EBP EXIT curve
can extend outside the “unit box” This happens, e.g., if ’(0)p’(1) < 1. But this is
not the only possibility.

Construct a degree distribution with A’(0)p’(1) > 1 whose EBP EXIT curve
goes “out of the unit box”

3.40 (DuAL StABILITY CONDITION AT THE BP THRESHOLD). Consider a degree dis-
tribution pair (A, p). Let € denote its threshold and let x®" denote a critical point.
Assume that x®" > 0. Let (A, 5) denote the degree distribution of the residual graph
at the threshold. Show that 1/(1)’(0) = 1.

Hint: Start with expressions (3.122) and (3.123).
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3.41 (SCALING PARAMETERS FOR REGULAR CASE). Starting with the general expres-
sions given in Conjecture 3.152, show that for the (1,r)-regular case the scaling
parameters take on the simple form

w1 ()

and

2/3 BP -1/3
ﬁ/QzeBp( 1—2) ( 1 (r-2)x _2) ‘

1xBP yBP (1-1) " 1 — xBP

Hint: Use the relationships between €®”, x"", and y*" obtained from the fixed point
equations and from the fact that the derivative of e(x) = m vanishes at the
fixed point.
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Chapter 4

BINARY MEMORYLESS SYMMETRIC
CHANNELS

We now broaden our scope of channels from the binary erasure channel (BEC) to
the class of binary memoryless symmetric (BMS) channels. Many concepts encoun-
tered during our study of the BEC still apply and reappear suitably generalized. It
might at first seem that this expanded class of channels is still restricted and spe-
cial and that we are only covering a small portion of the large volume of channels
encountered in practice. Actually, however, a wide range of situations can be dealt
with rather straightforwardly once we have mastered BMS channels. One should
therefore view the following as part of the foundation upon which much of com-
munications rests.

Sections 4.2-4.10 recapitulate Sections 3.5-3.6, and 3.8-3.14 in this more general
setting and these sections form the core material. The remaining sections can be read
in essentially any order. They contain either more advanced topics or less accessible
material.

General BMS channels are more mathematically challenging than the BEC. Sec-
tion 4.1 summarizes the necessary prerequisites. Our advice: quickly skim it so you
know what material it contains but do not study it in detail. At any point later, when
the need arises, you can return to fill in gaps.

§4.1. BAsic DEFINITIONS AND EXAMPLES
§4.1.1. LOG-LIKELIHOOD RATIOS

It is convenient to let the input alphabet be {+1} instead of {0, 1}, which we used
for the BEC. We use the standard mapping

0 «— +1

F,: 3 ({1},

1 <«—

Under this mapping the additive group of F,, modulo-2 addition over {0,1}, is
faithfully represented as multiplication (of integers) over {+1}.

We denote the input to the channel by X, X € {+1}, and the outputby Y, Y € ),
where ) can be either discrete or continuous, finite or infinite. To avoid distracting
and gratuitous abstraction we nearly always assume that ) is a subset of the extended
reals R = [~00, +00]. We consider only discrete time channels and we indicate the
channel input and output at time ¢ by X; and Y;, respectively.

175
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There are a few BMS channels of particular interest and we frequently illustrate
concepts and properties by means of them. One is the BEC, which is discussed in
detail in Chapter 3. But we also refer to the binary symmetric channel (BSC), which
is discussed in Example 1.3, and the binary additive white Gaussian noise channel
(BAWGNC), which we introduce now.

~®

ZI ~ N(O, 0-2)
Figure 4.2: BAWGNC(0).

ExAMPLE 4.1 (BAWGNC(0)). Figure 4.2 depicts the binary additive white Gaussian
noise channel with noise variance 0. We denote it by BAWGNC(0). The input X;
is an element of {+1} and the output Y; is real-valued. More precisely, Y; = X; + Z;,
where Z; is a Gaussian random variable with zero mean and variance ¢2. The ran-
dom variables { Z, } are independent. In the engineering literature several alternative
parameterizations are common. We can characterize the channel by Ey/0?, the ratio
of the energy per transmitted bit Ey to the noise energy o (this is called the signal-
to-noise ratio). For our setting we have Ey = 1 since X; € {+1}. Alternatively, the
measure E, /N is often quoted. Here, E,, is the energy per transmitted information
bit, E;, = En/r, where r is the rate, and Ny = 202 is the so-called double-sided power
spectral density. We therefore have E, /Ny = Ex/(2rc?). The signal-to-noise ratio
is sometimes quoted in dB, this means as 101og,,(Ey/d*), and the same is true for
E,/Np. You can find a discussion on why these various characterizations are useful
on page 195. <&

DEFINITION 4.3 (MEMORYLESS CHANNELS). A channel, characterized by its transi-
tion probability py| x(y|x), is said to be memoryless' if

(4.4) PY\X(}’|X):UPYtIXt(}Vt’xt)-

The BEC(¢), the BSC(¢), and the BAWGNC(0) are all memoryless. Except for
some extensions discussed in Section 5.3, all channels considered in this book are
memoryless.

"The above definition is adequate if we restrict ourselves to channels without feedback,
as is always the case in this book. More generally, a channel is memoryless if and only if

Py, \X,,X,,l,...,yt,l,...()/r |ant—1. e Vil ) = Py, \Xt(yt |Xt)
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DEFINITION 4.5 (LoG-LIKELIHOOD RATIO). Consider a binary memoryless channel
defined by its transition probability py| x(y|x). The associated log-likelihood ratio
function (y) is defined as

PY|X(;V|1)
pyix(¥] -1)

The log-likelihood ratio associated with the random variable Y is definedas L = I(Y).
It is a random variable itself. Sometimes, slightly abusing notation, we denote it by
L(Y). v

§4.1.2. L 1S A SUFFICIENT STATISTIC

(4.6) I(y) =In

For a binary memoryless channel, L constitutes a sufficient statistic with respect to
decoding. This means that an optimal decoder can be based on the log-likelihood
ratio /( y) instead of on y itself.

LEMMA 4.7 (SUFFICIENT STATISTIC). Assume that X = (X1,..., X},) is chosen with
probability px(x) from a binary code C and that transmission takes place over a
binary memoryless channel. Let Y = (Y3,...,Y,) denote the observation at the
output of the channel and let L = (Ly,..., L,) denote the corresponding vector of
(bit-wise) log-likelihood ratios, i.e., L; = [(Y;). Then L constitutes a sufficient statis-
tic for estimating X given Y; L also constitutes a sufficient statistic for estimating X;
given Y.

Proof. To prove that L constitutes a sufficient statistic for estimating X given Y
it suffices to show that py|x(y|x) can be factored as a(x,1)b(y) for some suit-
able functions a(-,-) and b(-) (see page 29). Start with py|x(y|x) and express it
as [1; py,|x,(yi| xi) using the fact that the channel is memoryless. Now divide by
I1; py,|x,(yi| — 1) and write each ratio

Pyilxi()/i‘xi)/PY,-|X,-(}’i| -1)
as exp(l; (x; + 1)). We have

prx(y1x) = (e550) (55 T pys 1, (1] = 1)) = alx. Dby,

where the last step is valid since [; is a function of y;. In a similar manner,

ceCici=x; DPx; (X,')
— a(xi, Db(y),

showing that L constitutes a sufficient statistic for estimating X; given Y. O

Py|x,-(y|xi)=( » eizjlejpx_("))(eizjlepY]_'Xi(m_1))
J
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Without essential loss of generality we can therefore assume that the first step of
a receiver is to apply the function /(). In fact, this preprocessing can be interpreted
as part of the channel.

§4.1.3. SYMMETRIC CHANNELS

DEEINITION 4.8 (CHANNEL SYMMETRY). Assume ) ¢ R. We say that a binary mem-
oryless channel is symmetric (more precisely, output-symmetric) if

(4.9) pyix(¥|1) = py|x(=y| = 1).

EXAMPLE 4.10 (SYMMETRY OF STANDARD CHANNELS). Our three standard channels,
the BEC, the BSC, as well as the BAWGNGC, are all symmetric. )

§4.1.4. DISTRIBUTIONS

Distributions of log-likelihood ratios L = I(Y) associated with BMS channels play an
important role in the study of iterative decoding. To clarify, assume that X € {+1} is
transmitted over a BMS channel. Let Y denote the observation and let L(Y)) denote
the corresponding log-likelihood ratio. Let a denote the density of L assuming that
X =1 and let A denote the associated cumulative distribution. We say that a is an
L-density and that A is an L-distribution.

DEFINITION 4.11 (SYMMETRY OF L-DISTRIBUTION). We say that an L-density a is
symmetric if

a(x) =e*a(-x)

for all x € R. Equivalently (see Problem 4.3), we call an L-distribution A symmetric

if
[ Fda@) = [ e f(-x)dA)
for all bounded continuous functions f(x) so that f(-x)e™ is bounded. v

In Section 4.1.8 we show that L-distributions for BMS channels are always sym-
metric. Sometimes it is more convenient to work with alternative quantities, i.e., to
make a change of variables. One example is the absolute value of the log-likelihood
ratio |L|. If the distribution of L conditioned on X = 1 is symmetric, then it is de-
termined by the distribution of |L|, which does not depend on the value of X. We
have

a(x) = 1{x>o}1 |€*|(x)+11{x<o}1 —[a[(—x),

where |a| denotes the density of |L|. This can have important practical consequences;
e.g., if you want to estimate a(—x) for large values of x (where a(—x) is typically very
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small since a(x) = a(—x)e* and since the integral is normalized to 1) then it suffices
to estimate the much larger quantity |a|(x) - an easier task.

Assume that we have two observations of X, call them Y; and Y3, resulting from
transmitting X over two independent BMS channels. Let L; and L, be the two asso-
ciated log-likelihood ratios. Then the log-likelihood ratio associated with (Y7, Y3)
is Ly + L, since, due to the conditional independence of Y; and Y, given X,

Pviv, | x(yy2| +1)

vy x(yy2| = 1)

. (PY1|X()/1| +1) py, x(y2] +1)
Py ix(il = 1) py, x(y2| = 1)

I(y1,92) =In

) =10n) +1(3).

Recall that addition of independent random variables implies convolution of their
densities. Therefore, if a; and a, are the L-densities associated with Y; and Y;, condi-
tioned on X = 1, then it follows that a; @ a; is the L-density associated with (Y7, Y3)
conditioned on X = 1, where ® denotes the standard convolution over R.

A function which is closely related to I(y) is

1-elO)
(4.12) d(y) =tanh(I(y)/2) = 1ol - px)y(1]y) = px)v(=1ly),

+
where in the last step we have used Bayes’s rule and assumed that px (1) = px(-1) =
3. We see that d(y) takes values in the interval [-1, 1]. By definition, from I () one
can compute d(y), but the reverse is true as well. When we conceive of d(y) as
a random variable we write D = d(Y). Conditioned on X = 1, we have d(Y) €
(-1,1]. A distribution of D conditioned on X = 1 is termed a D-distribution and
the associated density a D-density.
If a is a D-density then symmetry takes the form

ay) _1+y
a(-y) 1-y

(4.13)

Equivalently, we say that the D-distribution 2 is symmetric if

(419 [ 0@ = [ e

1+

for all bounded continuous functions f(y) on [-1,1] so that f(-y) :—; is bounded.
Thus, again, when symmetry holds, the D-distribution is completely determined by
the distribution of | D|. This random variable is distributed on [0, 1]. Its distribution
is termed a | D|-distribution and the associated density is termed a | D|-density.
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Let us agree on the following slightly unconventional probabilistic definition of
the hard-decision function. This function takes as input a log-likelihood ratio asso-
ciated with a bit and outputs the hard decision of this bit:

+1, ifx>0,

+1, with probability L if x = 0,
(4.15) 9(x) = C Y ProRl Y T
-1, with probability 3 ifx=0,

-1, ifx<0.
The reason for flipping a fair coin to make the decision if the random variable takes

on the value zero is that in some cases (e.g., in the case of transmission over the
BEC) the observed random variable has a point mass at zero.

S = N W
—

54 32101 2 3 4x

Figure 4.16: In coth %

Another important quantity is

(4.17) g(») =(H(1(y)):Incoth(|1(y)I/2))=(H(d(y)), ~In[d(y)]).

A plot of In coth |i2‘ is shown in Figure 4.16. We write G = g(Y), or simply G(Y),
if we refer to the corresponding random variable. Distributions of G conditioned
on X = 1 are termed G-distributions and the associated densities G-densities. Note

that g(y) takes valuesin {+1} x [0, +00]. A G-density a(s, x) therefore has the form
a(s,x) = Tyeqya(l,x) + 1-_pa(-1,x).

A symmetric G-density exhibits the form

(4.18) a(l,x) =a(-1,x) coth(x/2).

As before, when symmetry holds, a G-distribution is completely specified by its cor-
responding | G|-distribution.

We have seen that the convolution of L-densities has an important operational
interpretation. Is there a natural way to define convolutions of G-densities and what
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is its operational significance? G-densities are defined over the product of R* and
{+1}. The space R* has the well-defined standard convolution. Instead of {+1}
think of I, the set {0, 1} with modulo-2 addition. The associated convolution is
the cyclic convolution of sequences of length two. Therefore, the convolution of
G-densities is just the two-dimensional convolution which consists of the famil-
iar convolution over R* in one dimension and the convolution over [, in the other
dimension. In other words, the new convolution is a convolution over the group
[F, x[0, +00]. Explicitly, the convolution of

]l{szl}al(l,x) + Il{sz_l}al(—l,x) and Il{szl}az(l,x) + ]l{sz_l}az(—l,x)
is

Liery(a(1,7) x a2(1,-) + a1 (=1,-) x az(-1,-))+
]1{5:_1}(a1(—1,-) *ay(1,-) +ar(1,-) * az(—l,-)),

where * denotes the (one-sided) convolution of standard distributions. We denote
this convolution by the symbol &. We will have much more to say about G-densities
and their significance. Here is a quick preview. We are given X; and X, € {+1}.
Define X = X; - X;. Let Y; be the result of transmitting X; over a BMS channel, i =
1, 2, where the two channels are independent. If a; is the G-density of Y; conditioned
on X; = 1, then a = a; ® a, is the G density of (Y3, Y2) conditioned on X = 1.

We have just seen that the variables of interest to us can be represented in the L-,
D-, or G-domain and that the L- and the G-domain have associated convolutions.
The following convention will limit our notational burden. We write ® if we mean
the convolution in the L-domain and & if we refer to the convolution in the G-
domain, regardless of the representation of the density which is used: a @ b denotes
the density which is the result of transforming both a and b into the G-domain, then
performing the & convolution, and finally transforming the result back into the L-
domain. We will see shortly that ® describes how the distribution of the messages
changes at a variable node under the so-called belief-propagation decoder, while
describes the change of this distribution at the check node side.

Since channels can be represented by their distributions, very often we use a dis-
tribution to indicate the associated channel. It is sometimes convenient to represent
this in the following graphical way:

a

L-densities x—Y, Z~a, Y=xZ,
-y
al wo( ;5 )
|L|-densities x—(S,Y), Y~la, x——,

D-densities x = Y, Z~a, Y=xZ,
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msc(5%)

|D|-densities x LR ($,Y), Y~la, x —=S.

To be concrete, consider the first line. It gives an operational interpretation of the
L-representation of a symmetric density a: the transmitted bit x € {1} is multi-
plied by a random variable Z, which is distributed according to a. If, on the other
hand, we characterize the channel by its |L|-density, then it is natural to represent
the observation by the tuple (S, Y). Here, Y is distributed according to |a| and gives
the reliability of the observation, while § is the result of sending x through a BSC
with cross-over parameter % We can think of S as the sign. The interpretations
using D-densities is similar.

§4.1.5. DISTRIBUTIONS - EXAMPLES

Let us determine the distributions associated with our three standard examples and
and demonstrate symmetry in each case. For z € R, let H, denote the (Heavyside)
distribution defined by
0, x<z,
H:(x) = {

1, x>z
The density associated with H; is A,, defined by A,(x) = Ag(x — z), where A (x)

is the (Dirac) delta of unit mass centered at zero.

EXAMPLE 4.19 (D1sTRIBUTIONS FOR THE BEC(€)). Consider the BEC(¢) as in Chap-
ter 3 but assume that the input takes values in {+1}. Let Agpc(e)(y) denote the L-
distribution, assuming that X = 1. Note that Y can only take on the values 1 or 2. We
have I(1) =1In((€)/0) = +00 and, since py|x(1]1) = ¢, this occurs with probability
é. In the same manner /(?) = In(e/e) = 0, which occurs with probability e. It follows
that

Agec(e) (y) = ‘ABEC(E) () = €eHo(y),
agrc(e) (1) = [asec(e)| (1) = €do(y) + €A4oo(y).
Since both Ag and A, are symmetric L-distributions, it follows that a BEC(e) 1S Sym-
metric. The D-distribution and associated D-density are given by
Apsc(e) (1) = [RApec(e)| (1) = eHo(y) +eHi(y),
Appc(e) () = |aBEC(e)|(y) =elo(y) +€A1(y).

In both cases it is understood that the functions are only defined on [-1, 1]. Since
both Ag and A; are symmetric D-distributions, it follows that aggc (. is symmetric.
Finally, the G-distribution and associated G-density are

ABEC(E)(I’y) =éHo(y), ABEC(G)(_I’y) =0,
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_ € €
aBEC(e)(l’y) =€Mo(y) + EAHO()’)» aBEC(e)(_l’y) = EA+00()’)~

Symmetry is checked easily using (4.13). Of course, symmetry of a distribution in
any representation (L, D, G) implies symmetry in all other representations. &

EXAMPLE 4.20 (DISTRIBUTIONS FOR THE BSC(¢€)). The L-distribution assuming
X=1is

Assc(e)(7) =eH e (1) +eH e (9)s [Assc(e)l(y) = Hip e (),

Ansce) (1) = D1yt (1) +Edg (1) [ansco () = B e (7).

For y # £yp=1In g, we have apsc () (£y) = 0, so symmetry follows from

aBsc(e) (yo) =é= eMie= eyoassc(e)(_}’o)-
Similarly, the D-distribution and the corresponding D-density are

Q’[BSC(E)()/) = er(lfze)()’) +€H12¢(), ’Q[BSC(E)K)/) =Hi—2e(y),
Apsc(e) (V) = €A_(12e) (1) +€M12e(¥),  [apsc(e)| (V) = Aize(y)-

To verify the symmetry in this representation directly using (4.13) note that

1+ (1-2€)

€
e 1-(1-2¢)°

Finally, the G-distribution and associated G-density are

ABSC(G)(I’)/) = éH—ln(l—Ze)(y)’ ABsc(e)(_1>)’) = 5H—1n(1—2e)()’)’
aBSC(e)(l’y) =€A_15(1-2¢) (), aBSC(e)(_l’y) =€A_15(1-2¢) (»)-

We can verify the symmetry in this representation directly using (4.18). We have

—In(1-2 3
é:ecoth(M) :ef. &

2 €

EXAMPLE 4.21 (DISTRIBUTIONS FOR BAWGNC(0)). For the BAWGNC(0) it is eas-
ier to specify the L-density directly (instead of the L-distribution):

o2 O0-%)?F
ABAWGNC(0) (y) = ge 8
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This is a Gaussian with mean % and variance %. Symmetry is verified by

o2 0% o2 (-r-5)%"
= —e = e T8 = y (— )
aBAWGNc(a)(}’) 87Te 8 87Te € €7 agaweNe(o)\ 7Y )-

The D-density is given by

s, (/O

) o e_(lfﬂmznihzw)) e 802 1+y
a = [ = .
mawaNe(@) V) = (1 - ) Vir(l-y) Vi-y

Symmetry is easily checked using the last formulation. Finally, the G-density is

_ @Fo Incoth(y/2))* o
aBAWGNC(U)(il,)/) =€ 802 —\/SﬂSinh(y)
4 nco 2
S (o)),

V/8msinh(y)

The second representation allows us to check the symmetry condition in a straight-
forward fashion. Figure 4.22 shows the L-density, the D-density, as well as the cor-

responding G-density for o = 5/4. &
L
0.3r
0.2r
0.1r
0.0 G
Gy G
1.5
0.10r
1.0 +
0.05 05|
0% 1 2 3 4 o Y0 1 23 1 o

Figure 4.22: The L-density agawanc(o) (7)> the D-density agawanc(s)(1)» as well as
the corresponding G-density agawonc(s) (%1, y) for o =5/4.
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§4.1.6. DISTRIBUTIONS - THE FINE PRINT

As we have just seen, for some (standard) channels the L-, D-, and G-distributions
show esoteric mathematical features, including the occurrence of (Dirac) delta func-
tions at infinity. Some of the results in this book depend on technical properties of
the space of densities. Thus, a relatively detailed description of fundamental defini-
tions and their consequences is unavoidable.

We start with L-distributions. Let A; denote the space of right-continuous, non-
decreasing functions A defined over R satisfying

lim A(x) =0, lim A(x)<1.
X—>—00 X—>+00

To each A € A; we associate a random variable X over (—oo, +00]. The random
variable X has law or distribution A, i.e., P{X € (-o00,x]} = A(x). The reason we
allow lim,_,, 0 A(x) < 1 (i.e., we allow an inequality) is to permit X to have some
probability mass at +oco. Indeed, P{X = +00} = 1-lim,, ;0 A(x). Given an element
A € Ap we define A (x) to be the left limit of A at x, i.e., A”(x) = lim,yx A(y). Note
that A~ (x) is left continuous.

Generally, we work with “densities” over (—oo, +00]. Formally, these densities
are (Radon-Nikodyn) derivatives of elements of .A; . The derivative, when it exists,
is the density of the associated random variable X over (—oco, +00), although there
may be an additional point mass at +oco. We use densities primarily in the following
way: given A € Ay the Lebesgue-Stieltjes integral [ g(x)dA(x) is well defined for,
e.g., hon-negative continuous functions g. If a is the density corresponding to the
distribution A we write | g(x)a(x)dx as a proxy for [ g(x)dA(x).If A~ (+00) <1
and if the limit lim,_,, o g(x) exists, then one has to include the term

(1=A"(+00))( lim g(x))

in the definition of | g(x)a(x)dx.

Given A, B € Ay, their convolution A ® B is defined by (A ® B)(x) = [ A(x -
y)dB(y) = [ B(x — y)dA(y). The integral is defined for almost all x and right
continuity determines the rest. Note that A ® B € A;. This generalizes the notion
of convolution of densities, for if A and B have corresponding densities a and b,
respectively, then (A ® B) is the distribution corresponding to the density a®b. We
write a ® b to indicate the density associated with the distribution A® B € A;. One
can check that if Z; and Z, are independent random variables over (—oo, +00 ] with
distributions Az, and Ay,, respectively, then the distribution of Z; + Z, is Az, ®
Az, (as is the case for independent random variables defined over (—oo, +00)). This
provides the formal framework for L-distributions.
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There is not much to add for D-distributions. We denote the space of right-
continuous distributions on (-1, 1] by Ap. For each 2 € Ap we have 2(1) = 1 and
limy_>_1 Q[(y) =0.

Finally, the following is the fine print for G-distributions. Let A(s,x) be a G-
distribution. Write A(s, x) in the form

A(S,X) = H{SZI}A(I,X) + B{SZ,I}A(—I,X),
where A(1, x) and A(-1, x) are non-decreasing and right continuous,

lim A(1,x)> lim A(-1,x),
X—>+00 X—>+00

and where A(1,0) > 0 and A(-1,0) = 0 (the last two conditions correspond to

the conditions limy_, ;0 A(x) < 1 and lim,_,_ A(x) = 0 for functions in A ). We

speak of densities over {£1} x [0, +00],

a(s,x) = 1ya(l,x) + L _pa(-1,x),

by substituting for A(1, x) and A(-1, x) their associated densities. The definition is
analogous to that used for .4 except that, here, a(1, x) has a point mass at x = 0 of
magnitude A(1,0), and both a(1, x) and a(-1, x) have point masses at x = +00 of
magnitude (1 - limy— 100 A(1,X) — limy— 100 A(-1,x)). We split this point mass
(which corresponds to the probability of erasure) evenly so that the symmetry con-
dition (4.18) stays fulfilled also for x = +co. We are only interested in densities over
{£1} x [0, +00] that satisfy these conditions. We denote the space of such distribu-
tions by Ag.

Let T be the map which maps L-distributions into G-distributions and let ! be
its inverse. Let A be an L-distribution and let A be the corresponding G-distribution.
We then have

A(-1,x>0) = A(-Incoth(x/2)),
A(x>0)=1-A"(1,Incoth(x/2)), A(x <0) = A(-1,Incoth(-x/2)),

and A(0) = (1 - limyi00 A(1,x) — limy— 400 A(~1,x)). One can check that

I}(T(A)) = Aforall A € A;. Further, T and I'"! are linear operators on the spaces

A and Ag, respectively. For convenience, although it constitutes an abuse of no-

tation, we apply T and ! to densities as well. It is implicitly understood that the

notation is a representation of the appropriate operation applied to distributions.
The space A has a well-defined convolution: the convolution of

H{SZI}A(I,x) + ]l{s:,l}A(—l,x) and H{SZI}B(I,x) + 1{5:,1}3(—1,)6)
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is the distribution

Lery(A(L,-) * B(1,-) + A(-1,-) « B(-1,-))+
L1y (A(=1,-) » B(L,) + A(1,) = B(-1,-)),

where * denotes the (one-sided) convolution of standard distributions. In other
words, the new convolution is a convolution over the group I, x[0, +00]. We denote
this convolution by the symbol #. Again, we shall allow the convolution operator to
act on the densities associated with elements of A with the implicit understanding
that the preceding discussion provides the rigorous definition.

§4.1.7. DISTRIBUTIONS - CONVERGENCE

In the analysis of iterative decoding we are often concerned with the issue of con-
vergence of distributions. Let us make this precise.

DEFINITION 4.23 (CONVERGENCE IN DISTRIBUTION/ WEAK CONVERGENCE). We say
that a sequence of D-densities {a;} converges in distribution to a density a if their
cumulative distributions {2(;} converge pointwise at all points of continuity of 2.
Rather than looking at D-distributions, it is equivalent to consider the pointwise
convergence of L-distributions or G-distributions.

Convergence in distribution is equivalent to weak convergence. We say that a
sequence of D-densities {a;} converges weakly to the density a if for all bounded
and continuous functions f(x) on [-1,1]

i [ a0 = [ ).

Naturally, we can invoke the equivalent condition for densities in any of the standard
representations. v

LEMMA 4.24 (THE LiMIT OF SYMMETRIC DENSITIES 1S SYMMETRIC). If a sequence
of symmetric densities converges in distribution/weakly then the limit density is
symmetric.

Proof. Assume that the sequence of symmetric D-densities with cumulative distri-
butions {2;} converges weakly to the D-density with cumulative distribution 2. By
assumption each 2; is symmetric. Using the characterization of symmetry (4.14),

. . 1-x
this means that for all bounded continuous f(x) on [-1,1] so that f(-x){5 is
bounded we have

1-x
1+xd2l,-(x).

[ e = [ i)
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By assumption the sequence {2;} converges weakly to 2. Since both f(x) as well
as f(-x)17= are continuous and bounded we can take the limit on both sides to
conclude that 2, is symmetric. O

A technical but important point is the following.

LEMMA 4.25 (SEQUENTIAL COMPACTNESS). The space of symmetric densities is se-
quentially compact.

Discussion: If you are not familiar with sequential compactness you need not
worry. We will use this result sparingly and primarily as a technical convenience. It
means that given a sequence of symmetric densities there exists a subsequence that
converges to a limit density and that this limit density is symmetric (which we know
from Lemma 4.24).

Proof. To be concrete, consider a sequence of D-densities {a;} and their associ-
ated D-distributions {2, }. Let { y; } ;cn be an enumeration of the rational points in
[-1,1]. (This is a countable set.)

We use a standard diagonalization procedure. First, find a subsequence {1i} ey
of N so that {2(;;(y1)} converges. This can be done since each distribution takes
values in [0, 1], which is compact (and so also sequentially compact). Next find
{2i}en, a subsequence of {1i};cy, so that {2,;(y2)} converges. Continue in this
fashion. By construction, the sequence of distributions {2;;} (this is the sequence
of “diagonal” elements) converges at all rational points of [-1,1].

Since each 2;; is non-decreasing it follows that the limit (on the rationals) is
non-decreasing. Using right continuity we uniquely define the limit distribution
. If x is any point of continuity of 2 then by looking at rational points arbi-
trarily close to x we see that {2;; (x)} converges to 2 (x). It follows that {2(;;(x)}
converges in distribution/weakly to 2o (x).

From Lemma 4.24 we know that the weak limit of symmetric densities is sym-
metric. O

§4.1.8. BMS CHANNELS HAVE SYMMETRIC DISTRIBUTIONS

The symmetry of the BEC, the BSC, and the BAWGNC is no coincidence. As the
following theorem asserts, the L-distribution for any BMS channel is symmetric
(and hence so are the D-distribution and the G-distribution).

THEOREM 4.26 (SYMMETRY OF L-DISTRIBUTION FOR BMS CHANNELS). Consider a
BMS channel with transition probability py| x(y|x) and let A denote the associated
L-distribution. Then A is symmetric.
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Proof. Recall that the L-density is the density of /(Y) conditioned on X = 1. In
order to avoid technicalities, let us assume that a is continuous.

According to Definition 4.11 we need to show that a(z) = e*a(-z) forall z € R.
Consider a small interval [z, z + Az]. Then we have

a(z2)Az~P{Y el" ([z,2+ Az])} = ) pyix(y|Ddy,
yel~1([z,z+Az])

a(-2)Az~P{Y el ' ([-z- Az, -2])} = ) pyix(y|1)dy.
yel~1([-z-Az,—z])

Using the channel symmetry condition (4.9) we have

PY\X(;V“) PY|X(‘)’| -1)
(4.27) I(y)=1In =In =-1(-y).
’ PY|X()/| -1) PY\X(—)’“) Y
This implies that [ ! (z) = =17 (~z). We therefore have

)
Az ~ 1)dy ~ f z -1)d
a(z)Az fyel_l([wdz])py\x(yl )dy yel_l([z,ﬁdz])epnx(y! )dy

(4.9) z
= -y|1)d
yel*l([z,z+dz])e PY|X( y|dy

(4.27)

- © 1)dy ~ e*a(-z)Az.
° fyell([—z—dz,_z])leX(ﬂ )dy ~ e"a(-z)Az

In step (i) we used the fact thatforall y € Y wehave py  x(y[1) = el(y)p”X(y |-1).
The proof concludes by letting Az tend to zero. O]

Motivated by Lemma 4.7, we say that two BMS channels are equivalent if they
have the same L-distribution. It is often convenient to pick one representative from
each equivalence class. This can be done as shown in the following lemma.

LEMMA 4.28 (CHANNEL EQUIVALENCE LEMMA). Leta(y) be a symmetric L-density.
The binary symmetric channel py | x(-|-) with py|x(y|1) = a(y) (and, hence, by
symmetry py|x(y| — 1) =a(~y)) has an associated L-density equal to a(y).

Proof.

prixOIY) e _, a) _y. 0

)=t OT-D M) Maly)e
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§4.1.9. APP PROCESSING AND SYMMETRY

We have just seen that for a BMS channel the distribution of L, conditioned on X =
1, is symmetric. This symmetry is preserved under a posteriori probability (APP)
processing.

THEOREM 4.29 (LINEAR CODES AND APP PROCESSING). Let X be a vector of length
n chosen with probability px(x) from a binary linear code C. Assume that trans-
mission takes place over a binary and memoryless channel and let Y denote the
output of the channel. Define

pXi|Y~i(+1 ’ny)
px, v (=1y~i)

(4.30) ¢i(y~i) =In

and @; = ¢;(Y.;). Further, let [;(y;) = ln% and L; = [;(Y;). Then ®;

constitutes a sufficient statistic for estimating X; given Y.; and L; + @; constitutes a
sufficient statistic for estimating X; given Y.

Suppose that px (x) is uniform, that the i-th component of C is proper, and that
the channel is symmetric. In this case the distribution of ®@;, assuming that X; = 1, is
equal to the distribution of ®;, assuming that the all-one codeword was transmitted.
Further, the “channel” pg,,| x,(¢: | x;) is symmetric and ¢; is a log-likelihood ratio.

Discussion: The quantity ®; = ¢;(Y.;) is called the extrinsic MAP estimate (of
X;). The word “extrinsic” refers to the fact that we base our estimate on Y.; and do
not include the direct observation Y;.

Proof. Start with py | x, (y~i|xi). Use Bayes’s rule, divide the resulting expression
(x +1)

by px;|v., (=11 y~i), and rewrite py, v, (xi] y-1)/px,|v.,(~1] y1) ase® > . From

this we see that

foFpas q"
;5

Py x, (D~i| xi) = o ( )( %PX,»|YN,»(_1|)’~i)PY~i()’~i)) ox(x )b(le)

According to our discussion on page 29, this shows that ®; constitutes a sufficient
statistic for estimating X; given Y.;. In a similar manner,

xi®i+Li

pyix,(ylxi) = mb()’)~

This shows that L; + @; constitutes a sufficient statistic for estimating X; given Y.
If we assume that X is chosen uniformly at random from a binary linear code

whose i-th component is proper then it follows that X; has a uniform prior. There-

fore, applying Bayes’s rule to both denominator and numerator of the ratio (4.30),
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we see that @; is in fact a log-likelihood ratio. We now show that the distribution of
®; conditioned on X = ¢, ¢ € C, is only a function of ¢;. Let ¢;'(z) denote the set
of all y..; € R"™! such that ¢;(y.;) = z. Now, for any codeword w € C, we have

Py x,(y-il1)  Fiecu=1 Py x(y~ilu)
pyx,(y~il = 1) - YueCu=1 Py | x(y~i | 1)
3 YueCiui=1 Py, | x(Weiy~i|uw)
- ueCiui=—1 Py | x(Waiyni |uw)
 YueCumw; Py x(Weiy~i|u)
 YucCumw; Py | x(Weiyei | 1)

py|x,(weiy~i|wi)

- Py x, (Weiyni | —wi)’

BMS channel

by linearity of C

so thatforallw e C

(4.31) i €971 (2) & weiyni € 7 (wiz).

Let A¥(z) denote the cumulative distribution of ®; conditioned that u was trans-
mitted, u € C. If u,w € C then

Au = ~i .
(D= [ iy PYIX0- 00

BMS channel :[ UniWniYmi | W)y,
yNie¢;1((—oo,z])pY‘X( y~i|w)dy

= ~i | W d ~i
[uNininie(bi_l((_m’Z])PY|X(J’ |w)dy

If u;w; = 1 then by (4.31) the last expression is equal to A¥ (z). On the other hand if
u;w; = —1 then by (4.31) the last expression is equal to 1 — A (-z) (assuming that
there is no point mass at z).

This shows that the distribution of @; conditioned on X; = 1 equals the distribu-
tion of @; conditioned that the all-one codeword was transmitted, since the former
is just the average of all choices where ¢; = 1 and all these choices have the same
distribution. Further, the distribution of ®; conditioned on X; = 1 is the reverse
(flip around vertical axis) of the distribution of ®; conditioned on X; = —1. In other
words, the channel pg, | x, (¢: ] x;) is symmetric. O

Problem 4.6 discusses a simple generalization.
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§4.1.10. SMOOTH CHANNEL FAMILIES

DEFINITION 4.32 (SMOOTH CHANNEL FAMILIES). Consider a family of BMS chan-
nels characterized by their L-densities {a} and parameterized by €, where ¢ takes
values in some interval I € R. The channel family is said to be smooth with respect to
the parameter e if for all continuously differentiable functions f(y) so that e*/?f(y)
is bounded, the integral [ f(y)ac(y)dy exists and is a continuously differentiable
function with respectto €, € € I. v

Discussion: Why do we ask that e*/?f(y) is bounded rather than f(y) itself?
This is due to the symmetry of a: it is then “natural” to write

[ 1= [ (22f0) (s7"a) &.
—
evenin y

In the sequel we often say as a shorthand that BMSC(¢) is smooth to mean that
we are transmitting over BMSC(¢) and that the family {BMSC(¢) } is smooth at the
point €. Under the stated conditions, the derivate % J f(y)ae(y)dy exists and it is
a linear functional of f. It is therefore consistent to formally define the derivative of
a¢(y) with respect to € by setting

(4.33) f f (y)da;—(ey) dy = % f f(»)ac(y) dy.

For a large class of channel families it is straightforward to check that they are
smooth. This is, e.g., the case if the output alphabet ) is finite and the transition
probabilities are differentiable functions of €, or if it admits a density with respect
to the Lebesgue measure, and the density is differentiable for each y. In these cases,
the formal derivative (4.33) coincides with the ordinary derivative.

EXAMPLE 4.34 (SMOOTHNESS OF STANDARD FAMILIES). The families {BEC(€)}L,,
1
{BSC(€)}2,» as well as {BAWGNC(0) } ;%] are all smooth. O
§4.1.11. CAPACITY FUNCTIONAL FOR BMS CHANNELS

The capacity of a BMS channel is a linear functional of its L-density. This simplifies
the determination of the capacity itself. This fact can also be exploited when search-
ing for good degree distribution pairs and it plays a vital role in the definition of the
EXIT as well as the GEXIT function.

LEMMA 4.35 (CaPacITY FUNCTIONAL). Let a be the L-density and a be the D-
density associated with a BMS channel. Then the capacity of this channel in bits
per channel use, call it C(a), is

ce)= [ a1 -togs(1+ ety = [ Tlal()(1- k(5 ))
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lea(y)logz(lw)dy :f01|a|(y)(1—hz((1-y)/2))dy,
where hy(x) = —xlog,(x) - (1 - x)log,(1 - x).

Proof. Since the channel is symmetric, the optimal input distribution is the uniform
one; see Problem 4.8. Further, by (the Channel Equivalence) Lemma 4.28 we can
assume without loss of generality that py | x(y|x) = a(xy).

C(a) = I(X;Y) = H(Y) —H(Y|X)

= [ (-prO)logpr(3) + 3 % prix(y 1) logs pr x(r1))

PY|X()’|X)

y| 1)+ py x(¥| “1)”

fpmx(y\ ) log, prix(11) dy,
1(PY x(y[1) +PY|X()’| -1))

- [ 2es s s= [ 2000 -tegs(1+e )y

= [ 3 prixln)og, o

x—il

where in the transition to the fourth line we have used the fact that py | x (~-y | -x) =
py|x(y]x). The three further representations can be proved in a similar manner but
it is more insightful to consider the following alternative proof.
Consider the operational characterization of the channel according to its |L|-
. . & el )
density |a| as discussed on page 181: x — (S, Y), where Y ~ |a] and x ————
S. In words, for each given reliability value y the channel acts like a BSC with cross-

over probability li;y 5. The second representation of capacity follows since such a

BSC has associated capacity 1 - hz( e ) The remaining two representations have

a similar interpretation in terms of D and |D|-densities, and we skip the details. ]

EXAMPLE 4.36 (CaPACITY OF BEC(€)). Inserting |appc(e)|(y) = €Ao(y) + €A1(Y)
into the previous formula gives us back the familiar

Clanmete) = [ leda(y) +em()] (1= k(1 7)/2)dy
=1 — ¢ bits per channel use. O

ExAMPLE 4.37 (CapaciTY OF BSC(€)). We recover from |agsc(e)|(y) = Ar-2¢(y)
the familiar C(apsc(e)) = 1 — h2(e) bits per channel use. O
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ExAMPLE 4.38 (CApAcITY OF BAWGNC(0)). Unfortunately the capacity for the
BAWGNC(0) cannot be expressed in an elementary form. To compute it numeri-
cally it is best to use the representation of capacity in terms of the D-density as stated
in Lemma 4.35 with the D-density as given in Example 4.21:

_ (-0 tanh_1 (y))2

C(aBAWGNC(U)) [ \/ﬁ(l - 2) log,(1 + y)dy

Alternatively, C(apawenc(os)) can be computed via the series (see Problem 4.11)

lnéZ)((i - 1)Q(é) Y %e - 2 igi_i)l)ey(gl)Q(lJrUZi))'

This series converges quickly: the error which we incur by considering only the first
i terms in the series is of order O(i™%).

Problem 4.12 discusses the limiting cases of C(agswenc(o)) for both very small
and very large o.

The capacity is a function of 1/0> alone. More generally, if we allow a scaling of
the inputs then the capacity is a function of Ex/0?, where Ey is the energy expended
per channel use (dimension). (This means that we use inputs from the set {+v/En}
instead of {+1}.) A plot of Cyawanc as a function of Ex/o? is shown in Figure 4.39.
Also shown is the capacity of the additive white Gaussian noise channel (AWGNC)

1+

bits - Py

1.00+ 10t

0.75 4= 102

0.50} 2~ 10°73¢

0.25¢ 1074

000 10 2.0  Ey/o? 0.0 0.4 (Ey/No)as

Figure 4.39: Left: Capacity of the BAWGNC (solid line) and the AWGNC (dashed
line) in bits per channel use as a function of Ey/d®. Also shown are the asymp-
totic expansions (dotted) for large and small values of i—lj discussed in Problem 4.12.
Right: The achievable (white) region for the BAWGNC and r = % as a function of
(Ep/No)ds-

with real-valued inputs, which is equal to
1
Cawaene = 5 log, (1 +En/ 0?) bits per channel use.

As we can see from this figure, for low rates (small values of Ex/0?) we pay only
a small penalty for restricting the input to be binary. In order to assess the perfor-
mance of a code over the BAWGNC it is natural to plot the bit error probability
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Py, as a function of Ey/ o2. For low rates r, it is even more useful to plot the bit er-
ror probability as a function of E, /Ny, where E, = En/r is the energy expended
per information bit and Ny = 20? is the one-sided power spectral density, so that
Ey/No = 5-En/0*. Why is it convenient to use Ej,/ N, for low rates? In this case

1
Ceawene ® Cawene = 5 logz(l +2rE,/No) = Ep/No + O((Eh/NO)z)-

’
log, (e)
Suppose that a given coding scheme achieves a fraction (1 — &) of capacity; i.e.,
using this coding scheme we can transmit at rate r = (1 — §)Cawcnce (and achieve
the desired error probability). If the rate is sufficiently small then we see from the
preceding approximation that

-0
Cawane ~ E,/No = a )CAWGNCEb/NO
z(e) log, (e)

Comparing the left-hand and right-hand sides we see that E;, /Ny ~ log,(e)/(1-96),
which is independent of . In other words, measuring the performance with respect
to E; /Ny allows us to compare codes of different (low) rates on an (almost) equal
footing. Let C denote the Shannon capacity of a given channel. Then any rate below
C can be achieved with vanishing probability of error and, vice versa, to achieve a
vanishing probability of error we have to transmit below C. What if we allow a non-
vanishing probability of error, let’s say p? What is then the maximal rate at which we
can transmit? Call this rate C(*). In this case we can proceed as follows: first com-
press the information such that the original bits can be reconstructed from the com-
pressed version with a Hamming distortion of (at most) p. From rate-distortion the-
ory we know that this requires a source code of rate 1 — h,(p), where h,(-) denotes
the binary entropy function. These compressed bits can be transmitted over the
channel at vanishing probability of error, so that the condition for successful trans-
mission reads r(1 - h,(p)) < C. Further, by the source-channel separation theorem
for point-to-point channels this is the best we can do. It follows that C(?) = T h(;( 2
To be concrete, consider the channel family {BAWGNC(E;/Ny) }. The associated
capacity C(E,/Ny) is a strictly increasing function of E;/Ny. From our earlier re-
marks we see that to transmit over this channel at rate  with a bit error probability of

at most Py, requires that r < ?EIZZ—{Z;E)) or, vice versa, that E, /Ny > C™! (r(1 - hy(p)).

Figure 4.39 shows the resulting achievable (Py, E;, /Ny )-region. O

§4.1.12. FURTHER FUNCTIONALS FOR BMS CHANNELS

Capacity plays an important role in the analysis and practice of iterative coding, but
there are also other linear functionals that are of interest. The first is trivially related
to capacity.
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DEFINITION 4.40 (ENTROPY FUNCTIONAL). The entropy H(a) associated with a
symmetric L-density a is H(a) = 1 — C(a). Therefore, from Lemma 4.35,

H@) = [ Taptog( ey = [ el )

l+e™

- [laon = = [T,

where h,(x) = —xlog,(x) - (1 - x)log,(1 - x). v

LEMMA 4.41 (DuaLITY RULE FOR ENTROPY). Let a and b denote two symmetric
L-densities. Then

H(a®b)+H(a®mb) =H(a) + H(b).

Discussion: We call this the “duality” rule since it relates the output entropy at a
repetition code to the output entropy at a parity-check code.

Proof. Let X, Y denote two independent random variables having associated den-
sities a and b, respectively. Define Z = 2 tanh™* (tanh(X/2) tanh(Y/2)). From the
definition of [ on page 181 and the discussion in Example 4.85, we know that Z has
density c = a @ b. Therefore,

H(c) = fc(z) log, (1 +e™)dz
_ [ /a(x)b(y) 10g2(1 +e—2tanh’1(tanh(x/2)tanh(y/Z)))dxdy

:f/a(x)b(y)log2((1+(1a_:l(_i_+ye_y))dxdy
=H(a) +H(b) -H(a®Db).

To see the last step note that
H(a®b) = /(/ a(x)b(y —x)dx)log2(1 +e)dy
= / f a(x)b(y)log,(1+e™”)dxdy. O

In Section 3.14 we discussed the use of EXIT functions for the case of trans-
mission over the BEC. These EXIT functions are defined in terms of entropies, a
concept that, as we have just seen, carries over naturally to the general case. The no-
tion of EXIT involves the computation of entropy only of the extrinsic part of the
information (the information regarding a bit that we get via the code constraints by
observing other bits). Although it constitutes an abuse of notation, it is convenient
to introduce the notion of an EXIT functional in a more general way.



BASIC DEFINITIONS AND EXAMPLES 197

DEFINITION 4.42 (EXIT FuNcTIONAL). The entropy functional H(-) is also called
the EXIT functional and the associated kernel the EXIT kernel. Assuming that we
represent densities in the L-domain, this kernel® is [(y) = log,(1 +e™). v

If you revisit Chapter 3 you will see that EXIT functions for the BEC have two
interpretations. From Definition 3.70 we see that the EXIT value equals the un-
certainty of a bit X; given the extrinsic observation Y.;. We generalize this notion
in Definition 4.129 using the aforementioned EXIT functional. On the other, from
characterization (iii) in Lemma 3.74 and its discussion in the proof, we see that the
i-th EXIT function for the BEC is also equal to the rate of change of the mutual
information of the overall system due to a small change in the capacity of the i-th
channel. This interpretation formed the basis for (the Area) Theorem 3.81. In the
general case these two notions are no longer equivalent and so we next introduce
the functional which allows us to extend the second notion. Currently we are only
interested in the functional itself and some of its properties. The operational signif-
icance of this functional and how it gives rise to a general area theorem is discussed
in Section 4.12.

In what follows, we write {BMSC(h)} to denote a family of BMSC channels
parameterized by entropy. Therefore, with some abuse of notation, we write in the
sequel {BEC(h)}, {BSC(h)}, and {BAWGNC(h)}. We have h = ¢ for the BEC,
h = hy(e) for the BSC, and h = H(apswene(o)) for the BAWGNC.

DEFINITION 4.43 (GEXIT FuncTioNAL). Consider a family {BMSC(h)} of smooth
BMS channels. Let {apysc(n) } denote the corresponding family of L-densities. The
generalized EXIT (GEXIT) functional with respect to {BMSC(h)} applied to the
symmetric L-density b is

d
G(apmsc(n), b) = aH(aBMSC(h) ®b).
If we define the GEXIT kernel
da z
(4.44) [PBMSCE) (y) = [ %h)() log,(1+e “7)dz,

then G(agysc(n)> b) can be written as

Glanscmyb) = [ BN (3)dy. v

*Not to be confused with the log-likelihood ratio function, which is unfortunately also denoted

by I(y).
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Discussion: Expression (4.44) has to be interpreted in the sense of Definition 4.32:

d
we write [ aw{+(h)(z) log,(1 +e7*7) dz as a proxy for

d .
1 e (@ log (146757 e}

The latter expression exists according to Definition 4.32: for a fixed y and as a func-
tion of z, log, (1 + e™*7”) is continuously differentiable and log, (1 + e™*7” el is
bounded. Further, by assumption the channel family is smooth. Note further that
[?BMSC@) (1y) is continuous and non-negative so that G(agysc(n)> b) exists as well.

EXAMPLE 4.45 (GEXIT KERNEL FOR {BEC(h)}). We have

f aprc(n)(2) log,(1+e7*7)dz =hlog,(1 +e7”),

so that [*BEC®) (y) = log, (1 + ™), which is the regular EXIT kernel. This agrees
with our previous observation that for the BEC the notions of EXIT and GEXIT
coincide. &

ExAMPLE 4.46 (GEXIT KerNEL FOR {BSC(h)}). We have

[ apsc(n) (2) log,(1+e™*77)dz = €log, (1 + ie-y) +elog, (1 + Ee_y),
€ €

where € = h;' (h). Differentiating with respect to h gives

1+ e 1
1+§:‘)’)+e+éey e+<—:eJ’)/1 g()

As we discuss in Example 4.48, the kernel is not unique. An equivalent kernel is

2usce () = (log (

1 E
pusce () =log (14—, )/ og(°)
E
For a fixed y € R and h — 0, the kernel converges to 1 as 1 + y/In(e), whereas the
. . 2
limit when h — 1 is equal to +-=;. O
EXAMPLE 4.47 (GEXIT KERNEL FOR {BAWGNC(h)}). We get
(z72/¢72)202 (zfz/tfz)za2

laBAWGNC(h)(y):(f %dz)/([ ?dz),

where o is the unique positive number so that the BAWGNC with noise variance o
has entropy h. <
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EXAMPLE 4.48 (ALTERNATIVE KERNEL REPRESENTATIONS). Because of the symme-
try property of L-densities we can write for any kernel I( y)

[ ar= [l e Ty,

1+e7

In words, the kernel is uniquely specified on the absolute value domain [0, +oo],
but for each y € [0, +00] we can split the weight of the kernel between +y and —y in
an arbitrary fashion restricted only by the constraint that I(y) + e ”I(-y) equals
the desired value. We can use this degree of freedom to bring some kernels into
a more convenient form. For example, the second kernel given in Example 4.46 is
equivalent to the first one but it is simpler. To see this, consider the function f(y) =

: L and note that f(y) + e”?f(~y) = 0. Problem 4.19 discusses some

c+ée)  éteed
particularly insightful and convenient kernel representations for the Gaussian case.
&

In general, for any kernel of a functional in the L-domain there is an associ-
ated kernel in the |L|, D, |D|, G, and |G|-domain and it is often useful to consider a
particular domain if we want to exhibit a particular property. The differences (and
similarities) of various kernels are best seen in the | D|-domain. The L-domain kernel
and the associated |D|-domain kernel are linked by a change of variables as follows:

).

In Figure 4.50 we compare the GEXIT kernel for the {BEC(h)} with the GEXIT
kernels for the {BSC(h)} and the {BAWGNC(h)} in the |D|-domain for several
channel parameters (see Problems 4.16, 4.17, and 4.18). These kernels are distinct but
similar. In particular, for h = 0.5 the GEXIT kernel with respect to {BAWGNC(h) }
is hardly distinguishable from the regular EXIT kernel. The GEXIT kernel with re-
spect to the family {BSC(h)} shows more variation.

Entropy plays a fundamental role in information theory, which helps motivate
our interest in the EXIT and GEXIT functionals. In iterative decoding, especially
for LDPC ensembles, convolutions of densities appear frequently. Consequently,
Fourier transforms of densities in their various representations also play important
roles. In fact, many information-theoretic functionals of interest are the evaluation
of a Fourier transform at a point.

1-w 1-w 1+w 1+w
(4.49) | (w) = — n—>)+ ——1I(In

1-w

DEFINITION 4.51 (VARIABLE-DOMAIN FOURIER TRANSFORM). Let a be an L-density
and let X denote a random variable distributed according to a. The Fourier trans-
form of a is

Fa(s) =E[e™*],

defined for all s € C where the expectation exists. Y
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0.8 0.8 _ 0.8 -
0.6 0.6 0.6t

0.4 0.4 0.4+

0.2 0.2 0.2 -
0.0 02040608 0.0 0.2 0.4 0.6 0.8 0.0 02040608

Figure 4.50: Comparison of the kernels |d|*BEC®) (-) (dashed line) with |d|?BSC®) ()
(dotted line) and |d|*BAWGNC®) (-) (solid line) at channel entropy h = 0.1 (left), h =
0.5 (middle), and h = 0.9 (right).

From standard properties of the Fourier transform it follows that for any L-
densities a and b

Faob = FaFb.
Symmetry of the L-density a is equivalent to F,(s) = F,(1 - s):

E[e‘sx]:/a(x)e‘sxdx Def':4'u/a(—x)exe‘sxdx:E[e‘(l‘s)x].

For symmetric L-densities a, F, exists and is analytic in the strip where the real part
of s is contained in [0, 1].

DEFINITION 4.52 (CHECK-DOMAIN FOURIER TRANSFORM). Letabea G-density and
let (S,Y) denote a random variable distributed according to a. For this definition
we use the convention S € {0, 1} and we identify {0, 1} with the additive group of
[F,. The Fourier transform of this density is

Ga(p,v) =E[e7#°77]
for all y € {0, im), v € C where the expectation exists. v

From standard properties of the Fourier transform it follows that for any G-
densities a and b

gab = gagb-
Symmetry of the G-density a is equivalent to G, (im, v) = G.(0,v + 1):

Gulim,v) = [y (a(0,y) —a(l, y))e "dy

= fy(“(l,y) coth(y/2) —a(1,y))e ™ dy
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e_y/z )’d
1,y))—e™"
fya( ”) sinh(y/Z)e 4
N7
1, = —(v+1)yd
[ya( y)sinh(y/Z)e 4
J (a1, coth(/2) +a(1,3))e ey

(29 f(a(O,y) +a(1,y))e " dy
y
= Gu(0,v+1).

Sometimes we write G and F for densities which are not G-densities and L-
densities, respectively. We mean by this that the functional is applied after the ap-
propriate change of variables.

DEFINITION 4.53 (ERROR PROBABILITY FUNCTIONAL). The error probability associ-
ated with the symmetric L-density a is

1
(4.54) ¢(a) = 3 [ a(x)e_(‘x/zlﬂ/z)dx.
Note that &(a) is the incurred probability of error if we (optimally) estimate the
value of a bit based upon the channel output. v

Discussion: You might wonder why instead of (4.54) we did not just define
¢(a)=/ _Ooo a(x)dx. Using symmetry, the two definitions are equal provided a does
not have a point mass at 0. When there is a point mass at 0, however, we need to in-
clude half of it in the error probability — formulation (4.54) is correct also in this
case without modification. (In the case that the density is not symmetric we need to
use the more awkward definition &(a) = f_ooo a(x)dx and include half of the mass
at0.)

EXAMPLE 4.55 (ERROR PROBABILITY). We have €(agpc(e)) = €/2, €(apse(e)) = 6
and Qf(aﬁAWGNc(o)) = Q((l,) ©

DEFINITION 4.56 (D-MEAN FUNCTIONALS). The D-mean associated with the sym-
metric L-density a is

(457) 0(a)= [ a(x)anh(x/2)dx = [ a(y)ydy

More generally, the D-k-moment associated with the symmetric L-density a is

(4.58) Di(a) = fa(x)tanhk(x/Z)dx: /11 a(y)y*dy,

where k is a non-negative integer. v
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EXAMPLE 4.59 (D-MEAN). We have D (apgc(e)) = 1 — € and D (apse(e)) = (1 - €)%
There does not seem to be an elementary expression for D (apawgnc(o))> but it can
be computed numerically. O

LEMMA 4.60 (MULTIPLICATIVITY OF 3} UNDER EH-CONVOLUTION). Let a and b
denote two symmetric L-densities. Then D;(a @ b) = D (a) Dk (b).

Proof. For even k we have ©(a) = G,(0, k), while for odd k we have Dy (a) =
Ga(im k). O

Consider the following situation: we have a symmetric L-density a and we are
interested in the behavior of €(a®") as a function of n, where a®” denotes the n-fold
L-convolution of a with itself. This probability decays in general to zero exponen-
tially fast in #n. What is its exponent, i.e., what is lim,,_, % log €(a®")? The answer
is given by the log of the so-called Bhattacharyya constant.

DEFINITION 4.61 (BHATTACHARY YA FUNCTIONAL). The Bhattacharyya constant as-
sociated with the symmetric L-density a is

(4.62) %(a):/a(x)ef"/zdx.

The Bhattacharyya constants for our standard channels are worked out in Exam-
ples 4.126, 4.127, and 4.128 in the context of the so-called stability analysis of BP
decoding. Problems 4.24, 4.25, and 4.26 discuss the computation of ®B(+) for these
three channels by directly computing €(a®") and Problem 4.23 shows yet another
alternative using Bernstein’s inequality (see Section C.2). Finally, Problem 4.20 gives
a way of computing the Bhattacharyya constant directly from the transition proba-
bility py | x(y|x) without first computing the L-density a. v

The key to finding the exponent describing the decay of the error probability is
to show that the Bhattacharyya constant behaves multiplicatively under convolution
and to establish a link between the Bhattacharyya constant and the error probability.
These two steps are achieved in the following two lemmas.

LEMMA 4.63 (MULTIPLICATIVITY OF B UNDER ®-CONVOLUTION). Let a and b de-
note two symmetric L-densities. Then B(a @ b) = B(a) B(b).

Proof. This follows from B(a) = F,(3). O
LEMMA 4.64 (B VERSUS €). Let a be a symmetric L-density. Then
(4.65) 2¢(a) <WB(a) <2/€E(a)(1-¢E(a))

where the left inequality is tight for the BEC and the right is tight for the BSC.
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Proof. The tightness of the left and the right bound for the case of the BEC and the
BSC is best verified by direct calculation (see Problem 4.21). The left bound follows
from characterizations (4.54) and (4.62) since e~ (¥/217%/2) < ¢=%/2 Tq see the right
bound, consider the BSC(e) We have €(agsc(e)) = € and B(apsc(e)) = 2+/€é. But
2+/€é is convex-n on [0, ] (recall that we write “convex-n” to indicate a concave
function). Therefore, if € = ae; + (1 - a)ez, where a € [0,1] and €1, €, € [0, 1], then

‘x%(aBSC(el)) +(1-a)B(apsc(e)) < %(aBSC(e))'

The result now follows since any symmetric channel apysc can be represented as a
convex combination of elements from {apsc(c) }- O

If we combine the preceding two lemmas we see that @(a®”) <1%B(a)", so that
lim, o0 % log & (a®") < log®B(a). A generalization and the reverse inequality are
stated in the next lemma. The proof can be found on page 543 in Appendix E.

LEMMA 4.66 (LARGE DEVIATION). Letthe L-densitiesa;, i = 1,..., k, be symmetric.
Then for any set of natural numbers d;, i = 1,.. ., k,

(4.67) 2B, (7)° ﬁ%d"(a')<@(a) ln%d “(ai)s
' 3n 1+e2% v 25

i=1
wherea—ald1 ®32d2® @akd" D =Y;d;, and B, = min; B(a;).

Problems 4.59, 4.60, 4.61, and 4.62 explore further relationships between H(-),
¢(-), and B(-).

§4.1.13. LINEAR CODES AND BMS CHANNELS

The main theme of this book is the investigation of low-complexity coding schemes
that are capable of approaching the capacity of a wide range of channels. Since all
these schemes are based on linear codes, before venturing any further, we should
first ensure that linear codes by themselves are powerful enough for our purpose. In
this respect it is comforting to know the following theorem.

THEOREM 4.68 (LINEAR CODES ACHIEVE CAPACITY). Linear codes achieve the ca-
pacity of BMS channels.

Proof. We will not give a full proof here but rather just point out how it can be de-
duced from standard coding theorems. As already mentioned in Section 4.1.11, be-
cause of the symmetry of the channel the optimal input distribution is the uniform
one. This is good news since for proper binary linear codes the induced marginal
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for each bit (assuming a uniform distribution on the codewords) is the uniform one
(see Problem 1.5).

From Problem 1.16 we know that if we add a shift (chosen uniformly at ran-
dom) to a random sample of Elias’s generator ensemble G, then pairs of codewords
are independent. We have seen in the proof of the coding theorem for the BSC (The-
orem 1.17) that we only need the pairwise independence of codewords. This is true
also in the general case. We conclude that (shifted) random linear codes do not in-
cur a penalty (at least in terms of rate) over truly random codes. Finally, all shifted
versions of the same code have exactly the same performance over a BMS channel.
Therefore, linear codes themselves can achieve the capacity of any BMS channel. []

§4.1.14. DEGRADATION

In traditional information theory one frequently considers a sequence of codes, usu-
ally of increasing length, whose rates approach the capacity of a given fixed channel.
For us it is more natural to take an alternate route where we fix the rate and con-
sider an ordered family of channels, parameterized by a real-valued parameter. The
parameter orders the channels within the family — with an increase in the param-
eter indicating a “worsening” of the channel. We are then interested in the largest
channel parameter (the worst channel) for which reliable transmission at the given
rate is possible.

A natural and very useful way of ordering the individual elements of the family
of channels is by means of degradation, a notion that we encountered already for the
BEC. In general, degradation induces a partial order on the space of all channels.
This partial order plays an important role in our understanding of the asymptotic
behavior of iterative systems.

DEFINITION 4.69 (STOCHASTIC AND PHYSICAL DEGRADATION). Consider two mem-
oryless channels specified by means of their transition probabilities py| x and pz | x,
respectively. Let the output alphabets be denoted by ) and Z, respectively. We say
that p| x is stochastically degraded with respect to py | x if there exists a memoryless
channel with transition probability p,|y(z|y), y € J and z € Z, such that for all x
in the input alphabet of the channel p|x(-|-) andallz€ Z

(4.70) pzix(zlx) =D py|x(¥1x)pz v (2] y).
y

We speak of physical degradation if (see the discussion on Markov chains on page
28) X - Y = Z,ie,if

py.z1x(1:2|x) = py|x(yx)pz v (2| y)-
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Physical degradation implies stochastic degradation since

pzix(z|x) = ZPY,Z|X(;V’Z\X) = ZPY|X(y‘x)PZ|Y(Z‘y)' %
y y

Discussion: Stochastic degradation concerns the marginal distribution p, | x,
whereas physical degradation concerns the joint distribution py 7| x(y,z|x). For
our purpose, however, there is essentially no difference between the two concepts.
The quantities we are interested in (e.g., probability of error or capacity) are func-
tions of the marginal distribution only. We are therefore free to choose the joint dis-
tribution as we see fit. Therefore, whenever we have a channel p | x that is stochasti-
cally degraded with respect to another channel py| x we will assume that the chan-
nel py|x is “realized” as a physically degraded version of py . Since in this case
X — Y — Z, we know already (see again page 28) that the error probability of
the channel p,| x cannot be smaller than that of the channel py|x. We will soon
discuss many other functionals that preserve ordering by degradation. These func-
tionals are all functionals of the marginal distribution only. For this reason we make
no further distinction in the future and simply speak of degradation. We denote the
relationship of degradation by py|x — pz|x-

EXAMPLE 4.71 (DEGRADATION OF THE FAMILY {BSC(¢€)}). Consider the serial con-
catenation of the BSC(¢€) and the BSC(Ae); i.e., the output of the BSC(¢) is used
as the input to the BSC(Ae). This serial concatenation (in any order) yields the
BSC(¢€’), with

(4.72) € = éAe + Ace.

Moreover, for any e €0, %] andany0 <e< ¢’ there exists a positive Ae, namely Ae =
(¢’ = €)/(1 - 2¢), such that (4.72) is fulfilled. This shows that the family {BSC(e)}
is ordered by degradation. Pictorially,

BSC(e) BSC(Ae) BSC(¢")

{£1} {£1} {1} = {1} —— {+1}. &

Equivalent statements are true for the family of BAWGNC:s, the family of binary-
input Cauchy channels (BCCs), and the family of binary-input Laplace channels
(BLCs) except that the latter two examples are not self-degrading (see Problems 4.4,
4.27, and 4.28). In the preceding example, the degrading channel is symmetric. A
natural question is whether it is sufficient to consider symmetric degrading channels
when py|x and pz| x are symmetric. This is answered in the affirmative in the next
lemma, the proof of which is left as Problem 4.29.
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LEMMA 4.73 (SYMMETRIC DEGRADING CHANNELS). Let py|x and p| x be two mem-
oryless symmetric channels and assume that py|x — pz|x. Then there exists a
memoryless symmetric channel p|y such that

pzix(z|x) = Z pyix(y[x)pzv(z]y).
ey

§4.1.15. FUNCTIONALS THAT PRESERVE DEGRADATION

Degradation for BMS channels is intimately connected with convexity. In the sequel,
we use the notation - — - to indicate the relationship of degradation also in conjunc-
tion with distributions that characterize the channels: e.g., we write in the next the-
orem 2l — B to indicate that the BMS channel characterized by its D-distribution
B is degraded with respect to the BMS channel characterized by its D-distribution
2(. You can find the proof of the next theorem on page 537 in Appendix E.

THEOREM 4.74. Let 2 and B denote two D-distributions, and let |2 and |B| de-
note the two corresponding | D|-distributions, i.e., distributions on [0, 1]. Then the
following are equivalent:

(i) A —B,

(ii) folf(x) d(x) < folf(x) d|B|(x), for all f that are non-increasing and
convex-non [0,1],

(ii)) /' [2A|(x)dx < [ |B|(x)dx, forall z € [0, 1].

There is a rich class of functionals that preserve ordering by degradation. In fact,
the class is rich enough to imply the following (see page 542 in Appendix E for the
proof.)

LEMMA 4.75 (CONVERGENCE UNDER DEGRADATION). Any sequence of symmetric
densities ordered by degradation converges to a symmetric limit density.

Theorem 4.74 characterizes degradation of densities as an ordering of a certain
class of linear functionals. It is also valuable to know the class of all functionals that
respect the ordering of degradation. It turns out to be the same class. You can find
the proof of the following theorem on page 543 in Appendix E.

THEOREM 4.76 (FUNCTIONALS THAT PRESERVE DEGRADATION). A function f sat-
isfies

[ AR < [ e dico)

for every degraded pair of densities 20 — B if and only if f is non-increasing and
convex-non [0, 1].
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Many functionals of interest either preserve (or reverse) the partial order in-
duced by degradation. In Problem 4.59 the |D|-domain kernels of &(-), H(+), and
B(-) are discussed. Consider first the probability of error: the associated kernel in
the |D|-domain is 2 (1 — w), which is decreasing and convex-n on [0, 1]. The EXIT
kernel in the |D|-domain is h,((1 — w)/2), which is decreasing and convex-n on
[0,1] as well. Finally, the Bhattacharyya kernel in the |D|-domain is V1 — w?2. This
function has first derivative —w/\/1 — w2 and second derivative —1/(1 — w?)>/2 1t
is therefore also decreasing and convex-n on [0, 1]: hence degraded channels have
a larger probability of error, higher entropy, and larger Bhattacharyya constant than
the original one.

The proof of the following lemma is the topic of Problem 4.32.

LEMMA 4.77 (GEXIT KERNELS PRESERVE ORDERING). Let {apysc(n)} represent a
smooth family of symmetric L-densities and let [*BMSC(®) (z) denote the associated
GEXIT kernel. Then [*BMSC® (z) is non-increasing and convex-n on [0, 1].

LEMMA 4.78 (ERASURE DECOMPOSITION LEMMA). A BMS channel characterized
by its L-density a is degraded with respect to aggc(2 ¢(a))-

Proof. In Problem 4.33 you are asked to provide a proof by directly constructing the
degrading channel. Here we give an alternative, more conceptual, proof.

Define € = &(a). Let || denote the |D|-distribution associated with a and let
|Apgc(2¢)| denote the | D|-distribution associated with the BEC(2¢). From Exam-
ple 4.19 we know that U (,e)|(x) = 2¢ for x € [0, 1) so that le A (2e)|(x)dx =
2¢(1 — z). Consider the function f(z) = jzl |2|(x)dx. Clearly, f(1) = 0. We claim
that f(0) = 2e. To see this, note that the kernel of the error probability functional
in the |D|-domain is (1 — w) as discussed in Problem 4.59. Therefore &(a) =
3 fol (1 - w)l|a|(w)dw. If we use integration by parts we see that e = &(a) = 1((1 -
w)\91|(w)‘;=0 + [y [A(w)dw) = L [} [21](w)dw. Since |2|(x) is increasing in x, it
follows that f is a convex-n function. We conclude that

[ G = () 2260 -2) = [ Byl (0)dx

By Theorem 4.74 we have Aypc () — 2. O

Discussion: This lemma shows that one can have two channels, one degraded
with respect to the other, which have the same error probability. Therefore, degrada-
tion does not imply a strict increase in the value of a given decreasing and convex-n
functional. But for any pair of degraded channels some such functional is strictly
increasing.
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§4.1.16. APP PROCESSING AND DEGRADATION

LEMMA 4.79 (SUFFICIENT STATISTIC PRESERVES DEGRADATION). Let X be a binary
vector chosen with probability px(x) from a code C. Consider transmission over
the BMS channels py|x and py|x where X - Y — Z, i.e, py|x is degraded with
respect to py| x. If Y.; = f(Y.;) constitutes a sufficient statistic for X; given Y.; and
Zi= g(Z..;) constitutes a sufficient statistic for X; given Z.; then X; - Y.; — Zi,
ie, Py ,|x, is degraded with respectto py |y .

Proof. As discussed on page 28, where we introduced Markov chains, we need to
show that p; |y ¢ (Z.i|xi» ~i) = py_, v, (2| J~i). We have

~il

pZN,' |X,',YN,- (2'\'1 | Xi» )7’\’1)

= 2 Pyz g x g (Veis Zeis Zui | Xis i)

YeisZni

- Z pY~i |Xi»Y~i (le |xi’)7Ni)PZN,',ZN,‘ ‘X,',YN,',Y’N,' (ZNi’ 2’\‘i |xi’ yNi’ j}Nl)

YeirZni

= 2 Py v Uil 5e)Ps 7 v v, (Beis Zni | s i)

VeisZi
= 2 Pyoz g v, Deiszei Zeil §ui) = g v (i | i)
YeirZni

In the third step we have used for the transformation of the first expression the fact
that Y.; constitutes a sufficient statistic for X; given Y.; so that X; — Y.; — Y.;.
To transform the second term, note that Z.; is a function of Z.;. Therefore, it suf-
fices to consider p, | x, v . v, (Zwi | Xi Yis Jui)- Note that py 7 v, (%, 2ei | yui) =
px|v.. (x| y~i)pz.; v, (2~i | y~i) implies

Pxi 7 v (Kis 2ei | yoi) = px v (i | y~i) Pz vy (Zmi | Yei)-

We conclude that X; - Y.; — Z.;. Since further Y.; is a function of Y.;, it follows
that, conditioned on Y.;, Z.; is no longer a function of X;. O

LEMMA 4.80 (APP PROCESSING PRESERVES DEGRADATION). Let X be chosen with
uniform probability from a binary linear code whose i-th position is proper. Let
X be transmitted over a memoryless channel. Let Y be the output assuming that
the i-th bit is transmitted through the BMS channel characterized by its L-density
apmsc,» | € [n]. Let Z denote the corresponding output if we assume that the i-th bit
is transmitted over the BMS channel characterized by its L-density bpysc,, i € [1].
Let a;, respectively b;, denote the density of ®; (as defined in Theorem 4.30) under
these two cases, assuming that X; = 1. If {apusc, } — {bswmsc, } then {a;} — {b;}.
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Discussion: In words the lemma states the intuitive fact that if we degrade all or
just some of the observations then the output of the APP processor is degraded as
well. A particularly simple case of degradation which appears frequently in practice
is erasures of some observations.

Proof. We know from Theorem 4.29 that X; — ®;(Y.;) — Y.;, and by the same
argument X; > ®;(Z.;) — Z.; (in the statement of Theorem 4.29 we assume that all
components are sent through the same channel but the proof applies verbatim to the
more general case where the channels are possibly different). Applying Theorem 4.79
we conclude that X; - ®;(Y.;) - ©;(Z.)).

Again by Theorem 4.29 we know that pq,,(v_,) | x, ($i | xi) and po,(z_,) | x, ($i | xi)
represent BMS channels. By assumption the associated L-densities under the condi-
tion X; = 1 are a; and b;, respectively. We conclude from X; - ®;(Y.;) - ®;(Z.;)
that a; — b;. ]

§4.2. MESSAGE-PASSING DECODER

All the decoders which we consider in the sequel are motivated by the decoder de-
rived in Chapter 2. In particular, they are all of the message-passing type; i.e., the
output sent along a particular edge only depends on the input along all other edges.
It is convenient to introduce some degrees of freedom regarding the message al-
phabet as well as regarding the computation rules. These degrees of freedom allow
a trade-off between performance and complexity. We start by defining the class of
message-passing decoders that we consider.

The decoding proceeds by rounds of message exchanges. First, the incoming
messages at the check nodes are processed and the outgoing messages are forwarded
to the variable nodes. These messages are then processed at the variable nodes and
messages are sent back along all edges to the check nodes. This constitutes one round
of message passing. In general, decoding consists of several such rounds. As men-
tioned earlier, an important condition on the processing is that a message sent from
anode along a particular edge must not depend on the message previously received
along that edge. It is exactly this restriction that makes it possible to analyze the
behavior of the decoder.

In order not to complicate the notation, we suppress in the sequel the depen-
dency of the maps on the node degrees. Let O denote the alphabet of the received
messages which, without loss of essential generality, we can assume to be equal
to the channel output alphabet. Further, let M denote the message alphabet. Let
o . M*1 5 M, £ > 0, denote the check-node message map as a function of
¢eN,andlet ¥(9) : O x M*' - M, £ >0, denote the variable-node message map
where r and 1 are the check- and variable-node degree, respectively. These func-
tions represent the processing performed at the check nodes and variables nodes,
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respectively. Iteration £ = 0 corresponds to the initialization and the “real” message-
passing algorithm starts at £ = 1. Because of the imposed restriction on the depen-
dence of messages, the outgoing message only depends on r — 1 incoming messages
ata checknode and 1 -1 incoming messages at a variable node. Also, we allow these
maps to depend on the iteration number. We assume that each node of the same de-
gree invokes the same message map for each edge and that all edges connected to
such a node are treated equally. In other words, the maps are symmetric functions.

It is helpful to think of the messages (and the received values) in the following
way. Each message represents an estimate of a particular codeword bit. The sign of
the message indicates whether the transmitted bit is estimated to be —1 or +1 and
the absolute value of the message is a measure of the reliability of this estimate. The
sign of the particular value 0, which represents an erasure, is equally likely to be +1
or —1.

In the sequel we denote the received message by p, the incoming messages to a
check node of degree r by yy, ..., yy_1, and the incoming messages to a variable of
degree 1 by yy, ..., y1-1. Our subsequent analysis and notation is greatly simplified
by imposing the following symmetry conditions on the decoding algorithm.

DEFINITION 4.81 (MESSAGE-PASSING SYMMETRY CONDITIONS).
Check-Node Symmetry:

r-1
(D(e)(bl‘“l: e brfl‘urfl) = (D(f)(#b ‘e )‘urfl) (H bl)
i=1

for any +1 sequence (b, ..., br_1), i.e, signs factor out of the check-node message
map.
Variable-Node Symmetry:

£=0 YO (g, .. ) ==Y O (py,...),
4 >1 \I](e)(_#()a —Ui ... ’_Ml—l) = _\P(e)(”(]) Ui ... )‘ul—l)a

i.e., the initial message out of a variable node only depends on the value received
at this node from the channel and sign inversion invariance of the variable-node
message map holds. v

EXAMPLE 4.82 (GALLAGER ALGORITHM A). Gallager’s algorithm A is probably the
simplest non-trivial message-passing algorithm applicable to general channels. Con-
sider transmission over the BSC. (If the transmission takes place over a more gen-
eral channel then apply a hard decision at the input.) The message alphabet is M =
{~1,1}. The message maps are given by

r-1
OO (1, tie) = [ s YO (g, pirs s 1) = pos
i=1
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o, U=y == U1 = — o,
\y(le)(‘uo,‘ul’_”,”l_l) :{ Ho #1 {42 H#1-1= ~Ho
po,  otherwise.

In words, check nodes send a message indicating the product of the incoming mes-
sages. The variable nodes send their received value unless the incoming messages
are unanimous, in which case the sign indicated by these messages is sent. At iter-
ation zero the messages emitted by the variable nodes depend only on the values
received from the channel but not on the internal messages in the graph so that we
do not need to specify the initial internal messages which enter the check nodes.

These message-processing rules are intuitive. At check nodes the product rule
(applied to the +1-valued messages) reflects the modulo-2 structure of check con-
straints. At variable nodes we assume that the message received from the channel
is more reliable than the internal messages. Only if all internal messages agree on a
value do we trust them.

Let us give a short preview of the main characteristics which we encounter when
using Gallager’s algorithm A. Figure 4.83 shows the block (left) and bit (right) error
probability of Gallager’s algorithm A for the (3, 6)-regular ensemble when transmis-
sion takes place over the BSC. We will show in Section 4.7 that the algorithm has
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Figure 4.83: Performance of Gallager’s algorithm A for the (3,6)-regular ensem-
ble when transmission takes place over the BSC. The blocklengths are n = 27,
i = 10,...,20. The left-hand graph shows the block error probability, whereas the
right-hand graph concerns the bit error probability. The dots correspond to simula-
tions. For most simulation points the 95% confidence intervals (see Problem 4.37)
are smaller than the dot size. The lines correspond to the analytic approximation of
the waterfall curves based on scaling laws (see Section 4.13).

a threshold and that the threshold for the (3, 6)-regular ensemble is €' ~ 0.0394.
We recognize in the figure the characteristic “waterfall” shape of the performance
curve. (Since the figure shows the performance of expurgated ensembles, the “error
floor” is not visible.) As the length increases the curves converge to a step function
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at the threshold. The solid lines correspond to scaling laws of essentially the same
form as we discussed in Section 3.23 for the BEC. These scaling laws are discussed
in Section 4.13. &

ExAMPLE 4.84 (DECODER WITH ERASURES). Assume that we extend the previous
example by allowing “erasures” in the decoder, i.e., the alphabet is M = {-1,0,1}.
The message maps are specified by

r-1

O (pn s pir1) = [ i

i=1

‘I’(ZZO)(‘MO, P15 s H1-1) = Ho»

1-1
D (g, iy, ey piar) = sgn (W o + Z i),

i=1

where w(® is an appropriately chosen weight sequence. The motivation for this ex-
tension is simple. At the beginning of the decoding process, the received messages
are more reliable than the computed messages sent from the check nodes to the
variable nodes: consider the messages entering the variable nodes during the first
iteration; if the initial error probability of a message is € (where we think of € as
a small positive number) then at the output of a check node of degree r the error
probability is roughly (r — 1)e. Assuming that the iterative algorithm succeeds, it
is clear that after some iterations this relationship is reversed. It is therefore natural
to give a relative weight to these kinds of messages when they are processed at the
variable nodes. A good choice is the weight sequence w(!) = 2, and w(®) = 1 for
¢ > 1. Figure 4.86 shows the block (left) and bit (right) error probability of the de-
coder with erasures for the (3, 6)-regular ensemble when transmission takes place
over the BSC.

The threshold for the (3, 6)-regular ensemble is €”* ~ 0.0708, which is con-
siderably larger than the threshold for Gallager’s algorithm A. This shows that small
increases in complexity can result in large gains in performance. Again, the waterfall
part of the curves is well captured by a scaling law (see Section 4.13). O

EXAMPLE 4.85 (BELIEF PROPAGATION DECODER). The belief propagation (BP) de-
coder is the most powerful example, employing a “locally” optimal processing rule.
Nodes act under the assumption that each message communicated to them repre-
sents a conditional probability on the bit, and that each message is conditionally
independent of all others, i.e., the random variables on which the different mes-
sages are based are independent. This is the message-passing algorithm discussed
in Chapter 2, i.e., the message-passing algorithm that results naturally from the fac-
tor graph approach.
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Figure 4.86: Performance of the decoder with erasures for the (3,6)-regular en-
semble when transmission takes place over the BSC. The blocklengths are n = 21
i = 10,...,20. The left-hand graph shows the block error probability, whereas the
right-hand graph concerns the bit error probability. The dots correspond to simu-
lations. The lines correspond to the analytic approximation of the waterfall curves
based on scaling laws (see Section 4.13).

As we have seen in Section 2.5.2, assuming that the messages (received from the
channel) are in log-likelihood form, we have

0 =0
8 OO (uy, 1) =1 , ’
1-1
(4.88) ‘}'(e)(,llo, H1s-es fh1-1) = Mo + Z Hi-
i=1

The processing rule on the check-node side can be written in several equivalent
forms. We have

2tanh_1(lﬁ1 tanh(%)) = 2coth_1(:j1:{1 coth(%)) = g_l(jz_gl g(,“i)).

The equivalence of the first two forms is straightforward - instead of multiplying
the terms tanh(y;/2) we can multiply their inverses 1/ tanh(u;/2) = coth(u;/2).
In the last expression we have used the map g(I) :( $H(1),Incoth(|1]/2) ), which
we introduced on page 180. With a slight abuse of notation we have assumed here
that the received messages are already in log-likelihood ratio form so that the func-
tion takes as input [ and not y. The “sum” >"%' g(u;) has to be interpreted in the
following way. For y € R, g(u) has the form (s, y), where the first component is the
sign taking values in {1} and the second is the reliability, which is a non-negative
extended real number. We then have 37! (s;, y;) = (IT si» 2} yi). The equiv-
alence of this last expression is easy to see: first, factor out the signs of the messages
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p;. These signs multiply. Then, instead of taking the product [T5}' coth(|u;|/2) we
compute Y7 In coth(|;|/2) and then exponentiate the result.

Figure 4.89 shows the block (left) and bit (right) error probability of the BP de-
coder for the (3, 6)-regular ensemble when transmission takes place over the BSC.
The threshold for the (3,6)-regular ensemble is €®* ~ 0.084. Again, the waterfall
part of the curves is well captured by a scaling law. &
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Figure 4.89: Performance of the BP decoder for the (3, 6)-regular ensemble when
transmission takes place over the BSC. The blocklengths are n = 2/, i = 10, ..., 20.
The left-hand graph shows the block error probability, whereas the right-hand graph
concerns the bit error probability. The dots correspond to simulations. The lines
correspond to the analytic approximation of the waterfall curves based on scaling
laws.

It is apparent that there is an infinite variety of decoders that fulfills the basic
symmetry conditions described in Definition 4.81. This degree of freedom is impor-
tant in practice. Although the BP decoder is the optimum choice, it requires infinite
precision arithmetic. Therefore, in any digital implementation one must resort to
quantized versions of BP. Typically one tries to mimic as much as possible the be-
havior of the BP decoder given the constraint that the messages take values only in
a finite set. This provides a natural trade-off between achievable performance and
complexity of the decoder.

§4.3. Two BASIC SIMPLIFICATIONS

The analysis proceeds in lock step with the one we have given for the BEC. Most
fundamental properties have an analog in this general setting, although in many
instances we have to be content with weaker statements. This is due to our current
inability to prove the corresponding results and (presumably) not because these re-
sults are inherently not true.

As we have seen in the previous section, the class of message-passing algorithms
is very broad. Some of the subsequent statements apply to all elements of this class.
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Some other statements require an investigation of the specific chosen message-
passing algorithm. We show how to proceed for Gallager’s algorithm A as well as
the BP decoder. Gallager’s algorithm A is a simple example of a “quantized” decoder.
The proofs for this algorithm are based on calculus. For the BP decoder on the other
hand we can often make use of its “local” optimality and provide more conceptual
proofs. In practice one very often deals with a “quantized” decoder with a relatively
large number of quantization levels so that the resulting decoder closely mimics the
BP decoder. In such a case one can either rely on the results for the BP decoder or
proceed in a fashion similar to our analysis of Gallager’s algorithm A.

§4.3.1. RESTRICTION TO THE ALL-ONE CODEWORD

LEMMA 4.90 (CONDITIONAL INDEPENDENCE OF ERROR PROBABILITY). Let G be a
binary Tanner graph representing a binary linear code C. Suppose that C is used
to transmit over a BMS channel characterized by its L-density apusc and suppose
that the receiver performs message-passing decoding on G (we denote a generic
such decoder by MP). Let PM (G, apysc, £, x) denote the conditional (bit or block)
probability of error after the ¢-th decoding iteration, assuming that x was sent,
x € C. If the decoder fulfills the symmetry conditions stated in Definition 4.81, then
PMP(G, appsc, &, ) = |—é‘ S cec PMP(G, apysc, 6, ¢) = PMP(G, apysc, £). This means

that PM? (G, agysc, &, x) is independent of the transmitted codeword.

Proof. Recall from page 181 that a BMS channel can be modeled multiplicatively as
(4.91) Y = x¢Zs,

where {Z,} is a sequence of iid random variables with density apysc. Let x € C
and let Y denote the corresponding channel output, Y = xZ (multiplication is
component-wise and all three quantities are vectors of length #n). Note that Z by
itself is equal to the observation assuming that the all-one codeword was transmit-
ted. We will now show that the messages sent during the decoding process for the
cases where the received word is either xZ or Z are in one-to-one correspondence.

Let i be an arbitrary variable node and let j be one of its neighboring check

nodes. Let ygf) (y) denote the message sent from i to j in iteration ¢ assuming that
the received value is y and let y](.f) () denote the corresponding message sent from
jtoi.

We have ‘uf](.)) (») (490 [,tg])(xz) = x,'yf](-])(Z), where the second step follows
from the variable-node symmetry property stated in Definition 4.81. Assume that
we have yff) (y) = xiptfje)(z) for all (i, j) pairs and some € > 0. Let dj denote all
variable nodes which are connected to check node j. Since x is a codeword, we
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have [Tieyjxx = 1.° From the check-node symmetry condition stated in Defini-

(

tion 4.81 we conclude that y}(fﬂ)( y) = xiu jfﬂ)(z). Further, invoking once more

the variable-node symmetry condition, it follows that yl(fﬁ) (y) = xiygfﬂ) (z) for
all (i, j) pairs. Thus, by induction, all messages to and from variable node i, when y
is received, are equal to the product of x; and the corresponding message when z is
received. Hence, both decoders proceed in lock step and commit exactly the same
number of errors (if any), which proves the claim. O

§4.3.2. CONCENTRATION

The second major simplification comes from the fact that, rather than analyzing in-
dividual codes, it suffices to assess the ensemble average performance. This latter
task is accomplished much more easily. This is true, since, as the next theorem as-
serts, the individual behavior of elements of an ensemble is with high probability
close to the ensemble average.

THEOREM 4.92 (CONCENTRATION AROUND ENSEMBLE AVERAGE). Let G, chosen
uniformly at random from LDPC (n, A, p), be used for transmission over a BMS
channel characterized by its L-density agysc. Assume that the decoder performs €
rounds of message-passing decoding and let P)'* (G, apysc, £) denote the resulting
bit error probability. Then, for any given § > 0, there exists an & > 0, a = a(A, p, 9),
such that

P{| Py (G, apwmscs €) — Erppc(uap [Py (G asmsc, €)] [ > 8} <™.

In words, the theorem asserts that all except an exponentially (in the block-
length) small fraction of codes behave within an arbitrarily small § from the en-
semble average. Therefore, assuming sufficiently large blocklengths, the ensemble
average is a good indicator for the individual behavior and it seems a reasonable
route to focus one’s effort on the design and construction of ensembles whose aver-
age performance approaches the Shannon theoretic limit. The proof of the theorem
is based on the so-called Hoeffding-Azuma inequality and can be found on page
487.

§4.4. TREE CHANNEL AND CONVERGENCE TO TREE CHANNEL

§4.4.1. TREE CHANNEL

DEFINITION 4.93 (( 77, apmsc )-TREE CHANNEL). Given a BMS channel characterized
by its L-density apysc and a tree ensemble 7, = Tp(A, p), we define the associated

*In the case of parallel edges, x, has to be counted according to the multiplicity of the edge.
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(7e, apmsc )-tree channel. The channel takes binary input X € {1} with uniform
probability. The output of the channel is constructed as follows. Given X, first pick
T from 7, with probability according to the process defined by (A, p). Next, pick a
codeword from C*(T) uniformly at random. Transmit this codeword over the BMS
channel defined by apysc. Call the output Y. The receiver sees (T, Y) and estimates
X.

Consider processing the tree by a MP decoder to form an estimate of X. Let
PY’ (apumsc) denote the resulting bit error probability.

As an important special case, consider BP decoding. Since we are operating on
a tree we know that the BP algorithm computes the log-likelihood ratio of the root
bit. More precisely, given (T, Y) the BP decoder computes

g PEY)[X=1)
n .
p((T,Y)[ X =-1)
The distribution of this quantity conditioned on X = 1 is the L-density.

As an aid to analysis, it is convenient to consider also the following generaliza-
tion. Assume that during transmission of the codeword all internal variable nodes
are transmitted through a BMS channel characterized by apysc but that all leat nodes
are transmitted through a BMS channel characterized by bgysc. We denote the cor-
responding tree channel by (7, apmsc, bsmsc) and the corresponding error proba-
bility of an MP decoder by P%P (aBmscs bemsc)- v

§4.4.2. CONVERGENCE TO TREE CHANNEL

THEOREM 4.94 (CONVERGENCE TO TREE CHANNEL). For a given degree distribu-
tion pair (A, p) consider the sequence of associated ensembles LDPC (n, A, p) of
increasing blocklengths # under € rounds of message-passing decoding. Then

;}LITDIO Erppc(np) [P (G, apmsc, £)] = P%P(aBMSC)a P%(aBMSC) = P%AP(QBMSC)-

Proof. The proof of the convergence to the tree channel performance is virtually
identical to the one for the BEC on page 94. Recall that the main idea of the proof
is that almost surely the computation graph of a fixed depth is a tree. This gives us
the identity between the two sides.

Further, we already know from Chapter 2 that on a tree BP decoding is equiva-
lent to MAP decoding. O

§4.5. DENSITY EVOLUTION

Theorem 4.94 asserts that in the limit of large blocklengths, the average performance
of an ensemble LDPC (n, A, p) converges to the performance of the corresponding
tree channel. The performance of the tree channel is relatively easy to assess because
of its recursive structure.



218 BINARY MEMORYLESS SYMMETRIC CHANNELS

§4.5.1. GALLAGER ALGORITHM A

THEOREM 4.95 (PERFORMANCE OF TREE CHANNEL). Consider a degree distribution
pair (A, p) = (L, R) and transmission over the BSC(¢). Define xy = € and for £ > 1
let

(4.96) xe=e(1=p*(xe-1)) +€p~ (xe-1),
where

p+(x):/\<l+P(;_2x))’ p_(X)Z/l(l_P(;_Zx)).
Then

P%‘l(e) = Xy,

P (e) = ¢(1 —L(—1 +P(12_2x“))) +éL(—1 —p(12—2x41))‘

Proof. Consider P%l (e) for £ € N. By definition of the algorithm, the initial variable-

to-check message is equal to the received message. This message is in error with
probability e. It follows that Pg’fl(e) = ¢, as claimed. We proceed by induction over
0

£. Assume that Pc;ral (€) = x¢ for some € > 0. Let us derive the error probability of the
4

check-to-variable message in the (£+1)-th iteration. Recall that a check-to-variable
message emitted by a check node of degree r along a particular edge is the product
of all the r — 1 incoming messages along all other edges. By assumption, each such
message is in error with probability x, and all messages are statistically independent.
The outgoing message is in error if an odd number of incoming messages is in error.
This happens with probability (see Section D.3)

Z(Zrk 1) A H1- )r—zkzl_(l_fm)rl.

Since an edge chosen uniformly at random is connected to a check node of degree
r with probability py, it follows that the expected probability of error of a randomly
chosen check-to-variable message in the (€ + 1)-th iteration is equal to

1-(1-2x,)""1  1-p(1-2xp)
Zpr b = P b .

r

Now let us derive PGE"1 (e) the error probability of the variable-to-check message in
E

the (¢ + 1)-th 1terat1on Consider an edge which is connected to a variable node of
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degree 1. The outgoing variable-to-check message along this edge in the (£ + 1)-th
iteration is in error if either the received value is in error and at least one incoming
message is in error or the received value is correct but all incoming messages are in
error. The first event has probability

(- (1 P2y (el o2y

The second event has probability

é(l—p(l - 2xp) )1—1.
2

The claim now follows by averaging over the edge degree distribution A(-).

The proof for P%P(e) is very similar. It follows by performing the last step with
respect to the node degree distribution L(-) instead of the edge degree distribution
A(+). In the preceding derivation we assume the following decision rule: the bit value
is equal to the received value unless all internal incoming messages to the variable
node agree. In the latter case we set the bit value equal to this common value. Of
course, other decision rules are possible. O

§4.5.2. BELIEF PROPAGATION

THEOREM 4.97 (PERFORMANCE OF TREE CHANNEL). Consider a degree distribution
pair (A, p) = (L, R) and transmission over a BMS channel with associated L-density
apmsc. Define ag = agmsc and for £ > 1 let

(4.98) ag = apmsc ® A(p(ae-1)),

where for an L-density a

Aa) = Z/\Z-a@(i—l)’ p(a) = Zpi 4®(i-1)

Then a, is the L-density associated with the tree channel (7}, apmsc) and apysc @
L(p(ae-1)) is the L-density associated with the tree channel (7, aysc)- In partic-
ular,

P% = Qf(ag), P,I;E; =¢ (aBMSC @ L(p(ag,l))) .

Proof. Consider the distribution of the initial variable-to-check messages. By def-
inition of the algorithm, these messages are equal to the received messages which
have density agysc (under the still-running assumption that the all-one codeword
is transmitted). It follows that ag = apmsc, as claimed. We proceed by induction over
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¢. Assume that the density of the variable-to-check messages in the ¢-th iteration is
ag as described in (4.98).

Consider a check node of degree r. By definition of the algorithm, the outgoing
message is the sum of the G-representations of r — 1 independent messages (see
Example 4.85). It follows from the discussion on page 181 that the density of the
outgoing message is

E(r-1)
a, .

Averaging over the right edge-degree distribution therefore gives

ber1 =p(ac) = pi a, P,
i

Consider next a variable node of degree 1. By definition of the algorithm, the
variable-to-check message is the sum (using L-representations) of the received mes-
sage, which has density agysc, and 1 — 1 check-to-variable messages, each of which
has density b, ;. Since all messages are statistically independent, it follows that the
density of the outgoing message is the convolution of the densities of the summands,
ie.,

b@(l—l)

apmsc ® D,y

Averaging again over the edge degree distribution we see that the outgoing density
is equal to

ar+1 = apmsc ® A(ber1) = apmsc ® A(p(ar)). O

In the preceding theorem we have assumed that ag = apysc but the recursions
stay valid if we start with a general initial density ag. In general, a, is the density
associated with the tree channel (7, apmsc, ao)-

EXAMPLE 4.99 (DENsITY EvoLuTION FOR THE BEC(€)). The density evolution equa-
tion for the BEC(¢), which we derived in Chapter 3, is a particular case. Indeed,
guided by Example 4.19 let us assume that for £ > 0, a;(y) has the form a,(y) =
x¢Do(y) + XeAsoo(y). This is true for £ = 0 with xy = ¢, since the initial density
is the one corresponding to the BEC(¢). Consider the evolution of the densities at
the check nodes. The G-density corresponding to as(y) = x¢Ao(y) + X¢Asoo(¥)
is ag(+1, y), where a¢(1, ) = %eAo(y) + FAvoo(y) and ae(=1,y) = F Ao ().
Assume that we convolve two densities of the preceding form. More precisely, we
have the G-density a(+1, y), where a(1, y) = ®Ao(y) + §A:00(y) and a(-1,y) =
5A10o(y) and the G-density b(+1, y) which has the same form but has parameter
B in place of «. If we perform the convolution of these two G-densities, i.e., if we
compute a(+1, y)Eb(£1, y) as defined on page 181, then we see that the result is the
G-density c(+1, y), where c(1, y) = yAo(y) + 1 Aieo(y) and c(-1,y) = LA o (¥)s
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with = &f3. In words, convolution of such G-densities corresponds to a multipli-
cation of the “dual” parameters. If we now perform this G-convolution according to
the degrees present in the graph, take the corresponding weighted average, and, fi-
nally, convert back to L-densities, then we see that at the input of the variable nodes
we have the density (1 — p(1 —x¢))Ao(y) + p(1 —x¢)Asoo(¥).

Assume that we have two L-densities of the form

aho(y) + @A ioo(y) and BAo(y) + BAro(¥),

and that we convolve them at a variable node. The result is the L-density yA¢(y) +
YA (y), where y = ay. In words, convolution of such L-densities corresponds to
a multiplication of the parameters.

Combining the two steps, it follows that after one full iteration we go from the
L-density az(y) = xpAo(y) + XeAioo(y) to the L-density api1(y) = xer180(y) +
Xer10v00 (¥) =€A(1=p(1=x7))Ao(y) + (1 —eA(1 = p(1 = x¢)))Asoo (¥). In other

words, we recover
xer1 = €A(1 = p(1—xp)). &

EXAMPLE 4.100 (DENSITY EVOLUTION FOR THE BAWGNC(0)). Consider the den-
sity evolution process for the BAWGNC(¢) and the rate one-half degree distribution
pair

A(x) = 0.212332x + 0.197596x> + 0.0142733x™ + 0.0744898x° +

0.0379457x° + 0.0693008x” + 0.086264x% + 0.00788586x '+
0.0168657x'! +0.283047x%,

p(x) = x5,

From Example 4.21 we know that agawenc(o) (V) ~ N(2/0%,4/0?). Figure 4.101
shows the evolution of a, (the densities of messages emitted by the variable nodes
in iteration ¢) and by, (the densities emitted by the check nodes at the subsequent
iteration) for £ =0, 5, 10, 50, and 140 for o = 0.93. Note that the densities a, “move
to the right” as € increases. Consequently, the error probability decreases with each
iteration. &

§4.6. MONOTONICITY

It is perhaps natural to expect that the performance of an iterative decoder will im-
prove if the channel improves or if the number of iterations is increased, at least in
the tree-like setting. For belief propagation this expectation is borne out. The opti-
mality of the belief propagation in the tree-like setting supports and validates our
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Figure 4.101: Evolution of a, (densities of messages emitted by variable nodes) and
be+1 (densities of messages emitted from check nodes) for € = 0, 5, 10, 50, and 140
for the BAWGNC(o = 0.93) and the code given in Example 4.100. The densities
“move to the right,” indicating that the error probability decreases as a function of
the number of iterations.
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expectation. For message-passing algorithms in general, however, this expectation
of monotonicity is not always borne out. In view of the fact that such a decoder
may be highly suboptimal, it is actually unreasonable to assume that it should be
monotonic, at least with regard to iteration. A good example is the min-sum de-
coder whose lack of monotonicity is discussed in Problem 4.42.

§4.6.1. GALLAGER ALGORITHM A

LEMMA 4.102 (MONOTONICITY OF f (+,-)). Fora given degree distribution pair (1, p)
let f(x,y) =x(1-p*(y))+xp (y), where p* and p~ are defined in Theorem 4.95.
Then f(x, y) is increasing in both its arguments for x, y € [0, 1 ].

Proof. We start by showing that f(x, y) is an increasing function in x. Note that
fGoy) =x(1-p"(y) -p (y)) + p (). Now p*(y) + p~ () = M1 - q(y)) +
A(q(y)), where 0 < q(y) = w < 1, for 0 < y < 3. Since A(1-2) + A(z) is
strictly decreasing in the range 0 < z < % (see Problem 4.35) and since A(1) + A(0) =
1 it follows that 1 — p*(y) = p~(y) >0for0 < y < 1.

To show monotonicity in y we differentiate f(x, y) with respect to y to get

o) [ (L22020) g (2020

Ifo<x,y< % then this expression is positive, which proves that f is an increasing
function in its second argument as well. O

LEMMA 4.103 (MONOTONICITY WITH RESPECT TO CHANNEL). Let (A, p) be a degree
distribution pair and let € € [0, 3]. If 0 < ¢’ < € then P§*(¢") < P§*(¢). In particular,

if 3! (e) % 0 then PZ(e") 220.

Proof. We prove the claim for P%‘l(e). The corresponding claim for P%‘l(e) can be
shown in a nearly identical manner. Let f(,-) be defined as in Lemma 4.102. Recall
from Theorem 4.95 that P%‘l(e) = x¢(€), where xo(€) = eand x,(€) = f (€, xp-1(€)).
Since €’ < e it follows that xo(e’) = ¢’ < € = x¢(€). Further, if for some ¢ > 0,
x¢(€") < x¢(€) then

Lem. 4.102

xer1(€) = f(ehxe(€)) < flexe(e)) = xear (e).
By induction, x¢(€") < x,(€) for £ > 0. So if x¢(€) 2% 0, then xe(€') %0, O

LEMMA 4.104 (MONOTONICITY WITH RESPECT TO ITERATION). For a given degree

distribution pair (A, p) define f(-,-) as in Lemma 4.102. Let €,x9 € [0,3]. For
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¢ =1,2,..., define xp(x0) = f(€,xp-1(x0)). Then x¢(x0) is a monotone sequence
converging to the nearest (in the direction of monotonicity) solution of the equa-
tion x = f(e,x), x € [0, 1].

Proof. If xo = 0 then x, = 0 for £ > 1 and the fixed point is x = 0. If for some € > 1,

Lem. 4.102
xp > xp-1 then xpp1 = f(€,x¢) > f(e,xp-1) = x¢, and the corresponding

conclusion holds if xp < x,_;. This shows that the sequence {x;} is monotone.

For € € [0,5] we have 0 < f(e,x) < 3 for all x € [0,3]. It follows that x,
converges to an element of [0, %], call it xo. By the continuity of f we have xo, =
f (€, x00). It remains to show that x., is the nearest (in the sense of monotonicity)

fixed point. Consider a fixed point z such that x,(x¢) < z for some € > 0. Then

Lem. 4.102
xe+1(x0) = f(€, xe(x0)) e f(e,z) = z, which shows that x, < z. Similarly, if

x¢(x0) > z for some € > 0 then xo, > z. This shows that x, cannot “jump” over any
fixed point and in fact converges to the nearest one. O

§4.6.2. BELIEF PROPAGATION

LEMMA 4.105 (MONOTONICITY OF f (-, -)). Fora given degree distribution pair (A, p)
define the operator f(a,b) = a ® A(p(b)), where a and b are two symmetric L-
densities and where a® A(p(b)) is defined as in Theorem 4.97.Ifa’ — aand b’ — b
then f(a’,b") — f(a,b).

Proof. Looking back at Definition 4.93 we see that the density f(a, b) is the density
associated with the tree channel (77,a,b). That is, it is the distribution of the log-
likelihood ratio of X (the root bit) conditioned on X = 1.

By Lemma 4.80 we know that APP processing preserves the order implied by
degradation, so that if we degrade the tree channel (7’1, a’,b’) to the tree channel
(71i,a,b) then the density emitted at the root bit is degraded as well. O

LEMMA 4.106 (MONOTONICITY WITH RESPECT TO CHANNEL). Let (A, p) bea degree
distribution pair and consider two BMS channels characterized by their L-densities
apusc and apusc, respectively. If agysc — apmsc then PE (apysc) < PE (apusc)- In

£—o0

. . e
particular, if P (apwsc) —50, then P (agusc) — O

Proof. The proof for P2 follows the same logic as the previous proof: degrade the
tree channel (7, agysc) to the tree channel (7, apysc) and use the fact that APP
processing preserves the order imposed by degradation. d

LEMMA 4.107 (MONOTONICITY WITH RESPECT TO ITERATION). For a given degree
distribution pair (A, p) define the operator f(-,-) as in Lemma 4.105. Let apysc and
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ap denote two symmetric L-densities. For € > 1 define

ag = f(aBMSC’ 35—1)-

If for some £’ > 0 and k > 1 we have ay,; — ap (agr < apx) then for €7 > ¢/,
¢ and k fixed, the sequence a,» k, is monotone (with respect to degradation) in
¢ > 0, and converges to a symmetric limit density. In particular, if ag = agusc then
a¢ is monotonic (with respect to degradation) and converges to a symmetric limit

doo —> ABMSC:

Proof. We prove the statement for sequences which are monotonically upgraded.
The case of sequences which are monotonically degraded can be handled in an iden-
tical fashion by reversing the direction of the arrows.

Assume that for some € > 0, ar x(¢+1) —> ap1ke SO that the input to the tree
channel (7%, apmscs agik(e+1)) is upgraded with respect to the input to the tree
channel (77(, apmsc agri ke )- The conditions of the Lemma state that this is true for
¢ = 0. This case serves as our anchor in the induction over ¢.

From Lemma 4.80 we know that APP processing preserves the order imposed
by degradation. Since the density associated to (Te» apmsc» @ ervk(e+1)) 18 Aprik(es2)s
whereas the density associated to (77{, apMmsC> Aer+ke) 18 Aprik(e+1)> we conclude that
Aprik(e+2) — Aer+k(e+1)- From Lemma 4.75 we know that a sequence of symmetric
densities ordered by degradation converges to a symmetric limit density.

By monotonicity of f(-,-), if apr,x —> ap then a(p.1).k — a(p41) and, more
generally, a g, ),k — a(e j). By using the same argument as before with ¢’ replaced
by (¢’ + j) we conclude the general case.

Finally, if ag = apmsc then we have a; — ag = apysc. The statement follows from
the previous case if we set £ =0 and k = 1. O

Although a,r , converges in £ for all £/ we cannot conclude that a, converges.
In general, the sequence could converge to a limit cycle of length k. Such a limit cycle
has never been observed and we conjecture that limit cycles cannot occur and that
ae in fact converges. For technical reasons we will later need the following result,
which substitutes for the conjecture.

COROLLARY 4.108 (MONOTONICITY WITH RESPECT TO ITERATION). If in addition
to the conditions of Lemma 4.107 we have ap ;.1 — ap (apiks1 < ag) then ap
converges to a limit density ac.

Proof. By Lemma 4.107 the sequence a,/, (j.1)¢ converges in £. Since this sequence
coincides with ayr, ;, s, infinitely often the limits must be the same. O
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§4.7. THRESHOLD

DEFINITION 4.109 (THRESHOLD OF A DEGREE DISTRIBUTION PaIr). Consider a
family of BMS channels {agysc(q) }o- Assume that for a fixed message-passing de-
coder MP

ehj?o P7M}P(aBMSC(g)) =0, but }g?o P%P(aBMSC(E)) >0,

and that the decoder is monotone with respect to this channel family. Then there
exists a supremum of the set of ¢ for which limg_, o P%P(aBMSC(g)) = 0 so that for
all smaller channel parameters the error probability is 0 and for all larger channel
parameters the error probability is non-zero. This supremum is called the threshold
and it is denoted by o™¥,

" (A, p) = sup{o € [,7] : P (apusc(o)) — O}. v
EXAMPLE 4.110 (eGAL(xz, x5)). We want to determine eGal(xz, xs), i.e., the thresh-
old of the degree distribution pair (x?, x°) for the family {BSC(¢)} and Gallager’s
algorithm A. From Lemma 4.103 we know that this decoder is monotone with re-
spect to the family {BSC(¢)}, so that the threshold is well defined. Figure 4.113
shows P%‘l(e) as a function of ¢ for various values of €. From this figure we see

that €9%(3, 6) ~ 0.03946365. <&

ExaMpLE 4.111 (6®7(3,6)). In the same manner, we determine opaycnc(3,6) for
the family {BAWGNC(o)}. From Lemma 4.106 we know that the BP decoder is
monotone with respect to any channel family which is ordered by degradation, and
from the remarks following Example 4.71 we know that the family {BAWGNC(o0) }
is monotone. It follows that the threshold is well defined. Figure 4.114 shows P%’(a)

as a function of ¢ for various values of ¢. From this figure we see that ¢°"(3,6) »
0.881. &

Table 4.115 lists thresholds for the family {BSC(¢) } under Gallager’s algorithm A
and the BP algorithm as well as thresholds for the family {BAWGNC(¢) } under BP
decoding. Also listed are the threshold values corresponding to Shannon capacity.

§4.8. FIXED POINT CHARACTERIZATION OF THRESHOLD

As was the case for the BEC, the threshold can in many cases be characterized in
terms of fixed points of the density evolution equation (but see Problem 4.39).

§4.8.1. GALLAGER ALGORITHM A

THEOREM 4.112 (FIXED POINT CHARACTERIZATION FOR GALLAGER A). For a given
degree distribution pair (A, p) define f(-,-) as in Lemma 4.102 so that density evo-
lution can be written as xp = f(€,xp-1), € > 1, x0 = €.
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Figure 4.113: Evolution of ng“l(xz xs)(e) as a function of ¢ for various values of €.
4 >

For € = 0.03875,0.039375, 0.0394531, and 0.039462 the error probability converges
to zero, whereas for € = 0.039465,0.0394922,0.0395313, and 0.0396875 the error
probability converges to a non-zero value. For € ~ 0.03946365 the error prob-
ability stays constant. We conclude that €9%/(3,6) ~ 0.03946365. Note that for
e>€e%(3,6), P%l(xz,xS) (€) is an increasing function of ¢, whereas below this thresh-
old it is a decreasing function. In either case, PS*

T2 05) (e) is monotone as guaranteed
4 >
by Lemma 4.104.
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Figure 4.114: Evolution of P% (x2,x5)(0) as a function of the number of iterations
¢ for various values of ¢. For ¢ = 0.878,0.879.0.8795,0.8798, and 0.88 the error
probability converges to zero, whereas for o = 0.9, 1, 1.2, and 2 the error probability
converges to a non-zero value. We see that 6° (3, 6) ~ 0.881. Note that, as predicted

BP . . . . .
by Lemma 4.107, P () (0) is a non-increasing function in €.
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r rate eGal EBP €Sha O.BP O.Sha

0.500 0.039 0.084 0.110 0.881 0.979
0.500 0.047 0.076 0.110 0.838 0.979
10 0.500 0.027 0.068 0.110 0.794 0.979
0.400 0.061 0.113 0.146 1.009 1.149
0.333 0.066 0.116 0.174 1.011 1.297
0.250 0.106 0.167 0.215 1.267 1.550

Table 4.115: Thresholds.

W W Ul W W
o N

= O\ U

[Convergence] For any € € [0, 5], x¢(€) converges to a solution of x = f (e, x)
with x € [0,1].

[Sufficiency] If €% > 0 and if x # f(e,x) for all x € (0, €], then x,(€) con-
verges to zero as £ tends to infinity, hence, € < €5,

[Necessity] If there exists an x, x € (0, €], such thatx = f(e, x), then x,(e) > x
for all £ > 0, hence €% <.

[Fixed Point Characterizations of the Threshold]

(i) €%'(A,p) =sup{e€[0,3]: x = f(e x) has no solution in (0,€]}.
(i) €9'(A,p) =inf{e€[0,3]: x = f(e,x) hasa solution in (0,€]}.

Proof. We showed that x,(e) converges to a fixed point already in Lemma 4.104.

Let us show the sufficiency condition. We claim that under the stated assump-
tions x; = f(e,€) < e. If we assume this for a moment then it follows by the
monotonicity of the sequence {x,} that lim,_, . x; is a solution of x = f (e, x) with
x € [0, €]. By assumption the only such fixed point is zero.

It remains to verify that f(e,e) < e. Note that since we have no fixed points
of x = f(e,x) with x € (0,¢€] and since f is continuous it must be true that either
f(x,x)-x <0forallx € (0,€] orthat f(x,x)—x >0forallx € (0,e].If f(x, x)—x >
0 for all x € (0, €] then for 0 < €’ <€, x¢(€) is monotone increasing. In other words,
Gal — 0.

In order to show the necessity, assume that there exists a fixed point x € (0, €].
Then x; = f(e,€) > f(e,x) = x, and by induction, x, = f(e, xp-1) > f(&,x) =
X. Ul

EXAMPLE 4.116 (FIXED POINT CHARACTERIZATION FOR GALLAGER A). Consider
the (3,3)-regular ensemble. Figure 4.117 shows f(e,x) — x as a function of x for
€ = €9 ~ 0.22305 (left-hand graph). We see that the threshold is determined by a
single critical point. &



FIXED POINT CHARACTERIZATION OF THRESHOLD 229

0.00 0.0050

o 0.0025}

8-8;_ 0.0000

-0. -0.0025} s
-0.03} -0.0050} 1S
-0.04 000757671 02 03 04 «x

0.050.10 0.15 0.20 x

Figure 4.117: Left: f (e, x)—x asa function of x for the (3, 3)-regular ensemble and ¢ =
€% ~ 0.22305. Right: f(e, x) — x as a function of x for the (3, 6)-regular ensemble
and € = 0.037, € = €9*' » 0.394, and € = 0.042.

ExAMPLE 4.118 (FIXED POINT CHARACTERIZATION FOR GALLAGER A). Consider
the (3, 6)-regular ensemble. In this case the threshold is determined by a fixed point
at the beginning of the decoding process. Figure 4.117 shows f (€, x) —x as a function
of x for e = 0.037, € = €5 ~ 0.03946, and ¢ = 0.042 (right-hand graph). Also shown
is the corresponding starting point of the recursion x = €. If € is smaller than the
fixed point (crossing point with the horizontal axis) then the recursion converges to
zero, otherwise it converges to a non-zero value. The threshold is characterized by
the value of € so that f(e,¢) =e. &

§4.8.2. BELIEF PROPAGATION ALGORITHM

THEOREM 4.119 (FIXED POINT CHARACTERIZATION FOR BP). Consider a given de-
gree distribution pair (A, p) and assume that transmission takes place over a BMS
channel characterized by its L-density apysc. Define a_; = Ap and for £ >0

(4.120) ag = apmsc ® A(p(ag-1)).

[Convergence] The sequence of densities ap converges to a symmetric density
Ao Which is a fixed point solution to (4.120).

[Sufficiency] If there does not exist a symmetric density a # A, such that
a = apusc ® A(p(a)) then E(ap) converges to zero as £ tends to infinity, or,
equivalently, aco = A oo.

[Necessity] If there exists a symmetric density a # A, o, such thata = agysc ®
A(p(a)) then &(ap) does not converge to zero as € tends to infinity, or, equiv-
alently, aco # Aco.

[Fixed Point Characterizations of the Threshold] Let {apysc(n) } be a family
of BMS channels ordered by degradation and parameterized by the real pa-
rameter h. Then
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(i) h*(A,p) =sup{h: a = agyscm) ® A(p(a)) has no solution a # A, o0 }
(i) 1*"(A,p) = inf{h: a = apyscm) ® A(p(a)) has a solution a # A, o }.

Proof. Since a_; = Ag and ap = apumsc, we know that ag is upgraded with respect to
a_;. From Lemma 4.107 we conclude that a, is a monotone (with respect to degra-
dation) sequence that converges to a symmetric limit density aoo.

The density ao is a fixed point of (4.120) since the update equations are con-
tinuous under our notion of convergence. More precisely: {a,} converges in € to a
if the cumulative distributions converge at points of continuity of the cumulative
distribution of a. Then, our assertion is simply that agysc ® A(p(az)) converges in
¢ to apmsc ® A(p(a)) under the same notion of convergence.

If a # A, is a fixed point then the tree channel (7, agumsc, @) has associated
density a. In particular P5 (apusc,a) = €(a). If we are below threshold then, for
¢ sufficiently large, we have P5 (apusc, Ag) < €(a). But, since a — A, this is a
contradiction. Thus, below threshold there can be no fixed point other than A, .

Above threshold we have as # Ao as a fixed point. OJ

ExAMPLE 4.121 (FIXED POINT DENSITY). Figure 4.122 shows the fixed point density
for the (3, 6)-regular ensemble and the BAWGNC(¢) with o ~ 0.881. &

§4.9. STABILITY

From the preceding section we see that the behavior of a message-passing decoder
is often determined by its fixed points. One fixed point which is virtually always
present is the one corresponding to perfect decoding (zero error rate). It is desirable
that this fixed point is stable. That is, assuming the density has evolved to something
“close” to perfect decoding, it should converge to the perfect decoding fixed point.
One is also interested in the rate of convergence in this case. This stability property
is amenable to analysis and this section is devoted to its study.

§4.9.1. GALLAGER ALGORITHM A

Let us look at the behavior of (4.96) in Theorem 4.95 for small values of x,. Some
calculus shows that

x¢ = (e’ (1) =€) (0) + 1 (0))p' (1)xe_1 + O(x7_,).

Clearly, for sufficiently small x,_; the convergence behavior is determined by the
term linear in x,_1. More precisely, the convergence depends on whether (eA’(1) -
€A’ (0) + 1'(0))p’(1) is smaller or larger than 1. The precise statement is given in
the following theorem.
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Figure 4.122: Progress per iteration (change of error probability) of density evolution
for the (3, 6)-ensemble and the BAWGNC(0) channel with ¢ ~ 0.881 as a function
of the bit error probability. In formulae: we plot &(ap) — €(a,_;) as a function of
Py = €(agawenc(o) ® L(p(ae-1))), where L(x) = x* and p(x) = x°. For cosmetic
reasons this discrete set of points was interpolated to form a smooth curve. The
initial error probability is equal to Q(1/0.881) ~ 0.12817. At the fixed point the
progress is zero. The associated fixed point densities are a (emitted at the variable
nodes) and b (emitted at the check nodes).

THEOREM 4.123 (STABILITY CONDITION FOR GALLAGER ALGORITHM A). Assume
that we are given a degree distribution pair (1, p) and a real number ¢, € € [0,1].
Define f(-,-) as in Lemma 4.102 and let x,(¢) = f (€, x¢-1), € > 1, x0(€) = €.

. 1-1/(0)p’ (1) . . . )
[Necessity] If € > OTIOBYOIIOL then there exists a strictly positive con

stant £ = £(A, p,€) such that forall £ € N, x,(¢) > &.

. 1-1/(0)p' (1) . . .
[Sufficiency] Ife < UOTAOEUOTLOL then there exists a strictly positive con-

stant & = &(A, p, €) such that if, for some € € N, x,(€) < ¢, then x,(¢) con-
verges to zero as € tends to infinity.

As an immediate consequence we get the upper bound on the threshold

12 Gl 1- AI(O)PI(I)
(4.124) S VP (D) - (0 (1)

As discussed in Problem 4.56, this simple bound is often tight.
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§4.9.2. BELIEF PROPAGATION

Under BP decoding the parameter that characterizes the channel with respect to
the stability of the system is the Bhattacharyya constant B(-) introduced in Defini-
tion 4.61.

THEOREM 4.125 (STABILITY CONDITION FOR BELIEF PROPAGATION). Assume we
are given a degree distribution pair (A, p) and that transmission takes place over
a BMS channel characterized by its L-density agysc with Bhattacharyya constant
B (apmsc). For € > 1 define a;(ag) = a¢ = apusc ® A(p(ap-1)) with ag an arbitrary
symmetric density.

[Necessity] If B (apmsc)A’(0)p’(1) > 1, then there exists a strictly positive
constant & = &(A, p, agysc) such that liminf,_, o €(ap) > Eforall ag # At oo

[Sufficiency] If B (apmsc)A'(0)p’(1) < 1, then there exists a strictly positive

constant & = (A, p, apmsc) such that if, for some € € N, &(a,) < &, then a,
converges to A, .

EXAMPLE 4.126 (STABILITY CONDITION FOR BEC(¢)). We have
%(aBEC(E)) = / [€Ag + €At o] e dx=c¢.

Therefore, the stability condition reads e\’ (0)p’(1) < 1, which agrees with the result
of Section 3.13. Equivalently, we get €** (1, p) < Wlp’(l)' &

EXAMPLE 4.127 (STABILITY CONDITION FOR BSC(€)). We have
B (apsc(e)) = f [eA_j e + €A c] e 2 dx = 2\/eé .

The stability condition for the BSC(¢) is therefore 21/€éA’(0)p’(1) < 1. Formulated
as an upper bound, eBP(A,p)S%(l—,/I—W). &

EXAMPLE 4.128 (STABILITY CONDITION FOR BAWGNC(0)). We have

g2 =53 2 L
%(aBAWGNC(a)) = f 37 e 8 e dx=e 27 .

1
Thus, the stability condition reduces to e 22 1'(0)p’(1) < 1. This gives rise to

BP I S
o (A’ P) S 2In(1'(0)p’ (1)) " ’
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Proof of Necessity in Theorem 4.125. The proof is based on (the Erasure Decomposi-
tion) Lemma 4.78. Recall that for the BEC we observed that zero was a fixed point of
the density evolution equation. By linearizing the recursion around this fixed point
we were able to analyze its stability. For the general case we proceed along the same
lines. Note that A, is the unique symmetric density a so that €(a) = 0. Since
apmsc ® A(p(Aioo)) = Moo, We see that Ao is a fixed point of density evolution.
To analyze local convergence we consider a linearization of the density evolution
equation about this fixed point.

To that end, consider the (BEC) density by = bg(€) = 2eAg + (1 — 26) A4 0. This
density is symmetric and €(2eAq + (1 — 2€) A1) = €. After a complete iteration of
density evolution, this density evolves to

by = 2eA(0)p"(1)apmsc + (1 —2eA'(0)p’(1))A oo + O(?) .

More generally, if we consider # iterations of density evolution we see that the den-
sity by evolves to

by = 26(1'(0)p'(1))"aguisc + (1= 26(1'(0)p'(1))")Avoo + O(€%).

We are interested in the error probability associated with b, i.e., we are interested
in &(b,). Recall from Section 4.1.12, Lemma 4.66, that lim,_.. + log &(afiisc) =
log(B(apmsc)). Therefore, if we assume that B (apmsc)A’(0)p’(1) > 1, then there
exists an integer N such that (1'(0)p’(1))" €(al.) > 1 for n > N. We can then
write

&(b,) =2e(A"(0)p’(1))" &(al..) + O(?) >2e + O(e?) > ¢ ife<¥,

for n > N where ¢ is a strictly positive constant depending only on (A, p) and apysc.
By (the Erasure Decomposition) Lemma 4.78 we see that if € < £ then by and by
are degraded with respect to by. It follows from Corollary 4.108 that b, converges
to a fixed point be, = bo (€) that is degraded with respect to by (€) and that satisfies
E(bw(€)) >e.

Now let ag satisfy €(ag) = € € (0, £]. Again by Lemma 4.78, ag is degraded with
respect to by(e). It follows by induction on monotonicity, Lemma 4.105, that a, is
degraded with respect to b, (¢) and hence lim inf,, .o, €(a,) > E(bs(€)) > €.

Perhaps a little surprising, we can now conclude that b (€) = boo (&) for all
€ € (0, £]. Indeed, we must have €(bo(€)) > & or by the last paragraph it cannot
be a fixed point (set ag = b (€) and observe that a, = b (€) since be (€) is a
fixed point). But this means that b, (¢) is degraded with respect to by(§). Since
it is a fixed point it follows from monotonicity, Lemma 4.105, that bo, (¢) must be
degraded with respect to b, (&) for all #n and hence also with respect to b (§). Since
beo () is also degraded with respect to b (€) they must in fact be equal.
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Now, if €(ag) = € € (0, ] then ap is degraded with respect to by(e) and so
liminf, o €(a,) > €(bso(€)) > . If E(ag) > & then by Lemma 4.78 ag is degraded
with respect to by (&) and the same conclusion holds. O

Proof of Sufficiency in Theorem 4.125. We give two proofs. The first proof is based
on the idea of extremes of information combining (see Section 4.10.2). Let ag be
a symmetric L-density at the output of the variable nodes. Consider density evo-
lution, where a, denotes the densities at the output of the variable nodes and b,
denotes the densities at the output of the check nodes. Define x, = B(ay) and
ye = B(bg). By the multiplicativity of the Bhattacharyya constant at the variable
nodes (Lemma 4.63) and the extremality property (iv) discussed in Problem 4.62
we have for £>1

ye<1—p(1-xe1), xe = B(apmsc)A(ye)

so that xp < B (apmsc)A(1 — p(1—xp-1)). If we expand this inequality around zero,
this implies that x¢ < B (apusc)A’ (0)p’(1)xe—1 + O(x}_,). Since

B (amisc)A (0)p' (1) < 1,

we can find # > 0 so that B(apusc)A’ (0)p'(1) + n < 1. For a sufficiently small
constant «, xp_; < x implies x; < (B (apmsc)A (0)p’ (1) + 1) xe-1 < xp-1. It follows
that if, for some € € N, x, < «, then xp — 0.
Let £ = x*/4. Then it follows by the right-hand side of (4.65) that if €(a,) < &
then x, = B(a,) < x. Hence, xp = B(ap) — 0. This in turn implies that a; > A, .
The second proof uses the idea of minimal codewords in a tree. You can find it
on page 545 in Appendix E. U

§4.10. EXIT CHARTS

In the case of the BEC we saw that the EXIT chart was a useful and intuitive tool to
visualize the density evolution process. Let us therefore discuss how to define EXIT
functions and EXIT charts for general BMS channels.

DEFINITION 4.129 (EXIT FuNcTIiON FOR BMS CHANNELS). Let X be a vector of
length n chosen with probability px(x) from a binary code C. Assume that trans-
mission takes place over the family {BMSC(h)}. Then

h;(h) = H(X; | Y.i(R)),

hw) = 3 HOK Vi) = £ 2 o).
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LEMMA 4.130 (EXIT FuNcTION FOR LINEAR CODES ViA EXIT FUNCTIONAL). Let X
be a vector of length n chosen uniformly at random from a proper binary linear code
C and assume that transmission takes place over the family {BMSC(h) }. Define the
extrinsic (i.e., based only on Y.; and not on the whole vector Y) MAP estimator of
Xi,

Px; v (+1]y~i)
Px; v (<1 y~)

(4.131) ¢i(y~i) =1In

and @; = ¢;(Y.;). Let a; denote the density of ®;, assuming that the all-one code-
word was transmitted, and let a = % %, a;, where for simplicity of notation we
have suppressed the dependency of a; and a on the channel parameter h. Then

h;(h) =H(a;), h(h) =H(a).

Proof. From Theorem 4.29 we know that @; constitutes a sufficient statistic for X;
given Y.;. According to our discussion on page 29, this implies that H(X; | Y.;) =
H(X;|®;). Further, since the code C is proper and px (x) is uniform, we know from
Theorem 4.29 that the channel pg, | x, (¢ | x;) is symmetric, that there is a uniform
distribution on Xj;, and that ¢; is in fact a log-likelihood ratio. We can therefore
compute the entropy H(X; | ®;) by applying the entropy operator to the distribu-
tion of ®; conditioned on X; = 1. Since, again by Theorem 4.29, this distribution is
the same as the distribution of ®; conditioned that the all-one codeword was trans-
mitted and this distribution is denoted by a;, the claim that H(X;|Y.;) = H(a;)
follows. O

EXAMPLE 4.132 ([n, 1, n] REPETITION CODE). Assume that transmission takes place
over a family of BMS channels characterized by their L-densities {apysc(n)}- By
symmetry, h(h) = h;(h), i € [n], and

h(h) =HR2"D ).

BMSC(h)

If we specialize to the family {BSC(h) } we get

n—1 _ |n—1-2i]
n-1\ ; ; €
h(h) = }j( )e’é"**'h ( . )
( ) P i 2 eln=1-2i| 4 gln-1-2i

where € = k5! (h). For the Gaussian case we can express /(h) in parametric form as

(H(aBAWGNC(G) )’ H(aBAWGNc(a/\/n—l)))‘

The two terms can be evaluated as discussed in Example 4.38. O
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EXAMPLE 4.133 ([, n—1,2] PARITY-CHECK CODE — {BSC(h)}). Again by symme-
try, h(h) = h;(h), i € [n], and

H(n_ 1-(1-2¢)"!
h(h) = H(aS(C(el))) - H(alssc(il’(lfe)n_1 )) =l (%) ’

where € = h; ! (h). &

EXAMPLE 4.134 ([n,n — 1,2] PARITY-CHECK CODE - {BAWGNC(h)}). Formally,
we have
®(n-1
HORSCHI]

Unfortunately, there is no elementary way to express the result of this convolution.
For practical matters the following accurate approximation is available. Let y(m)
denote the function which gives the entropy of a symmetric Gaussian of mean m.
We can compute y(m) as discussed in Example 4.38 using the simple additional re-
lationship ¢ = \/2/m. The EXIT function according to the proposed approximation
is

h(h)=1-y((n-1)y '(1-n)).

The idea of this approximation is the following: we have seen in Theorem 3.77 that for
the BEC we have the duality relationship: h(e) = 1-h*(€). In words, to compute the
EXIT function for a particular parameter € and code C we can instead compute the
EXIT function for the “dual” parameter € and the dual code C*. This statement is eas-
ily generalized. In Problem 4.43 we discuss the Hartmann-Rudolph decoding rule. It
states that an equivalent way of performing MAP decoding on a linear code is to use
the dual code and to “dualize” the input to the code by taking the Fourier transform.
This means that instead of operating with probabilities (p(x =1|y), p(x =-1]|y))
we operate with the tuple (p(x = 1| y)-p(x =-1]y),p(x =1|y)+p(x =-1|y)) =
(p(x =1]y) - p(x = —1| y), 1). Alternatively, this means that instead of working
with L-densities we work with D-densities. For the BAWGNC(h) unfortunately the
dual channel is not again a BAWGNC. Nevertheless, it has been observed that we
get an accurate approximation if we perform the calculation on the dual code with
input chosen from the BAWGNC(h* = 1 - h). To get the aforementioned approxi-
mation proceed as follows. First compute the dual parameter 1 — h. Then determine
the corresponding mean by computing y~!(1 — h). Since the means at a repetition
code (the dual of the parity-check code) add, multiply the result by n — 1. Finally,
bring the resulting mean back to an entropy by applying y(-) and compute the dual
parameter. O
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Figure 4.135 shows the EXIT curves for the repetition as well as for the parity-
check code for the families {BEC(h)}, {BSC(h)}, and also {BAWGNC(h)}. The
EXIT curves for the various channel families are very similar. This observation is at
the heart of the EXIT chart method for general channels. But note also that the EXIT
function corresponding to the repetition code for the BEC is strictly smaller than
the corresponding EXIT function for the BSC. This implies that the area theorem
cannot be fulfilled in the general case. We will see in Section 4.12 how to remedy
this situation.

5 S
= // C[6,5,2]
%
0.6 [/
/
04/ )
) v
0.2/ 7C[3,1,3]

0.0

=02 04 06 08 n

Figure 4.135: EXIT function of the [3, 1, 3] repetition code and the [6, 5, 2] parity-
check code for the BEC (solid curve), the BSC (dashed curve), and also the
BAWGNC (dotted curve).

§4.10.1. THRESHOLDS AND OPTIMIZATION VIA EXIT CHARTS

Consider the density evolution process for BP stated in Theorem 4.97. We start with
ap = apmsc, and for € > 1, a; = apysc ® A(p(ap-1)). In general the “intermediate”
densities a; do not have simple descriptions. This makes density evolution difficult
to handle analytically.

If at each iteration € we replace the intermediate density a, in the density evolu-
tion process with an “equivalent” density chosen from some suitable family of den-
sities then we get the EXIT chart method. The most “faithful” equivalence rule is to
choose the element of the channel family which has equal entropy.

DEFINITION 4.136 (EXIT CHART METHOD). Consider a degree distribution pair
(A, p) and assume that transmission takes place over a BMS channel with L-density
apumsc- Let {by} and {ay} denote two families of symmetric L-densities. Let h ,
(hy,¢) denote the entropy of the density emitted at check nodes (variables nodes) at
the ¢-th iteration according to the EXIT chart method with respect to these chan-
nel families. More precisely, let these densities be by_, and ap, ,, respectively. Then
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hV,O = H(aBMsc) and for £ > 1
hee =H(p(an,, 1)), hy,e = H(apusc ® A(bn, ),

where A(by) = X; Aibf(’;l) and p(ap) = X ; pia(ifl). We say that h, ; is the en-
tropy emitted by the variable nodes in the ¢-th iteration according to the EXIT chart
method.

Discussion: If the chosen families {by } and {ay} contain the actual densities
encountered when computing density evolution then the EXIT chart method with
respect to these channel families is exact. But of course we do not know these inter-
mediate densities a priori so that we typically pick some “universal” family.

ExAMPLE 4.137 (EXIT CHART METHOD WITH RESPECT TO {ay AWGNC(h) 1). The pre-
ferred choice for both families of “intermediate” densities is {agswgnc(n) }- Let us
explicitly write down the density evolution equation for this case according to the
EXIT chart method stated in Definition 4.136, assuming that transmission takes
place over the BAWGNC(h).

In the sequel we use the function y(m) which we introduced in Example 4.134.
Leth denote the entropy entering a variable or check node. Define the two functions

va() =3 iy ((i - Dy () +y 7 (),
c()=1-3 piy((i -y '(1-n)).

As their names suggest, v/c describes the output entropy at a variable/check node
as a function of the input entropy. We have encountered the function c(h) (for
the regular case) already in Example 4.134 as the (approximate) EXIT function of
a parity-check code. In the current setting we consider irregular ensembles, which
explains the extra averaging over the check-node degree distribution. That we have
used an approximation of the output entropy rather than an exact expression does
little harm. The approximation is very accurate and the EXIT chart method is an
approximate method to start. The small additional error incurred by using the dual
approximation is therefore easily outweighed by the advantage of being able to write
down a simple analytic expression.

The expression for the variable-node side is easy to explain as well. We assume
that the incoming internal messages have a symmetric Gaussian distribution with
entropy h. Therefore ¥~ (h) gives the corresponding mean. The means of the in-
puts at a variable node add, whereby v~ (h) accounts for the mean of the received
distribution.

Let hy » denote the entropy at the output of the variable nodes at the end of the
¢-th iteration. Then hy o = h, and for £ > 1, hy p = v; (c(hye-1))- &
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ExAMPLE 4.138 (EXIT CHART ANALYSIS FOR (3, 6)-REGULAR ENSEMBLE). Assume
that transmission takes place over the BAWGN(h). Figure 4.140 shows the den-
sity evolution process according to the EXIT chart method for the two parameters
h ~ 0.3765 (0 ~ 0.816) and h ~ 0.427 (o ~ 0.878) and the (3, 6)-regular ensemble.
To construct this graph, plot ¢(h), which describes the evolution at the check nodes
and v !(h) (for the chosen channel parameter h), which describes the process at the
variable nodes. Rather than computing v, !(h), plot v;(h) but exchange the hori-
zontal with the vertical axis. The density evolution progress is now easily read off
from this picture by constructing a “staircase” function in the same manner as we
have done for the case of transmission over the BEC in Figure 3.69. To recall: the ini-
tial entropy entering the check nodes is h. Let us consider the case where h » 0.3765.
According to the EXIT chart method the entropy at the output of the check nodes is
then ¢(0.3765) ~ 0.8835. We can construct this value graphically if we look for the
intersection of the vertical line located at 0.3765 with the graph c(h). This entropy
now enters the variable nodes and according to the EXIT chart method the entropy
at the output of the variable nodes is equal to v; (¢(0.3765) ) = v;(0.8835) ~ 0.3045.
Since we have plotted the function v '(h) we can graphically construct this value
by looking for the intersection of the horizontal line at height 0.8835 with the func-
tion v, I(h). If we continue in this fashion, the corner points of the resulting stair-
case function describe the progress of density evolution according to the EXIT chart
method.

We see from this figure that for h ~ 0.3765 the staircase function eventually
reaches the point (0, 0), corresponding to successful decoding. On the other hand,
for the value h ~ 0.427 the functions c(h) and vy (h) touch at some point (black
dot in figure) and the staircase function converges to a non-zero fixed point. We
conclude that the critical parameter according to the EXIT chart method is h ~
0.427. This parameter differs only slightly from the true threshold value computed
according to density evolution. In Table 6.24 we find the threshold listed as ¢"" ~
0.88 (whereas h ~ 0.427 corresponds to o ~ 0.878). O

EXAMPLE 4.139 (OPTIMIZATION FOR THE GAUSSIAN CHANNEL VIA EXIT CHARTS).
From Example 4.137 we know that if the entropy at the output of the variable nodes
is h then, after one further iteration, it becomes

b= vy (e(m)) = 3 Ay ((i - Dy (@) +y 7' (B)).

The condition for progress at each iteration is v;(c(h)) < h. This formulation is
linear in the variable edge degree fractions A;. If we fix p, we can therefore optimize
A by linear programming techniques in the same manner as we have done in the
case of the BEC (see Section 3.18). To give an example, if we assume that the channel
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h ~0.3765 h~0.427
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Figure 4.140: EXIT function of the (3, 6)-regular ensemble on the BAWGN channel.
In the left-hand graph the parameter is h ~ 0.3765 (0 ~ 0.816), whereas in the right-
hand graph we chose h ~ 0.427 (0 = 0.878).

parameter h is fixed and we take as objective function the rate of the code, then the
corresponding (infinite) linear program reads

mAax{Z Aifildi2 053 A= 1Y Ay ((i= 1)y~ (c(n)) +y7' (B)) <msh e [0,1]}.

i>2 i>2 i>2

Further, the roles of A and p can be interchanged. If h is the entropy entering a
variable node then after one iteration this entropy has evolved to

B c(vi() = 1= Y piy((i = Dy (1-v3(0))).

This formulation is now linear in p and so we can fix A and optimize over p. Again,
if our objective function is the rate of the code, we get the (infinite) linear program

H}}H{ZPi/HPi >0, pi=Ly piy((i -1y ' (1-v4(h))) 21 -hhe [0’1]}-

i>1 i>2 i

Starting with a fixed pair (A, p), an alternating application of the two preceding
linear programs quickly leads to very good degree distributions.

The approximation underlying this optimization technique can be improved:
in Example 4.138 we assumed that all intermediate densities are from the family
{apawanc(n) }- But, as discussed in Definition 4.136, exactly the same procedure can
be used with respect to any (complete) family of BMS densities. Further, we can use
distinct families to represent the densities entering the variable and the check nodes,
respectively. For alternative choices of the family of “interpolating” distributions we
typically do not have succinct analytic characterizations of v (h) and c(h). But we
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can compute these functions numerically once the intermediate channel families
are specified.

Imagine now that for a given degree distribution pair (A, p) we were able to
“guess” the true intermediate densities which appear in the density evolution pro-
cess and that out of this discrete set of densities we construct two complete channel
families (e.g., by interpolating between successive elements of this sequence). If we
were to apply the EXIT chart method with respect to these families of intermediate
densities then the result would be exact. The idea of an improved approximation is
to recursively try to find better and better guesses for these intermediate densities.

More precisely, start with some degree distribution pair (A, p). Run density evo-
lution, using the degree distribution pair (A, p), and collect the sequence of actual
intermediate densities. Construct out of this sequence of densities two complete
channel families (one associated to the input at variable nodes and one associated
to the input at check nodes). Next, employ the EXIT chart method and optimization
technique outlined earlier with respect to this constructed family of densities. If the re-
sulting optimized degree distribution pair differs only slightly from the original one,
then there is good reason to believe that the true (according to the density evolution
progress with respect to the new degree distribution pair) intermediate densities are
“close” to the assumed such densities and that, therefore, the EXIT chart approxi-
mation is close to the true density evolution process. The procedure can be repeated
a sufficient number of times until all quantities have (hopefully) converged.

This procedure was applied to find a rate one-half code for the BAWGNC chan-
nel with maximum left degree equal to 100. The result of this optimization is

A(x) =0.169010x + 0.161244x* + 0.005938x* + 0.016799x" + 0.186455x°+
0.006864x" + 0.025890x"® + 0.096393x'® + 0.010531x% +
0.004678x%7 + 0.079616x%® + 0.011885x% + 0.224691x°

p(x) =x'.

The average right degree is 11. The threshold is h®" ~ 0.4982 (¢"F ~ 0.976), which
corresponds to a gap to capacity of 0.02370 dB. &

§4.10.2. UNIVERSAL LOWER BOUND ON THRESHOLD

So far EXIT curves appeared as approximations to the true density evolution pro-
cess. Surprisingly, they can be used to give strict bounds. The basis for such bounds
is the following lemma.
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THEOREM 4.141 (EXTREMES OF INFORMATION COMBINING). Let a and b represent
two BMS channels and fix H(b) = h, h > 0. Then

H(a)h
—
repetition code H(a & bypc(n)) < H(a ® b) <H(a ® byscn))
parity-check code H(a & bpscmy) <H(a@b) <H(a & bppem)) -

1-(1-H(a))(1-h)

Discussion: Recall that a ® b is the output density at a variable node of degree 3
assuming that the two input densities are a and b, respectively. Consider the follow-
ing experiment. We fix one input density a and a parameter h, h € [0, 1]. For all input
densities b with entropy h we compute the entropy of the output density a ® b. The
lemma asserts that the input densities which minimize/maximize the entropy of the
output (and have themselves entropy h) are bypc(n) and bps(n), respectively. These
densities are sometimes called the most and least informative densities. The second
assertion concerns the equivalent statement at a check node, since if a and b are the
input densities at the input of a check node of degree three then a @ b is the corre-
sponding output density. Again byrc(n) and byge(n) are the extremal densities but
now the roles are reversed. Note that a can itself be the convolution (at either check
or variable node) of any number of BMS channels so that the statement extends to
the convolution of any number of densities. In particular the statement implies that
any time we substitute at a variable node an input density with a density from the
family {appc(n) } ({apscn)}) of equal entropy then the entropy of the output is de-
creased (increased). The reverse statements hold at a check node. Since the entropy
operator is linear, it follows that if we take a symmetric density and “move it closer”
to a BEC density (by taking the convex combination) then the entropy of the re-
sulting output density at a variable node decreases. Problem 4.62 discusses several
other settings in which the densities {bysc(n)} and {bspc(n)} can be shown to be
extremal.

Proof of Theorem 4.141. If you believe one of the two claims there is an easy way
to convince you of the other one: from Lemma 4.41 we know that H(a ® b), the
entropy at the output of a check node, whose inputs have symmetric densities a
and b, respectively, is H(a) + H(b) — H(a ® b). Therefore, for fixed entropies H(a)
and H(b), the entropy of a @ b is minimized/maximized if the entropy of a ® b
is maximized/minimized. In other words, the extremality for L-densities follows
directly from the extremality for G-densities and vice versa.

We prove the extremality for check nodes. Consider a check node of degree
3 with two designated inputs and one designated output. Assume that the inputs
experience the symmetric G-densities a and b, respectively. We are interested in the
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resulting output density. This density is given by a & b. The corresponding entropy
isH(a®b).

To start, assume that both input densities are from the BSC family. For the proof
it is more convenient to parameterize the BSC channel in terms of the cross-over
probability € rather than the entropy h. Let a = aggc(e,) and b = bgyc(c,)- Their
associated entropies are h, (€, ) and h, (€ ), respectively. The resulting density at the
output corresponds also to a BSC and it has parameter €,€;, + €,€,. This is true since
the output is wrong if exactly one of the two inputs is wrong. The associated entropy
is therefore h;(€4€p + €,€,). This is important: we can think of any BMS channel
as the weighted sum (convex combination) of BSCs. More precisely, we have two
density functions w,(h) and w;, (h) so that

1 1
a() = [ wa®ansc @y 5() = [0y ()agsei iy (7)db.

We can think of w(h) as yet another density (besides L-, D-, and G-densities) which
characterizes the channel. Since the operator H(-) is linear we can compute H(a b)
by first conditioning on the “entropy” of each channel and then taking the expecta-
tion. We therefore get the representation

1 1
H(a®b) = fo fo Wa(ba)wp (hp) ha(€q€p + Eq€y )d,dhy

1 1
(4.142) :fo wa(ha)([0 wh(hh)hz(eb(l—26a)+ea)dhh)dhu,

wheree,;, = hy' (h,;,). We claim that for fixed v € [0, 1] the function hy(hy! (u)(1-
2v) +v) is non-decreasing and convex-U in u, u € [0, 1] (see the left-hand graph of
Figure 4.143). To see that the function is non-decreasing note that k5! (u)(1-2v) +v
isa non-decreasing function of u, u € [0, 1], forany v € [0, %] and that it takes values
in [0, 3]. Further, i, (-) is an increasing function of its argument in this range. Let us
postpone the proof of the convexity for a moment and consider directly its implica-
tion. Recall that by assumption fol wy (hy )hpdhy, = h. Combined with the convexity
this implies that | wb(hb)hz(eb(l -2€,) +ea)dh;J > hz(hgl(h)(l -2€,) +ea). If we
insert this into (4.142) we get H(a ® b) > H(a bBSC(hz—l(h))). On the other hand,
since hz(eh(l —2€¢,) + eb) is convex-U in h;, and non-decreasing it follows that it is
upper bounded by the straight line joining its two boundary values. For h;, = 0 the
function takes on the value h,, whereas for h;, = 1 it takes on the value 1. Therefore
we get the upper bound

hy(ep(1-2€,) +€a) <hg(1-hy) +hy=1-(1-h,)(1-hy).

If we insert this bound into (4.142) we get H(a® b) < 1 - (1 - H(a))(1 -h) =
H(a @ bgpc(n))-
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Figure 4.143: Left: For v € [0, %] the function hz(hz_l(u)(l -2v) + v) is non-
decreasing and convex-U in u, u € [0,1]. Right: Universal bound applied to the
(3,6)-regular ensemble.

Define f(u,v) = hz(hz_1 (u)(1-2v)+v). It remains to be shown that, for a fixed
v € [0,1], f(u,v) is convex-U in u for u € [0, 1]. This requires that % > 0 for
ue[0,1] and v € [0, 3]. A tedious computation shows that

P f(u,v)  (1-20)[z(1-2)log(*5%) - (1-2v)y(1 - y) log(*5)]

ou? log(=2)?

where y = h3'(u), y € [0,3],and z=v(1 - y) + y(1 - v). For the range of interest,
this expression is non-negative if and only if the term between the square brack-
ets is non-negative. If we take the derivative of that term with respect to y we get

(1-2v) log(%) - log(l_Ty). Since y < zand 1 - 2v < 1, it follows that azf;%"’) is

2
decreasing as a function of y. Since for y = % a direct check shows that % =0,

2
it follows that % > 0 in the range of interest. O]

Extremal densities are useful in deriving universal bounds on thresholds. To
be concrete, consider the (3, 6)-regular ensemble. The same idea applies to general
ensembles as well. Assume that transmission takes place over a BMS channel with
entropy h. What is the largest such entropy under which we can guarantee that BP
decoding is successful (in the asymptotic limit), regardless of the distribution of the
BMS channel? We proceed as follows. We employ the EXIT chart methodology but
to get a bound we assume that the intermediate densities are the least informative
ones. This means that we assume that the input densities to check nodes are elements
of {agrc(n) b and that the input densities at variable nodes (including the received
one) are from the family {apgc(n)}. Consider Figure 4.143. The lower curve corre-
sponds to the EXIT curve for the [6, 5, 2] single parity-check code with respect the
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channel family {aggc () }- In formulae it is given by 1 - (1—h)°. This represents the
extremal EXIT curve of the check-node side. The upper curve corresponds to the
EXIT curve of a repetition code of length 4 assuming that one of the four inputs
has density ayg.(4) (the channel) and that the remaining inputs are from the family
{apsc(n) } (representing the internal messages). This is a slight generalization of the
case discussed in Example 4.132. Explicitly the curve is given by
®2 23, 24 &% 2
H(aBSC(h) ® aggo(n)) =(€¢+e e)hz(m) +2e€h, (€)+
2 23 &
(€°é+e e)hz(ézé " ezé)’

where h = hy(€) and h = h,(¢). This represents the extremal EXIT curve at the
variable-node side.

The largest value of h was chosen so that the two curves do not overlap and
the critical parameter is h ~ 0.3643 (which corresponds to an error probability of
0.06957 for the BSC channel). We conclude that if we use the (3,6)-regular en-
semble and BP decoding then we can transmit reliably over any BMS channel with
entropy 0.3643 bits per channel use or less (this corresponds to a capacity of 0.6357
bits per channel use or more). Many variants of this idea are possible and useful.
Instead of taking the least informative intermediate densities we can take the most
informative ones. This gives a lower bound on the required entropy to transmit reli-
ably using a particular ensembles and BP decoding (see Problem 4.57). Alternatively,
we can use the method to derive a bound on the critical parameters for a particular
family of input densities by only replacing the intermediate densities but by explic-
itly dealing with the specific input density. This is discussed in Problem 4.58.

§4.11. GALLAGER’S LOWER BOUND ON DENSITY

Assuming that transmission takes place over the BEC, Theorem 3.93 states a lower
bound on the gap to capacity as a function of the density of the parity-check matrix.
This lower bound can be generalized to BMS channels.

THEOREM 4.144 (GALLAGER’S INEQUALITY). Consider transmission over a BMS
channel with L-density agysc. Define Cpysc = C(apmsc). Assume that a proper
binary linear code C of length #n and dimension k is used and define r = k/n. Let
H denote any full-rank parity-check matrix representing C and let R(x) denote the
normalized check-node degree distribution so that n(1 — r)R; equals the number
of check nodes of H of degree i. If X denotes the transmitted codeword, where we
assume a uniform prior on X, and if Y denotes the received word, then

H(X|Y) 1-7 X R(Dyx(apmsc))
=7 CB1‘“C+21n(2)k2::1 k(2k-1)

(4.145)
n
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where D (apusc) is the D-k-moment introduced in Definition 4.56 and where we
measure the entropy in bits.

Remark: Since every term in the sum on the right-hand side of (4.145) is non-
negative we are free to replace the infinite sum with a finite one. Any such choice
gives a lower bound on the conditional entropy.

Proof. Start by expanding the mutual information I(X;Y) as H(X) - H(X|Y) as
wellas H(Y)-H(Y | X). Equating the two expressions and rearranging terms yields

(4.146) H(X|Y)=H(X)-H(Y)+H(Y|X).

Since the prior on X is uniform we know that H(X) = nr. Further, since the channel
is memoryless,

n n n n
H(Y|X) =Y H(Y:|X;) =Y H(Y;) - Y I(X;;Y;) > Y H(Y;) - nCpusc-
i=1 i=1 i=1 i=1
If we plug these two (in)equalities into (4.146) then we get H(X |Y) > nr— H(Y) +
Z?:l H(Y,') - nCgumsc-

Recall from page 181 that we can describe the channel output Y equivalently
as (|Y|,S): |Y| denotes the vector consisting of the reliability values (magnitudes),
and S denotes the vector of signs. For our current purpose it is useful to let the
sign take values in {0, 1} instead of the usual {+1}. Now, H(Y;) = H(|Y;|,S;) =
H(|Y:]) + H(Si||Yi]) = H(]Yi|]) + 1. To see the last step, note that the code is as-
sumed to be proper and that the distribution of X is the uniform one so that X; has
uniform distribution as well. Since the channel is symmetric, this implies that Y;
has a symmetric distribution around zero so that the sign has a uniform distribu-
tion conditioned on |Yj|.

It remains to bound H(Y'). We have

H(Y) =H(|Y],S) = H([Y]) + H(S||Y]) < Zn;HGYiD +H(S||Y]).

Pick an information set of the code, call it Z. More precisely, Z is a subset of [n] of
cardinality k (the dimension of the code) so that each codeword takes on distinct
values on 7 and that, conversely, every assignment to the positions of Z corresponds
to a valid codeword. For a given sign vector s, let s7 denote the subvector of s re-
stricted to the components indexed by Z. Note that s7 € Flz‘ Further, introduce the
syndrome § = Hs™. Since H is by assumption a full-rank matrix and the code has
length # and dimension k we have § € F}~%. We claim that there is a one-to-one
correspondence between sign vectors s and ($, s7). Clearly, both s and ($, s7) can
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take on 2" distinct values. Further, every element of s gives rise to a distinct tuple
($,s7): two s which belong to distinct cosets of C map into different tuples ($, sz)
since their syndromes differ, and for each element s of the same coset there is exactly
one which corresponds to a given sz. Therefore,

n(1-r)

H(S||Y]) = H(S,Sz||Y]) < H(Sz|[Y]) + H(S||Y]) <nr+ 30 H(S;|Y]).

=i
If we summarize our results so far we get
H(X|Y 1"
(4147 BN o1 Cose =+ 5 HES 1],
=1

Now note that $ j is a Bernoulli random variable. Consider a check node of degree
r. Then
. 1 r 2e1Vil

(4:148) P{sj=1||Y|=|y|}=5(1—g(1—m>)
To see this, recall from page 181 that the probability that bit j was transmitted in
error, call it p;, given its reliability |y;| equals e 7il/(1 + e7il). Some thought then
shows that the probability that the sum of r independent bits is in error (that the
bits are independent follows from the fact that the channel is memoryless), call it p,
is given by (1 - 2p) = [T}, (1 - 2p;), which leads to (4.148).

If we average the entropy of this Bernoulli random variable over |Y| we get

HE IV = [ hz(%(1 - 11(1 _
= [ ma(5(1- TTtanh(ly1/2))) | H [amscl () dy;

j=1

2e_‘yf‘
1 + e_|yj|

)))ﬁ|aBMSC|(yj)dyj

1 e 1 ) , r
~ ' 2In(2) kz::l k(2k -1) (fo lasmsc|(y) tanh k(y/Z)dy)
1 o ,
=1- 21n(2) kZl k(2k— 1) (foo aBMsC(}’) tanh k(y/2)dy)

1 (Dax(apmsc))”
21n(2)Z k(2k-1)

In the second-to-last step we have used for 0 < x < 1 the series expansion

2x)2k

" 2In (2) Z k(2k

(4.149) ha(x) =
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which allows us to break the r-dimensional integral into a product of r independent
integrals. This infinite series consists of non-negative terms so that we are justified
to exchange the summation with the integral. The claim now follows by averaging
over the degree distribution and by substituting this expression into (4.147). ]

THEOREM 4.150 (LOWER BOUND ON PARITY-CHECK DENSITY). Assume we are given
a BMS channel with capacity Cgysc and |L|-density |apmsc|- Let { Cy } be a sequence
of proper binary linear codes achieving a fraction 1 — § of Cpysc with vanishing
bit error probability. Let {Ay} be the corresponding sequence of densities for an
arbitrary representation of the binary linear block codes by full-rank parity-check
matrices. Then

Ky + Ky In §
liminf Ay > ——=,
N—o0 1-6
where
i S0 =Crvse) 1 - Chysc . {1, BEC,
= 2T WBMSC) g = , E=4" _
BMSC Cpumsc In (Wmc)) AMOL otherwise.
Proof. Using Jensen’s inequality we have
1 & R(Dak(asmsc)) 1 X Dor(apmsc)™ 1 .
Z Z @ avg’
2In(2) ,(Z::I k(2k-1)  ~2In(2) ,; k(2k-1)  ~2In(2) 2(ammsc)

where the second step is true since all terms are non-negative. We therefore can
replace (4.145) with the slightly weaker but easier to handle inequality
H(X| Y) 1-

r — Camsc + ——— D2(apmsc)™,

(4.151) T (2)

where all rates and entropies are measured in bits. By assumption the sequence
{Cn} achieves a fraction 1-§ of capacity with vanishing bit error probability. There-
fore, by Fano’s inequality the sequence of normalized conditional entropies must
converge to zero. This means that

liminf ry — C L2V 5 (apwise) e <0,

iminf ry — a o

N> oo N BMSC T 21 (2) 2\dBMSC

We know that the rate is asymptotically at least equal to (1 — §)Cpysc. If we solve
the resulting equation for ryyg,, we get

1-C
log(31m@y (1 + e )

liminf ry,
N—oo

>
EN = 1
log( D> (apmsc) )
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Finally, if we drop the 1 inside the log and recall that the density of the matrix is
related to the average right degree by multiplying with /(1-r), the result for generic
BMS channels follows.

Using a similar technique as before we can also show that (see Problem 4.54)

1 & R(Dax(amsc))
21n(2) kz::l k(2k—1)

Tavg
2 CBMSC :

1 ave . Tav,
We can therefore replace the T D5 (apumsc )™ in the bound above with Cyf .

In particular, for the BEC we have ©;(apmsc) = Cprc. This yields the tighter bound
in this case. Since Cgpc = 1 — ¢, this bound is identical to the bound stated in Theo-
rem 4.144. OJ

§4.12. GEXIT FuNcTiION AND MAP PERFORMANCE

In the previous section we have seen several useful applications of EXIT functions
in the context of general BMS channels. But EXIT functions are not without their
shortcomings — most notably they do not fulfill the area theorem in the general
setting. If we look back at Definition 4.129, we see that our generalization of EXIT
functions is based on Definition 3.70. But as we have seen in Lemma 3.74, EXIT func-
tions have several alternative characterizations. These characterization are equiva-
lent only in the setting of transmission over the BEC. We next introduce GEXIT
functions which are the natural extension of characterization (iii) in Lemma 3.74.

DEFINITION 4.152 (GEXIT FuNCTION). Let X be a binary vector of length #n chosen
with probability px(x) from a code C of length n. Assume that transmission takes
place over the smooth family {BMSC(h)}. Then

dH(X[Y(h))

(4.153) g(h) = Y

More generally, assume that the channel from X to Y is memoryless and that the
i-th bit is transmitted over the smooth family {BMSC(h;) }. Then

_OH(X|Y(hy,...,hs))
oh; '

gi(hl"")hn)

If all these channels are parameterized in a smooth way by a common parameter e,
i.e, h; =h;(e), then

oh;(e)

1 n
. - 2% ¢.(hy,....h, .
(4.154) g(e) n;gz( 1 ).
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Discussion: We see from this definition that the GEXIT function g(h) mea-
sures the change of the conditional entropy as a function of a change in the channel
entropy. If we only tweak the i-th channel parameter then we get the i-th GEXIT
function g;(hy,...,h,). Consider the case where all channel families {BMSC(h;) }

are identical and where h; (¢) = --- =h,(€) =€, so that ahé—ge) =1,i=1,...,n. Then,
g(e=nh) (4154 Ly aH(X‘Ya(;‘} """ i) _ dHU;(‘n{(h)) (4153) g(h). We conclude that

characterization (4.153) is consistent with, and indeed a special case of, character-
ization (4.154). With some abuse of notation we write in the sequel g;(¢) to mean
g;(hi,...,h,) in the case where all channels are parameterized by the common pa-
rameter €.

An immediate consequence of Definition 4.152 is the General Area Theorem
(GAT), which states that if we integrate the GEXIT function along a smooth path
then the integral equals the difference of the conditional entropy at the two end-
points.

COROLLARY 4.155 (GEXIT FUNCTIONS AND THE GENERAL AREA THEOREM). Let X
be a vector of length 7 chosen with probability px (x) from a binary code C. Assume
that the channel from X to Y is memoryless and that the i-th bit is transmitted over
the smooth family {BMSC(h;)}, where h; = h;(€), i € [n], € € [, i.e., all channels
are parameterized by the common parameter € in a smooth way. Then for ¢, € € I,

€ 1 _ _
| g(e)de =~ (HX| Y (81(@),. . 0a(€) = HX | Y (B1(0). - Bu(e)):
€
The form of the GEXIT function as specified in Definition 4.152 is typically not
convenient for computations. The following alternative characterization is much
closer in spirit to the EXIT function and it is easier to handle.

LEMMA 4.156 (LocAL CHARACTERIZATION OF GEXIT FuNcTioN). Under the con-
ditions of Definition 4.152,

_ 1 K 0H(Xi|Y(e)) ohi(e)
'Z; oh; de

—_———
g (e)

(4.157) g(e)

Proof. For i € [n], the entropy rule gives H(X|Y) = H(X;|Y) + H(X.;| X;, Y).
Since the channel is memoryless this is equal to H(X;|Y) + H(X.;| X;, Y~;). The
term H(X.;|X;, Y.;) does not depend on the channel parameter h;. Therefore,

_OH(X|Y(e)) _ OH(Xi|Y(e))
oh; oh; '

gi(e)
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LEMMA 4.158 (GEXIT FuNCTION FOR PROPER LINEAR CODES). Let X be chosen
uniformly at random from a binary linear code whose i-th position is proper and
assume that the channel from X to Y is memoryless, where the i-th bit is transmit-
ted over a smooth BMS channel family characterized by its L-density {agysc(n;)}-
Define the extrinsic MAP estimator of X;,

pX,-|Y~,-(+1 |yNi)
px; v, (1] yei)’

and @; = ¢;(Y.;). Let a; denote the density of ®;, assuming that the all-one code-
word was transmitted. Then

_ aH(aBMSC(hi) ®aj)
oh;

= G(apusc(n,)» ai) = fai(}")laBMsc(h")()’)d%

where [2BMSC®) (y) is the GEXIT kernel introduced in Definition 4.43 and given by

(4.159) ¢i(y~i) =In

gi(hlw--’hn)

da z
(4.160) zaBMSC<h>(y):f%h)()log2(1+eZy)dz.

Proof. We know from Theorem 4.29 that L; + ®@; constitutes a sufficient statistic
for X; given Y. It follows that H(X;|Y) = H(X;|L; + ®;). Further, again by The-
orem 4.29, the prior on X; is the uniform one, the channel po, | x,(¢:|x;) is sym-
metric, and the distribution of ®@; for X; = 1 is the same as the distribution of @;
under the all-one codeword assumption. Let this (common) density be denoted by
a; so that the density of L; + ®; under the all-one codeword assumption is given by
apmsc(n;) ®i. We conclude that H(X; | Li+®;) = H(agysc(n,) ®2i), from which the
result follows if we differentiate with respect to the i-th channel parameter h;. [

EXAMPLE 4.161 ([, 1, n] REPETITION CODE). Let {aBMSC(h)} characterize a smooth
family of BMS channels and assume that all bits are transmitted over the same chan-
nel. If we use Definition 4.152 we see that the GEXIT function for the [n,1, 1]
repetition code is given by g(h) = %g—hH(ag’j{SC(h)). As a first example, we get
Zaec(h) ="' = By (h). As a second example, g is given in parametric form
by

ijiljZ?;l (y;)ei?:”_ilog(l + (e/E)"—Zi—j)
nlog (é/e)
with € = 1 — €. From this representation it is not immediately obvious that for the

[n,1, n] repetition code the area under g(h) equals 1/n, but the GAT asserts that
this is indeed true. <&

(rate),

>
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EXAMPLE 4.162 ([n,n — 1,2] PARITY-CHECK CODE). Some calculations show that
gpsc 1s given in parametric form by

( 1+(1-2¢)"

log 1-(1-2¢)" ) )

— )
log(15*)

No simple analytic expressions are known for the case of transmission over the

BAWGNC. Figure 4.163 compares the EXIT to the GEXIT function for some repe-
tition and some single parity-check codes.

(hae),1- (1-2e)" o

o Y A
0.6
l/,/
0.4 47,
. U 7
)
W/ Y

p p
ll/ 7
Y 4
0207,
i/
)

0.0 02 04 06 08 h 00 02 04 06 08 h

Figure 4.163: EXIT (solid) and GEXIT (dashed) function of the [n, 1, n] repetition
code and the [n, n — 1, 2] parity-check code assuming that transmission takes place
over the BSC(h) (left) or the BAWGNC(h) (right), n € {2,3,4,5,6}.

Our aim is to derive an easy-to-compute (hopefully tight) upper bound on the
MAP threshold by mimicking the steps that we have applied in the case of trans-
mission over the BEC. As a first ingredient we introduce the easy-to-compute BP
GEXIT function.

DEFINITION 4.164 (BP GEXIT FuNcTION FOR LINEAR CODES). Let X be chosen
uniformly at random from a proper binary linear code and assume that the channel
from X to Y is memoryless, where the i-th bit is transmitted over the smooth fam-
ily {BMSC(h;)}. Let ¢?™“(y.;) denote the extrinsic BP estimator of X;, where the
number of iterations £ and the schedule have been fixed. Then

(o) = PHOG Y 7 (X-1)) oi(e)
! oh; oe
Discussion: If we compare this to Lemma 4.156 and in light of Lemma 4.158, we
see that the only difference from the GEXIT function is that we have replaced the
MAP estimate ¢;(Y.;) with the corresponding BP estimate gbfp’g( Y.;). With respect

BP,¢

;" the same remark as in the BEC case applies: to

to the actual computation of ¢
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compute gblfp’e we input to the decoder the vector Y.;, i.e., we erase the position Y;.
This ensures that gb]fp’e is only a function of y.;.

Asa second ingredient we need to show that the BP GEXIT function is an upper
bound on the GEXIT function. For the case of transmission over the BEC this was
easily accomplished by using the data processing theorem. Surprisingly a very sim-
ilar technique still works in this more general setting. We first show, more generally,
that the GEXIT function preserves the order imposed by degradation. We state the
result for BMS channels, since this is the context of interest, but the result remains

valid as long as the channel is memoryless.

LEMMA 4.165 (GEXIT FuNcTIONS PRESERVE DEGRADATION). Let X be chosen uni-
formly at random from a code C oflength n. Let the channel from X to Y be memo-
ryless, where Y; is the result of passing X; through the smooth family {BMSC(h;)},
h; € I; (some interval contained in [0, 1]), which is ordered by degradation. If
X; - Y.; - @; forms a Markov chain then

OH(X:|Y) _ 0H(Xi|Y;, ®;)

(4166) oh; oh;

We relegated the proof to Appendix E since it is primarily an exercise in applying
information-theoretic inequalities.

Recall that q)]fp’[ = ¢"(Y.;), i, it is a function of Y.;, so that trivially X; —
Y.; — ®;. This gives us the following immediate consequence.

COROLLARY 4.167 (GEXIT vErsus BP GEXIT). Let X be chosen uniformly at ran-
dom from a proper binary linear code C. Let the channel from X to Y be memo-
ryless, where Y; is the result of passing X; through a smooth family {BMSC(h;)},
h; € [0, 1], ordered by degradation. Assume that all individual channels are param-
eterized in a smooth (differentiable) way by a common parameter ¢, i.e., h; = h;(¢€),
i € [n].Let g;(¢) and g?P’g(e) be as defined in Definitions 4.152 and 4.164. Then

gi(e) < g?P’e(Ff)

So far all our statements concerned finite-length codes. Let us now consider the
limit of large blocklengths.

DEFINITION 4.168 (AsympTOTIC BP GEXIT FuNcTION). Consider a degree distri-
bution pair (A, p) and the corresponding sequence of ensembles LDPC (7, A, p).
Further, consider a smooth family {BMSC(h)}. Assume that all bits of X are sent
through the channel BMSC(h). For G € LDPC (1, A, p) and i € [n], let g,(G,€) and
2°74(G, €) denote the i-th MAP and BP GEXIT function associated to code G. With



254 BINARY MEMORYLESS SYMMETRIC CHANNELS

some abuse of notation, define the asymptotic (and average) quantities

g(8) =limsupEc[ - 3 g(6,n)],

n—oo i€[n]

1
¢ (h) = lim EG[— gfp’e(G,h)],
n—o00 n

i€[n]

£ () = lim ¢™*(n).

Discussion: For notational simplicity we suppress the dependence of the pre-
ceding quantities on the degree distribution pair and the channel family. We used
the lim sup to define the asymptotic GEXIT function since it is difficult to assert the
existence of the ordinary limit. On the contrary, the limit of the BP GEXIT functions
is not only easy to assert but also easy to compute.

LEMMA 4.169 (AsympToTIC BP GEXIT FuNcTION VIA GEXIT FuncTioNAL). Con-
sider a degree distribution pair (A, p) and the corresponding sequence of ensem-
bles LDPC (#, A, p). Assume that for a fixed ¢ the expected fraction of computa-
tion graphs of height ¢ that are not proper is 0,,(1). Assume further that transmis-
sion takes place over the smooth family of BMS channels characterized by their
L-densities {apysc(n) |- Let ap = apysc(n) and for £> 1, ap = agyscn) ® A(p(ac-1))-
Finally, let as, denote the fixed point density to which density evolution converges.
Then

gBP’e(h) = G(aBMSC(h)’L(p(aL’—l)))’
£ (1) = G(apuscn)> L(p(ac)))-

Proof. By assumption, if we fix £ and let n tend to infinity then most computation
graphs are proper. This means that they are trees and that the set of codewords
that are compatible with the local constraint is equal to the set of projections of
the global codewords onto the computation tree. For such computation trees the
BP GEXIT function is equal to the regular GEXIT function (on the tree) and is
equal to G(agusc(n)> L(p(ar-1))). The claim now follows since GEXIT functions
are bounded so that the vanishing fraction of non-proper computation graphs only
has a vanishing influence on the result. O

Discussion: From Lemma 3.47 we know that for regular ensembles the condition
on the fraction of computation graphs which are non-proper is fulfilled.

In Figure 4.170 we plot the BP GEXIT function g®" (h) for a few regular LDPC
ensembles.
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Figure 4.170: BP GEXIT curve for several regular LDPC ensembles for the BSC (left)
and the BAWGNC (right).

DEFINITION 4.171 (MAP THRESHOLD). Consider a degree distribution pair (1, p)
and the smooth family {BMSC(h)}, which is ordered by degradation. The MAP
threshold h™A* is defined as

hMAP =inf{h e [0,1]: lim inf Eq[H(X| Y (h))]/n > 0}.

Discussion: Let us consider the operational meaning of the preceding definition.
Let h < h™A?. Then by definition of the threshold, there exists a sequence of block-
lengths n;, n,, n3, . . ., so that the normalized (divided by the blocklength n) average
conditional entropy converges to zero. Although we have not stated the correspond-
ing (concentration) theorem, it is possible to show that this implies that most of the
codes in the corresponding ensembles have a normalized conditional entropy less
than any fixed constant. For sufficiently large blocklengths, a conditional entropy
that grows sublinearly implies that the receiver can limit the set of hypothesis to
a subexponential list, which with high probability contains the correct codeword.
Therefore, in this sense reliable communication is possible.

On the other hand, assume that h > hM4P, In this case the normalized condi-
tional entropy stays bounded away from zero by a strictly positive constant for all
sufficiently large blocklengths. Again, by the omitted concentration theorem, this
is not only true for the average over the ensemble but for most elements from the
ensemble. It follows that with most elements from the ensemble reliable communi-
cation is not possible.

THEOREM 4.172 (UPPER BoUND ON MAP THRESHOLD). Consider a degree distri-
bution pair (A, p) whose asymptotic rate converges to the design rate r(A, p) (see
Lemma 3.22) and which fulfills the conditions of Lemma 4.169. Assume further that
transmission takes place over a smooth family {BMSC(h)}, which is ordered by
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degradation. Let g®" (h) denote the associated BP GEXIT function. Then

(4173) liminf Eg[H(X | Y (h))]/n2r(A, p) - fhlgBP(h') dn’.

In particular, if h denotes the largest positive number so that

1
L gy an=r(hp),
then hM*? < b,

Proof. Let G be chosen uniformly at random from the ensemble LDPC (n, A, p).
Since by assumption the rate of the ensemble converges to the design rate we have

r(A,p) - li]?lg}fEG[H(X| Y(h))]/n

:limsup% Eq[H(X|Y(1))-H(X|Y(h))]

n—>oo

Theorem 4.155 = hflsofp EG[/hlg(G’h,) dh':
Fubini = lim sup /hlEG —g(G, h') dn’]
oo | ]
Fatou-Lebesgue < [hl li;ris:jp Eg ig(G, h') dh':
Corollary 4.167 < /h 1 limsup Eq [ (e, dh']
nooo L
Definition 4.168 = /hlgBP’g(h') dn’.

Since this is true for any € € Z, we get

1
liminf Eg[H(X | Y (1))]/n = r(}, p) - f g% (1) dn’.
n—o0 h
Now note that the right-hand side of (4.173) is increasing in h. Therefore,
limsupE¢[H(X|Y(h))]/n

n—>oo
is bounded away from 0 for any h > h and the thesis follows from the definition of
hM4? given in Definition 4.171. O

Figure 4.174 shows the simple geometric interpretation for the construction of
the upper bound for the (3, 6)-regular ensemble: integrate the BP GEXIT curve
from right to left until the area under the curve equals the design rate. This point is
an upper bound on the MAP threshold.
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Figure 4.174: Left: BP GEXIT function g™ (h) for the (3, 6)-regular ensemble; Right:
Corresponding upper bound on GEXIT function g(h) constructed according to
Theorem 4.172.

ExAMPLE 4.175. The following table presents the upper bounds on the MAP thresh-
old for transmission over the BSC(h) as derived from Theorem 4.172 for a few reg-
ular ensembles.

hBP n h hSha
0.6507(5) 0.7417(1) 0.743231 3/4
0.5113(5) 0.5800(3) 0.583578 3/5
0.4160(5) 0.4721(5) 0.476728 1/2
0.5203(5) 0.6636(2) 0.663679 2/3

W W W
NN U WK

Also shown is the result of an information-theoretic upper bound which is based
on Gallager’s inequality discussed in Theorem 4.150 (see Problem 4.51). This upper
bound is denoted by h. For the specific case of (1, r)-regular codes and transmission
over the BSC the bound is given by h = h;(€), where € is the unique positive root of
the equation rh,(€) = 1h,((1 - (1—-2€)7)/2) . We see that for the considered cases
h and h are close. O

For the case of transmission over the BEC this simple upper bound was only
the starting point. We could prove via a counting argument that in many instances
this bound is tight. Finally, we could give an alternative graphical construction of
the MAP threshold via the so-called Maxwell construction and then show that the
Maxwell construction had an operational interpretation. The general case is techni-
cally more challenging and, although we conjecture that the same picture remains
valid, currently no proofs for the general case are known.

§4.13. FINITE-LENGTH SCALING

Empirically, the contribution to the error probability due to “large” error events fol-
lows a scaling law very similar to what we discussed for the BEC, but no proofs are
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known. Let us discuss the general scaling conjecture. In principle any (function of
the) channel parameter can be used for stating the scaling law; however, we make
this choice slightly less arbitrary by using the entropy.

CONJECTURE 4.176 (GENERAL SCALING LAw). Consider transmission over the fam-
ily {BMSC(h)} using random elements from an ensemble LDPC (#, A, p), which
has a single non-zero critical point under the message-passing decoder MP. Let
hMP = hMP(, p) denote the threshold and let vM* denote the expected asymptotic
bit error probability at the threshold. Let Py, (7, A, p,h) and Py, (1, A, p, h) denote
the expected bit/block error probability due to errors of size at least yv*'*, where

y € (0,1). Fix z to be z = /n(h™" - ﬁn_% —h). Then as n tends to infinity,

Pyy(n,4,p,1) = Q (z/a) (1+0(n™'7)),
Py (1,1, p,0) = v Q (2/a) (1+0(n7')),

where a = a(A, p, BMSC,MP) and 8 = (A, p, BMSC, MP) are constants which
depend on the ensemble, the channel BMS, as well as the decoder MP.

We have already seen this scaling law in Figures 4.83, 4.86, and 4.89 applied to
three different message-passing decoders (Gallager A, decoder with erasures, and
BP decoder). In all three cases we saw a good match of the predicted performance
to the actual performance as measured by simulations. Let us give one further ex-
ample. Figure 4.178 shows E; ppc(y,x2,45)[Ps(G, h)], the average block error proba-
bility for the (3, 6)-regular ensemble, assuming that transmission takes place over
the BAWGNC(h) and that we are using a (quantized) BP decoder. The elements
of the ensemble were expurgated to ensure that indeed only large error events were
counted. The two parameters « and 8 were fitted to the numerical data. We see again
a good agreement of the empirical curves with the scaling laws. From an engineer-
ing point of view scaling laws can be used to quickly gauge what impact an increase
of the blocklength would have on an existing system without having to simulate it
again. More importantly, if it is possible to quickly compute the scaling parameters,
scaling laws can be used to perform an efficient finite-length optimization.

§4.14. ERROR FLOOR UNDER MAP DECODING

The error floor under MAP decoding is relatively straightforward to determine using
the results of Section 3.23. Let us phrase the result for the specific case of transmis-
sion over the BAWGNC(h). Transmission over other BMS channels can be handled
in a similar manner.

LEMMA 4.177 (AsyMPTOTIC ERROR FLOOR FOR LDPC (1, A, p)). Consider the en-
semble LDPC (n, A, p) of rate r. Let s denote the expurgation parameter introduced
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Figure 4.78: Scaling of Eippc(n,x5)[Ps(G,h)] for transmission over the
BAWGNC(h) and a quantized version of belief propagation decoding implemented
in hardware. The threshold for this combination is (E;/Np) 35 ~ 1.19658. The block-
lengths n are n = 1000, 2000, 4000, 8000, 16, 000, and 32, 000, respectively. The solid
curves represent the simulated ensemble averages. The dashed curves are computed
according to the scaling law of Conjecture 4.176 with scaling parameters « = 0.8694
and 8 = 5.884. These parameters were fitted to the empirical data.

in Definition 3.143. Define 4 = A’(0)p’(1) and

. x)¥ A 1
bi(x)=> u, Ps(x) =2 (ux)".
w2s 2w 2 w2s
Assume that transmission takes place over the channel family BAWGNC(E;,/Np).
Then for E;/No > (Ej,/No)**

oz ( _rEbz/(N()) )
) _;f 2 ps e sin“(0) )do9
(4.179) nlgglo Egropc(nsap)[Pa - (G Ep/No)]=1-e "™ ,

rEp/No

. 1 3. ;0
(4.180) r}Lngo n]EELDPC(n,s,A)p)[Plg/IAP(G’ Ey/Np)] = - /02 Pb,s(e smz(@))de‘

Discussion: As in Lemma 3.166 we state the error floor only for channel parame-
ters below the BP threshold but we conjecture it to be true for all channel parameters
up to the MAP threshold.

Proof. The proof follows the same path as the proof of Lemma 3.166, which gives
the corresponding expression for transmission over the BEC(¢). We are therefore
brief and concentrate on the new elements of the proof.

We start with the bit error probability. From Lemma 3.164) we know that B, ;(x)
is the generating function counting the expected number of minimal codewords of
size at least s in the limit as n — oo, where the term corresponding to codewords of
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weight w is multiplied by w (to account for the number of wrong bits caused by such
a codeword). By the same reasoning as in the proof of Lemma 3.166 a simple union
bound is asymptotically tight and the dominant contribution to the error probability
is due to codewords of constant weight. Consider therefore first codewords of weight
up to W. Their contribution to the bit error probability (multiplied by #n) converges
to

w
(4.181) Z coef{f’b,s(x),xW}Q(\/zerh/No).

The claim follows if in (4.181) we can take the limit of W tending to infinity. That this
limiting expression is equal to (4.180) follows by an application of Craig’s formula
discussed in Problem 4.63.

Let us now consider the block error probability. First restrict the attention to
the contribution of the block error probability due to codewords that are entirely
composed of minimal codewords of individual weight at most W, where W is a
fixed integer. The number of such codewords and their composition is given by a
Poisson distribution. We make a mistake if we make a mistake in at least one of the
components. The corresponding expression is

-3 H ”W ° HW(1— (V/2rwE,Ng))™

s, Ay W=S

-e W, yWQ(\/erEb/No) —l-e PR %Q(\/erEb/No).

The claim now follows by letting W tend to infinity and by applying Craig’s formula.
O

Discussion: Similar expressions can also be derived for transmission over other
channels by replacing the Q(-) function with the appropriate function that expresses
the pairwise error probability as a function of the Hamming distance.

In general, the error floor under message-passing decoding is higher than the
one under MAP decoding. Similar to the case of transmission over the BEC, there
are so-called pseudo codewords which are not necessarily codewords and which
cause the decoder to make erroneous decisions because of the suboptimality of the
decoder. For some decoders (e.g., the linear programming decoder, which we do
not discuss in these notes, and to some extent also the min-sum message-passing
decoder of Section 2.5.4) the set of pseudo codewords is well understood. Much less
is known, however, about the nature of pseudo codewords under general message-
passing decoding.
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NOTES

Gallager introduced iterative decoding in his seminal thesis [26]. With two notable
exceptions, iterative decoding was all but forgotten for a period of roughly 30 years.
The first exception concerns the papers by Pinsker and Zyablov [101, 102] which
contain an analysis of iterative decoding over the erasure channel and an analysis of
the so-called flipping algorithm (see Chapter 8), respectively. The second important
exception is Tanner [82], who generalized Gallager’s construction by introducing
more complex subcodes (not only single parity-check nodes) and by systematically
exploiting the graphical representation (Tanner graphs) of codes in terms of bipartite
graphs.

Iterative coding experienced a spectacular renaissance with the introduction of
turbo codes by Berrou, Glavieux, and Thitimajshima [11]. The turbo code construc-
tion and the associated decoding algorithm were not inspired by the work of Gal-
lager (which at that point was basically forgotten) but by the idea of a mechanical
machine (turbo engine) in which partial output of the decoder is used to “boost”
the decoding performance further. In the paper, which was presented at the ICC‘93
in Geneva, the authors showed a practical (in terms of complexity) coding scheme
which was capable of approaching capacity within less than 1 dB at a bit error prob-
ability of 1076, a sensational jump forward in the practice of coding. Initial disbelief
quickly changed to astonishment. The significance of this contribution cannot be
overstated.

Much credit should also be given to Lodge, Young, Hoeher, and Hagenauer [45]
who introduced a very similar iterative decoding technique. As fate would have it,
the two papers appeared at the same conference. Lodge and his co-authors con-
sidered a less powerful class of codes and concentrated on shorter blocklengths.
Therefore the final coding gains were slightly less impressive.

The story does not stop here. The concept of iterative decoding and the principle
of sparse graph codes must have been in the air around the early 1990s. Several
other groups, working in entirely different communities and unaware of each other’s
work, converged to very similar concepts. Let us trace their stories here.

In 1989 Sourlas published a paper in which he observed that codes can be phrased
in the language of spin systems [78]. If the graphical model describing this spin sys-
tem is taken to be sparse, then one can use the methods of statistical physics to ana-
lyze the resulting codes. Sourlas considered what now would be called low-density
generator-matrix (LDGM) codes. He observed that such codes show a large error
floor. He therefore concluded that such sparse codes are not very useful and did
not pursue them further. Although Sourlas was not performing iterative decoding,
a standard method of analysis for such dilute (sparse) spin systems is to consider the
so-called Bethe free energy. This is an approximation of the free energy introduced
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by Bethe in the 1930s. It is much easier to compute than the free energy itself. To
compute the Bethe free energy one has to find the stationary points of a system of
equations. Here is the connection to iterative decoding: Yedidia, Weiss, and Free-
man showed that these stationary points are fixed points of density evolution for
the BP algorithm [99, 100].

Ataround the same time turbo codes were introduced, and completely indepen-
dent from the previous work, MacKay started his exploration of iterative decoding
techniques inspired by papers by Meier and Staffelbach [62] as well as Mihaljevi¢
and Goli¢ [65] and initiated by questions from Anderson. It is interesting to note
that all of these papers deal with questions of cryptography and not communica-
tions. His initial explorations led him to construct LDGM codes and to use an iter-
ative decoder inspired by a variational approach [50]. MacKay and Neal then intro-
duced MN codes (see Chapter 7) and rediscovered Gallager’s class of LPDC codes.
Also, they implemented a BP decoder and found that it had superior performance
[51, 52, 53, 54, 55]. The resulting codes showed very good performance, even outper-
forming turbo codes in some cases. A collaboration with McEliece and Cheng then
led to [59], which describes the turbo decoding algorithm as an instance of BP.

Starting in the fall of 1993, Sipser and Spielman set out to find constructions
for probabilistically checkable proofs (a complexity class even more powerful than
NP). One construction they considered was based on expanders. Although this con-
struction turned out to be not useful in the original context, Spielman realized that
it gave rise to error-correcting codes. While looking for prior art, Spielman found
Gallager’s book “Low-Density Parity-Check Codes” in the MIT library. During the
summer of 1994, Spielman met Luby at Bell Labs and first discussions concerning er-
ror correction for the erasure channel started. This gives the connection to a further
independent thread that started with the work of Alon and Luby who were inter-
ested in the transmission of video over the Internet. Their original construction was
based on Reed-Solomon codes [1]. Since for video transmission the blocklength can
be very large, the complexity of Reed-Solomon decoding can become a bottleneck.
The question was therefore if it was possible to construct codes that allow transmis-
sion over the Internet (the erasure channel) at rates close to capacity but that have
a much lower complexity. At Berkeley, Luby, Mitzenmacher, Shokrollahi, Spielman,
and Stemann started to collaborate on the problem in the period of 1995 — 1996. As
was mentioned in the notes of Chapter 3 starting on page 156, while studying itera-
tive decoding for transmission over the BEC, this group introduced [46, 47, 48, 49]
a variety of new tools and concepts. Many of the results for general channels are
directly inspired by these papers.

In the period from 1994 - 1996 two further developments took place that had a
strong subsequent impact.

Wiberg, working with Loeliger and Kotter at Linkoping University, showed in
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his thesis that the turbo decoding algorithm and the standard iterative algorithm
used by Gallager can both be seen as an instance of the “sum-product” algorithm
applied to a graphical model [94, 95]. This was an important conceptual step for-
ward. He also systematically developed the use of graphical models, echoing Tan-
ner’s work from his 1981 paper [82], which he only discovered late into his thesis
work.

The second development concerns weight distributions. It is difficult to compute
the weight distribution of an individual turbo code. But Benedetto and Montorsi
realized that it is easy to compute the average weight distribution of an ensemble,
where the ensemble is defined by taking a uniform probability distribution over the
set of all permutations. This led to the notion of a “uniform interleaver” [8, 9, 10].
Most results to date concern ensemble averages.

The preceding description traces the general developments until early 1997.
Most of the groups mentioned worked essentially in isolation and these and other
threads continued to stay independent for some time. Let us now come back to the
specific material contained in this chapter.

The various representations of BMS channels and their associated distributions
(Sections 4.1.1-4.1.4) were introduced by Richardson, and Urbanke [72]. In the same
paper the authors introduced the class of message-passing decoders which we have
considered (Section 4.2); they discussed the simplifications that arise when restrict-
ing one€’s attention to this class of message-passing decoders (Section 4.3); they ex-
tended the concentration theorem to general channels (Section 4.3.2); and they in-
troduced the notion of density evolution for general channels (Section 4.5), the no-
tion of degradation and monotonicity of channel families (Sections 4.1.14 and 4.6),
and the notion of a threshold (Section 4.7).

The symmetry of distributions for BMS channels (Definition 4.11), (the Channel
Equivalence) Lemma 4.28, the stability condition (Section 4.9), a partial fixed point
characterization of the threshold (Section 4.8), and some optimization techniques
are due to Richardson, Shokrollahi, and Urbanke [71]. The full proof of the stabil-
ity condition and a complete description of the fixed point characterization can be
found in the paper by Richardson and Urbanke [73]. This paper also contains the
bounds on the Bhattacharyya constants stated in Lemmas 4.64 and 4.66. The short
proof of the sufficiency of the stability condition that we present on page 234 is due
to Khandekar and McEliece [42]. One can think of this proof as an instance of the
“extremes of information combining” approach applied to the Bhattacharyya con-
stant.

From a historical perspective it is interesting to note that Elias proposed in the
mid-1950s the following coding scheme. In modern language, he proposed a prod-
uct code with simple single-error-correcting components in each row. The proposed
decoder was a one-pass decoding procedure (i.e., the decoder would process each
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component in a predetermined order as in the iterative decoding procedure but only
in a single pass). He showed that for a proper choice of block sizes such a scheme
can provide arbitrarily high reliability at a positive rate.

The density evolution equations (Theorem 4.95) as well as some thresholds for
the Gallager algorithm A are already contained in Gallager’s thesis [26]. The material
relating to monotonicity (Lemma 4.102), stability (Theorem 4.123), the fixed point
characterization (Section 4.8), and the optimization of this algorithm are due to
Bazzi, Richardson, and Urbanke [7].

The idea that the performance of a sparse graph code can be upper bounded in
terms of its degrees (Section 4.11) is due to Gallager. In his thesis Gallager states such
abound for the BSC [25]. This idea was first extended by Burshtein, Krivelevich, Lit-
syn, and Miller to general channels [13] by quantizing a general BMS channel to a
BSC with the same error probability. Theorem 4.150 in Section 4.1 is a strength-
ened version and it is due to Sason and Wiechmann [96]. We decided to denote
this more general result still as Gallager’s inequality. The remaining material in Sec-
tion 4.1 and Problem 4.53 relating to the trade-oft between complexity and gap to
capacity is originally due to Sason and Urbanke [75] and the strengthened form
we present is due to Sason and Wiechman [76, 96, 97]. In the case of transmission
over the BEC we saw that the implied bounds are tight by constructing an iterative
decodable ensemble (the check-concentrated ensemble) which achieved the upper
bound. For general BMS channels no capacity-achieving ensembles are known, but
it is tempting to conjecture that such ensembles exist and that the best achievable
trade-off follows again the information-theoretic upper bound.

EXIT charts (Section 4.10) were pioneered by ten Brink who initially introduced
them in the context of choosing a suitable mapper and a suitable constellation in
an iterative demapping and decoding scheme [83, 84]. Soon thereafter he applied
the same technique to the analysis of turbo codes [85, 86]. A Gaussian approxima-
tion as a one-dimensional approximation to density evolution for LDPC codes was
suggested by Chung, Richardson, and Urbanke [19, 20]. At the same conference El
Gamal and Hammons introduced an equivalent concept for turbo codes [27]. These
Gaussian approximations differed from the EXIT chart method in the choice of the
one-dimensional parameter which is used to characterize the density. Experiments
have shown that the entropy criterion used by EXIT charts is indeed the most faith-
ful parameter and it has long been the preferred choice.

The optimization technique presented in Section 4.10.1is very similar to the one
introduced by Chung in his thesis [17] (see also [20] and the paper by Chung, Forney,
Richardson, and Urbanke [18]). The main difference is that Chung matched the
mean of the Gaussian instead of its entropy and that the presented method allows for
general interpolating channel families to improve the approximation. This form of
the optimization was introduced in the thesis [2] of Amraoui for the optimization of
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point-to-point channels, and it was also employed by Amraoui, Dusad, and Urbanke
in [3] to optimize degree distributions for multiple-access channels. A very readable
description of optimization techniques applied to RA codes was given by Roumy,
Guemghar, Caire, and Verdu [74].

Chung conjectured in his thesis various forms of extremality of the BEC and
the BSC in the setting of iterative decoding [17]. The notion of “extremals for in-
formation combining” was coined by Huettinger and Hueber [35, 36]. The proof of
Theorem 4.141 follows the one given by Land, Hoeher, Huettinger, and Huber [44],
as well as Sutskover, Shamai, and Ziv [79, 80]. The main step in the proof, namely
that f(u,v) is convex-U in u, is identical to the the main step in the proof of the
so-called “Mrs. Gerber’s Lemma” due to Wyner and Ziv [98]. An alternative proof
using Tchebycheff system theory was proposed by Jiang, Ashikhmin, Kotter, and
Singer [37].

There are other ways of bounding the performance of iterative decoding sys-
tems. A previous such bound was derived by Burshtein and Miller [14], except that
this bound was derived by propagating the mean of the distributions and not the
corresponding entropy. And the inequalities of Khandekar and McEliece [42] for
the Bhattacharyya constant can also be seen as early instances of this approach.

The material on GEXIT functions which we present in Section 4.12 is due to
Méasson, Montanari, Richardson, and Urbanke [60]. In many ways GEXIT charts
are the natural extension of EXIT charts to general channels. In particular they ful-
fill the so-called Area Theorem (Theorem 4.155). This conservation law allows one to
give upper bounds on the MAP threshold of iterative decoding systems. In the BEC
case we were able to show that the implied bounds are in fact tight. The same result
is conjectured to be true in the general case. An entirely different (but in terms of the
result equivalent) approach was introduced by Montanari [68]. (See also the exten-
sion by Macris, Korada, and Kudekar [57, 58].) This approach is based on Guerra’s
interpolation technique [28] (see also the paper by Franz, Leone, and Toninelli [24]).
Yet another approach of proving bounds on the GEXIT function using correlation
inequalities was pointed out by Macris [56]. The observation that the GEXIT func-
tional preserves the partial ordering implied by degradation (Lemma 4.77) is due
to Méasson, Montanari, and Urbanke [61]. The same bounds on the MAP thresh-
old were first computed using the (non-rigorous) replica method from statistical
physics [66]. In [68], they were shown to be upper bounds for r even, using an in-
terpolation technique. The present proof applies also to the case of odd r. It can be
proved that the three characterizations of the threshold are indeed equivalent; i.e.,
they give exactly the same value. If one computes the GEXIT function for a 2, 1,2]
repetition code in Gaussian noise one recovers a beautiful connection between the
derivative of the conditional entropy and the minimum mean-square error detector
which was found before the introduction of GEXIT functions by Guo, Shamai, and
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Verdu [29, 30]. Based on this observation, an MSE-based EXIT chart analysis was
proposed by Bhattad and Narayanan [12].

The finite-length scaling conjecture presented in Section 4.13 is due to Amraoui,
Montanari, Richardson, and Urbanke [4]. It is the natural extension of the scaling
law which we presented for the BEC in Section 3.23. Scaling laws for LDPC ensem-
bles decoded with the Gallager algorithm A were considered by Ezri, Montanari,
and Urbanke [21].

In our exposition we consider ensembles, not individual codes. This makes an
analysis possible. We have seen that there is a strong concentration of individual
instances with respect to the performance in the waterfall region. But the error
floor does not concentrate and significant differences can arise among the individual
members of an ensemble. It is therefore important to be able to construct or identify
“good” elements of an ensemble. Let us give here a few references to the literature
concerning this topic. The progressive edge growth method was proposed by Hu,
Eleftheriou, and Arnold [33] to generate graphs which do not contain small cycles.
The ACE algorithm, which has a similar goal, is due to Tian, Jones, Villasenor, and
Wesel [87]. Halford and Chugg [31] present methods to efficiently count short cycles
in a bipartite graph. A method to compute the minimum distance was presented by
Hu, Fossorier, and Eleftheriou [34]. Methods to reduce the complexity of the de-
coding were discussed by Chen, Dholakia, Eleftheriou, Fossorier, and Hu [15]. The
minimum distance or the size of the smallest cyle are unfortunately only proxies
for the error floor performance under iterative decoding. In the case of transmis-
sion over the BEC we were able to give a tight characterization of the contribution
to the erasure probability that stems from small weaknesses in the graph, under
both iterative and MAP decoding. In particular, we saw that stopping sets played
under iterative decoding the same role that codewords do under MAP decoding.
For general channels a complete such characterization is currently still open. A very
promising avenue is the theory of pseudo codewords. This was initially discussed
by Wiberg in his thesis [94]. An exact characterization can be given in the setting
of the linear-programming decoder. This was done by Feldman in his thesis [22].
Further results can be found in the work of Vontobel and Kotter [43, 92].

There is also a considerable body of literature on the connection of coding and
statistical physics. As mentioned before, this connection is based on the observation
by Sourlas that codes can be phrased in the language of spin systems [78]. For ref-
erences regarding the weight distribution problem see the Notes in Chapter 3. Ref-
erences concerning turbo codes are given in the Notes in Chapter 6. Let us mention
the papers by Kanter and Saad [41], Murayama, Kabashima, Saad, and Vicente [69],
Kabashima, Murayama, and Saad [38], Montanari [66, 67, 68], Franz, Leone, Mon-
tanari, and Ricci-Tersenghi [23], Saad and Kabashima [88], Vicente and Saad [91],
and Kabashima, Sazuka, Nakamura, and Saad [40]. The books by Nishimori [70],
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Mézard, Parisi, and Virasoro [64], Talagrand [81], as well as Mézard and Montanari
[63] and the review paper by Kabashima and Saad [39] are good starting points.

If you compare our exposition for BMS channels to the one for the BEC you will
notice that the broad outline is very much the same but that on several occasions
we had to be content with weaker statements (or no statement at all). Let us review
some of the biggest open questions.

In Section 3.19 we saw that for the BEC no matter what order we increase the
number of iterations and the blocklength, as long as both tend to infinity, we always
get the same threshold. The same statement is conjectured to be true for BMS chan-
nels. The theory becomes easy if we first let # tend to infinity and then increase ¢ af-
terwards. This is how we proceeded. In practice, we proceed closer the the converse:
for a given blocklength we typically iterate until no further progress is achieved and
we are interested in the behavior of the performance as the blocklength increases.
Empirically, we observe the same threshold that we found analytically also for this
limit. It would be nice to be able to formulate a proof of this important fact.

Although we have shown several bounds on thresholds, these bounds are too
loose to prove that there are capacity-achieving ensembles. By optimizing degree
distributions numerically and computing their threshold we can seemingly get ar-
bitrarily close to capacity, but neither does this constitute a proof that capacity-
achieving degree distributions exist, nor does it give much insight into their struc-
ture.

The connection between the belief propagation (BP) decoder and the MAP de-
coder make for another interesting topic. For the BEC the set of fixed points of
density evolution forms a smooth one-dimensional manifold, which we called the
extended BP EBP curve, and this curve encodes both the performance of the BP de-
coder as well as the one of the MAP decoder via the Maxwell construction. Experi-
mentally the same holds for the general case but no formal justification is known.

For practical purposes the finite-length performance of codes is of crucial im-
portance. To this end, we would like to justify the scaling approach which we in-
troduced in Section 4.13 and find ways of computing the scaling parameters in an
efficient manner. Equally important, we need to find ways of determining the error
floor of either ensembles or fixed codes.

PRrROBLEMS

4.1 (SYMMETRIC DISTRIBUTIONS - MONTANARI [68]). Let a bea symmetric L-density
and let X have density a. Show that

tanh? (X/2)

E[tanh?~'(X/2)] = E[tanh? (X/2)] = E] 1+ tanh(X/2)

l,i>1,
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E[In(1 + tanh(X/2))] = Z(ﬁ _ %)E[tanhZi(X/z)].

Hint: Recall that since a is symmetric, E[ f(X)] = E[ f(X) + f(—X)e_‘X]/Z for
any function f(-) for which the expectations exist. Choose fi(x) = tanh® ! (x/2)
and f,(x) = tanh* (x/2), respectively, and compare the results.

4.2 (SYMMETRY IN D- AND G-REPRESENTATION). Show that the symmetry condi-
tion in the D-representation reads as stated in (4.13) and that the symmetry in the
G-representation is indeed the one stated in (4.18).

4.3 (SYMMETRY FOR DENSITIES). The aim of this problem is to verify the equivalence
of conditions stated in Definition 4.11.
Show that if a is an L-density with a(x) = e*a(—x) for x € R then

[ FdA@) = [ e f(-x)dA)

for all bounded continuous functions f(x) so that f(—x)e™ is bounded.
Conversely, show that if for an L-density a we have

f F(x)a(x)dx = f e f(~x)a(x)dx

for all bounded continuous functions f(x) so that f(—-x)e™ is bounded then

/(a(x) ~a(~x)e*)2dx = 0.

If a is continuous then it is meaningful to talk about the value of a(x) at the point
x and the preceding assertion implies a(x) = e*a(—x) for x € R.

4.4 (L(Y) rForR CAUCHY AND LAPLACE CHANNEL). The binary Cauchy and the bi-
nary Laplace channels are defined by Y; = X; + Z;, where {Z;}, is a sequence of
iid random variables with density pycc(ry(2) = A/(n(A* +2%)) and pyrcn)(2) =
e 11 /(21), respectively. Determine the L-densities agcc(y) (¥) and agrc(r)(y) and
verify that they are symmetric.

4.5 (CHANNEL EQUIVALENCE FOR BAWGN(0)). Let a denote the L-density associ-
ated to the channel BAWGNC(0), conditioned that X = 1. Show by explicit com-
putation that the symmetric channel with transition probability p(y|x =1) = a(y)
has L-density equal to a.
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4.6 (STRONGER VERSION OF SYMMETRY UNDER MAP DEcCoDING). Show that The-
orem 4.29 stays correct under the weaker assumption that transmission does not
necessarily take place over a BMS channel but that only

(4.182) Py, |X(}V~i |w) = py., |X(W~i)/~i 1)
forallw € C.

4.7 (ALTERNATIVE PROOF OF SYMMETRY UNDER BP DEcoDING). Consider the rep-
etition code C[n, 1, n] and transmission over a BMS channel with L-density a. Ex-
press the L-density under MAP bit decoding in terms of a and show directly that it
is symmetric. Repeat the same steps for the parity-check code C[n, n - 1,2].

Next show that the mixture (convex combination) of symmetric densities is
symmetric. Now argue that the preceding results give an (alternative) proof that
all densities encountered in the iterative decoding of a tree channel are symmetric.

4.8 (SYMMETRY AND CHANNEL CAPACITY). Show that the optimal input distribu-
tion for a BMS channel is the uniform one.

4.9 (ERROR PROBABILITY FUNCTIONAL). Apply the error probability functional €(-)
to the densities agpc()) and agic(y)-

4.10 (ERROR PROBABILITY FUNCTIONAL IN D-DOMAIN). Let a be a symmetric L-
density and a be the corresponding D-density. Show that in the D-domain the error
probability functional &(-) has the following alternative characterizations:

1 z 1 1 1 1 1 1
¢(a) = /0 dz = ) fo laj(z)zdz = ) [1 a(z)|z|dz.

4.1 (SERIES EXPANSION FOR CAPACITY OF BAWGNC). Derive the series expansion
for the capacity of the BAWGNC given in Example 4.38.

Hint: Represent the range (—o0, +00) as (—00,0) U [0, +o0) and consider both
parts separately. For example, for x > 0, use

In(1+e7) = -y e )HX

i>1
4.12 (AsyMPTOTIC EXPANSION OF CAaPACITY OF BAWGNC). Let m = % Show that

_G=m)?

Cpawene(m) =1In(2) - i In(1+e?)dz nats

1
2/tm

=In(2) - \/7_2( Dte nats
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where

_ 1 2k z —
Ck—mfz e21n(1+ez)dz.

8+m®  _ 384+48m%+571*

yaZ > , and so on. We conclude that

Wehavecy=1,¢; =

m 8+ 72
Cpawane(m) =1n(2) — /e ™4 (m‘i _orm

mi+ O(m_g)) nats,

which is a good approximation for large values of m. On the other hand, for small
m expand the function In(1 + e ?) around zero and show that you get the approxi-
mation

m m> m’
Crawanc(m) = T et O(m*) nats.
413 (CapaciTy oF BCC(A)). Determine the capacity of the BCC(A), call it Cycc(ny

(see Problem 4.4).

4.14 (CapraciTy OF BLC(1)). Show that the capacity of the BLC(A) (see Prob-
lem 4.4) is given by

—7 +4arctan(e” /1)

Core(n) = 20/ 1n(2) - logz((l + e‘Z/A)/z) bits per channel use.

4.15 (THRESHOLD VALUES FOR RATE ONE-HALF CoDES). Determine the critical
value, call it €™, so that Cypc (%) = 1/2. Repeat the equivalent calculation for
the BSC(€), the BAWGNC(0), and the AWGNC(o0).

4.16 (GEXIT KerNEL FOR BEC). Consider the family {BEC(h) } with the associated
family of L-densities {apgc(n)}. Show that the GEXIT kernel in the |D|-domain is
|d[?PEC® (2) = ho((1 +2)/2).

4.17 (GEXIT KeRNEL FOR BSC). Consider the family {BSC(h)} with the associated
family of L-densities {agsc(n)}. Show that the GEXIT kernel in the |D|-domain is
given by

z 1+2ez-z
d|®BSC(n) =1 1 ( ) ,
4] (@)=1+ log(€/e) B 1T 2ez+2

where € = h;' (h). Give the limits forh - 1 and h — 0.
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4.18 (GEXIT KerNEL FOR BAWGNC). Consider the family {BAWGNC(h)} with
the associated family of L-densities ap wgnc(n)- Define o explicitly by h = h(o). Use
Example (4.47) and (4.49) to write the kernel in the |D|-domain as

(w=0)?

e LT

c _ (1+iz)+(1-iz)e"
|d| BAWGNC(h)(Z) = Z o= 02)2
ie{-1,+1} 2¢ 402
f 1+e”

Give the limits forh — 1 and h — 0.

4.19 (ALTERNATIVE REPRESENTATION OF GEXIT KERNEL FOR BAWGNC). Con-
sider the family BAWGNC(h = h(¢)) modeled as Y = X + Z, where X takes values
in {~1,+1} and Z is Gaussian with zero mean and variance ¢*. We will derive sev-
eral different equivalent expressions for the GEXIT kernel in the L-domain.

(a) What is the L-density a(w) associated with BAWGNC(¢)? Using the param-

eter m = %, express aa(w) in terms of & a(w), i = 1,2. Start with (4.44) and

use integration by parts tw1ce to show that the GEXIT kernel is given by

e ? _w)?
AaBAWGNC(n) =le? [ o 82 _ / e 8%
l (z) e f (cash(w 2))2 dw [ (COSh(%))Z dw -

In the remainder of this exercise, @ denotes a further observation of X conditionally
independent of Y: It is the result of passing X through a symmetric channel and
is assumed to be in log-likelihood ratio form (if we use coding, ® represents the
extrinsic estimate of X).

(b) Show that tanh(*3%) = E[X |2} =w, ® =z].
(c) Show that, if f(y) iseven, then E[f(Y)] =E[f(Y)|X = +1].

(d) Use (b), (c), and Example 4.48 to show that the following expression repre-
sents an equivalent kernel:

1-E[E[X|Y,® =z]?]
1-E[E[X]|Y]?]

] SBAWGNC(n) (z) =

(e) Problem 4.1 shows that E[tanh(Y/(0?)) | X = +1] = E[tanh*(Y/(0?)) | X =
+1]. Can you find this result directly using the definition of the conditional
expectation (which gives E[XE[X | Y]] = E[E[X]| Y]*])?
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(f) Starting with (d), use (e) and Example 4.48 to prove that

1 -E[E[X|Y,®=z2]|X=1]

lﬂCBAWGNC(h) (z) = - E[E[X] Y]X — 1]

is an equivalent kernel.

4.20 (BHATTACHARY YA CONSTANT DIRECTLY FROM py | x (¥ |x)). Starting with Def-
inition 4.61, show that the Bhattacharyya constant associated to a BMS channel char-
acterized by its transition probability py | x(y|x) can also be computed as

[ erixG1+Dpyx(r] - Dey.

4.21 (BHATTACHARY YA CONSTANT VERSUS ERROR PROBABILITY). Show that the left
inequality in (4.65) is tight for the BEC and that the right inequality is tight for the
BSC.

4.22 (UNTIFORM BOUND ON €(a®")). Let a denote a symmetric L-density with strictly
positive Bhattacharyya constant ®B8(a). Show that for any 0 < B’ < B(a) we have
the uniform (in » bound)

a(B)" < ¢(a®") <B(a)",

where « is a strictly positive constant. Show that a valid choice for « is

i (B(a)e)?\/21n 22
om '

o

Hint: Start with Lemma 4.66.

4.23 (ALTERNATIVE DERIVATION OF BHATTACHARYYA CONSTANT). Let a denote a
symmetric L-density and consider the sum Y7, Y;, where the Y; are iid samples
distributed according to a. Recall from the discussion of Bernstein’s inequality in
Section C.2 that for any s > 0

1 on
" log Qi(a ) <

S| =

z 1 n
logP(Y" ¥, <0) < L logB[e =% ) < log [ a(y)e'dy.
i=1 n
Justify the following steps:
inf a(_x) e dx = infl [ a(x) e—x/z[e—X(—.Hl/Z) " ex(—s+1/2)]dx
s>0 >0 2

=inf [ a(x)e ™/ cosh((-s +1/2)x)dx

s>0
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- fa(x)e_x/zdx:‘B(a).

This shows that ¢(a®”) < B(a)". We have already seen in Lemma 4.66 and in
Problem 4.22 that this bound is essentially tight.

4.24 (ALTERNATIVE DERIVATION OF B(appc(c))). Derive the Bhattacharyya con-
stant B (apgc(e) ) by explicitly computing a®" © and then applying the error prob-
ability functional &(-).

4.25 (ALTERNATIVE DERIVATION OF s)S(aBSC(E))). Derive the Bhattacharyya con-
stant B (apsc(e)) by explicitly computing a®”. © and then applying the error prob-
ability functional &(+).

4.26 (ALTERNATIVE DERIVATION OF B(apawenc(s)))- Derive the Bhattacharyya
constant B (agawenc(e)) by explicitly computing a®" - - - () and then applying the
error probability functional €(-).

Hint: It might be helpful in this respect to recall that if X is a Gaussian random
variable with mean g and variance ¢® then P{X > a} = Q((a — u)/0), where Q(-)

is the so-called Q-function. One has Q(x) = 1-Q(—x) and for x tending to infinity
Q(x) ~ e 12)(\/21x).

4.27 (DEGRADATION OF {BCC(A)}). Prove that the channel family {BCC(1)} (see
Problem 4.4) is ordered by degradation.

Hint: Show that the concatenation of a BCC(;) with a channel whose additive
noise has Cauchy distribution with parameter 1, is equal to the channel BCC(A; +
A,). It is helpful to know that the Fourier transform of the function 1/(a* + ¢?) is
me~1/a for all a with positive real part.

4.28 (DEGRADATION OF {BLC(A)}). Prove that the channel family {BLC(A)} (see
Problem 4.4) is ordered by degradation.

Hint: Let A" > A and look at the concatenation of the BLC(A) with an additive
memoryless channel whose noise distribution has the density

p(z) = (A/A)2A(2) (1= (A/V)?) /(21" )e Y,

4.29 (DEGRADATION VIA SYMMETRIC CHANNEL). In Lemma 4.73 it is claimed that if
p — q and both p and g are memoryless symmetric then there exists a memoryless
symmetric degrading channel r. Prove this claim by showing that if r is a degrading
channel then the symmetrized version,

]
E(ry\y'(yly’) +ry v (=y1=¥")),

is also a degrading channel.
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4.30 (DEGRADATION OF Two MIXTURE CHANNELS). Consider the two BMS chan-
nels characterized by their L-densities

a = (agsc(e;) + ¥Apsc(es ) b = Bagsc(e,) + BaBSC(E4)9
with0<e; <€y <e3 <€y < %
(i) Draw |2l|and |B| assuming that 3 > &.
(ii) Show that in this case a — b.

(iii) Explicitly construct the degrading channel for this case.

(iv) We have seen in (ii) that /3 > a is a sufficient condition for a — b. Is it also
necessary?

4.31 (KERNELS THAT REVERSE THE PARTIAL ORDER). Consider the L-domain ker-
nels y*, i € N. Show that they reverse the partial order implied by degradation. Con-
sider next the L-domain kernels tanh(y/2)’, i € N. Show that the | D|-domain kernel
corresponding to even i, i = 2j, equals the one for odd i, i = 2j — 1, and is given by
w2/ (see Problem 4.1). Show that these kernels reverse the partial order implied by
degradation.

4.32 (GEXIT KerNELS PRESERVE ORDERING). Show that the |D|-domain GEXIT
kernel for a family of BMS channels given by their | D|-densities {|a|pysc(n) } can be
written as

[1 d|aBMSC(h)|(z)( Z (1+iz)(1+ jw) log (1+ 1- iZl—jW))dZ
0 dh et 4 2T 14z L+ jw

Use this representation and Theorem 4.74 to prove Lemma 4.77.

4.33 (ALTERNATIVE PROOF OF ERASURE DECOMPOSITION LEMMA). Let p be a BMS
channel characterized by its L-density a. Lemma 4.78 shows that p is degraded with
respect to BEC(2 €(a)). In this problem we are interest in an explicit construction
of the degrading channel.

Construct a ternary-input memoryless output-symmetric channel, say g, such
that p can be represented as the concatenation of BEC(2 &(a)) and q.

Hint: Let q denote a channel whose input alphabet is {—1,?,1}. Further, let
g have real output y and set qy|X(y|?) = ziee_b’|a(|y|), qY‘X(y| 1) = 1_#26(1 -
e-y)]l{yzo}a()’)a and QY|X(J’| -1)= 1—125(1 - ey)]l{ygo}a(—)’)-
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4.34 (EQUIVALENCE OF CONVERGENCE). Let a characterize a BMS channel and con-
£—o00

sider iterative decoding using a message-passing decoder. Show that Pgﬁp (a) — 0
4
if and only if ng[_P (a) %0,
14

4.35(A(2) +)t( 1-z) 18 DECREASING). Show that A(x)+A(1-x) is strictly decreasing
on x € [0, 3] for any degree distribution A(x).

4.36 (GALLAGER ALGORITHM A). Determine the threshold of the (4, 5)-regular de-
gree distribution pair for the Gallager decoding algorithm A.

4.37 (CONFIDENCE INTERVAL). In Figure 4.83 you see 95% confidence intervals in-
dicated. Here is how they are computed. Consider a sequence of iid random vari-
ables { X;}. Assume that we know that they have a Gaussian distribution but that we
know neither their mean y nor their variance 0. We form the estimate of the mean
x=1 1 Xi, which is itself a random variable. We want to determine an interval

n

so that

P{ue[X-8(X1,....,Xn), X +8(X1,...,X,)]} >0.95.
The interval itself is a function of the data X;, ..., X,, and the randomness resides
in the realization of this data and not in u which is considered fixed. Define S? =
ﬁ >, (X; - X)2 Define T,_; = s/f
o? the distribution of T,_; is equal to the distribution of

1 \n
11Y

n
b
1 s _1sn o y)2
\/n—l (Y- X Vi)
where the Y; are iid Gaussian with zero mean and unit variance. This is the key
reason why T;,_; can be used to derive confidence intervals.

This distribution is called the Student’s t-distribution with n — 1 degrees of free-
dom. The associated density is

Show that regardless of the values of 4 and

I'(%)
(- DT (%52)
The exact density of T),_; is cumbersome to deal with. But for n sufficiently large
(n > 61) we have

fa-a(t) = (L+8/(n-1))"",

(4.183) P{-2<T,1<2}>0.95.

Argue that this implies that we can choose 8 = 8 = 25//n.

For our application the X; are typical not Gaussian. For the block error prob-
ability the X; are zero-one valued. Nevertheless, for n sufficiently large the stated
formula gives a good approximation to the exact confidence interval.
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4.38 (DECODER WITH ERASURES). Consider the decoder with erasures introduced
in Example 4.84. Derive the density evolution equations for this decoder. For the
simple degree distribution pair (x, x>) write down the fixed point equation. Show
that there is no fixed point of this system of equations for ¢ < 0.0708, but that for
€ exceeding this value there is at least one such fixed point. Check, by running the
density evolution recursions with the fixed weight sequence w, = 1 that indeed
€’ ~ 0.0708.

4.39 (DECODER WITH ERASURES — THRESHOLD VERSUS FIXED PoINTs). This prob-
lem shows that the relationship between threshold and fixed points of density evo-
lution can be complex. Consider the (4, 6) regular ensemble, transmission over the
BSC(e = 0.087), and decoding using the decoder with erasures introduced in Ex-
ample 4.84.

(i) Assume we initialize density evolution with the probabilities p(-1), u(0),
and p(1), where the individual terms are non-negative and sum up to 1. Fix
the weight sequence to wy = 1. Check empirically for which pairs (#(0), u(1))
the error probability converges to zero. You should get the gray area indicated
in Figure 4.184. This gray area does not include the “natural” starting point for
this channel which is (#(0) =0, u(1) =1 -¢=0.913).

(ii) Run density evolution for the weight sequence w, = 3,1,1,1,..., ¢ > 1. You
should get the sequence of circles indicated in Figure 4.184. The sequence con-
verges to a fixed point but this is not the desired fixed point. This shows that
for € = 0.087 a non-trivial fixed point exists.

(iii) Run density evolution for the weight sequence w, = 3,2,2,2,2,2,1,1,...,
¢ > 1. You should get the sequence of points shown as squares in Figure 4.184.
For this weight sequence the densities eventually reach the gray area, and so
density evolution subsequently converges with the weight set to 1.

We conclude that the existence of a non-trivial fixed point does not necessarily imply
that density evolution converges to this point. Some fixed points are only reachable
with a particular choice of the weight sequence and some fixed points cannot be
reached at all.

4.40 (DENSITY EVOLUTION FOR MIN-SUM DECODER — CHUNG [17], ANASTASOPOU-
LOS [5], WEI AND AKANSU [93], AND CHEN AND FOSSORIER [16]). Consider a degree
distribution pair (A, p) and a BMS channel given in terms of its L-density apysc.
Show that the density evolution equations under min-sum decoding are

ao(y) =apmsc(y),
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0.80¢

0.0 0.050.10 0.15 0.20 4(0)

Figure 4.184: Region of convergence for the all-one weight sequence (indicated in
gray).

ae(y) :aBMsc(}’) @ A(be(y)), €>1, |
be(y) = ZP: [(az 1(y) +ap 1 (- y))(/ (ag_1(x) +ap1(— x))dx)l_er

Ger() =2 ([ e —aea(=x)ax) ] ez

4.41 (THRESHOLD FOR MIN-SUM DECODER). Show that density evolution for min-
sum decoding has a threshold for the channel family {BSC(¢)}, call it ™5™, More
precisely, show that if ¢ < """ then lim,-, P7."**"(€) = 0, whereas for ¢ >
eMinSum Jim, oo P?,’%“sum(e) > 0.

Hint: Good luck with this one. We do not know of a proof ourselves.

4.42 (MIN-SuMm DECODER Is NoT MONOTONE — RATHI). Consider transmission
over the BSC(e = ) and the degree-distribution pair (A(x) = —x + —x 2,p(x) =
x°). Explicitly perform density evolution for the first few 1terat10ns under min-sum
decoding and determine the corresponding error probability. Show that the error
probability takes on the values 0.2,0.3139,0.3374,0.2818, 0.2646, etc. This shows
that the min-sum decoder is in general not monotone with respect to iterations.

4.43 (MAP DECODING Via DUAL CODE — HARTMANN AND RUDOLPH [32] (SEE ALSO
BaTTAIL, DECOUVELAERE, AND GODLEWSKI [6])). Consider a binary linear code
C[n, k, d] with components in {+1} and a uniform prior on the set of codewords.
Define the multivariate polynomial

Pe(zis..zn) = 3 [ 2792,

xeC i=1
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Consider transmission over a BMS channel given in terms of its transition proba-

Py (1| 2) Show that

blhty p(y | x). Define the likelihood ratio ri= W

avaps L ifPe(r,..ricn =T 1) >0,
Xi (r)= .
-1, otherwise.

Let C* be the dual code. In Problem 1.20 we discussed the MacWilliams identities
which relate the weight distribution of a code to the weight distribution of the dual
code. By a slight extension of these identities we have

1 1-2z;
Pe(z1s .. s 2) = —— Pe ( e )H(1+zl
n

|CJ‘| 1+21 i=1

s _ Pyx Uil D=py 1 x, il 1y
Define #; = Py x; il D+py; x, (i l-1) 7 L+ri”
decode via the dual code by using the decoding rule

Now show that, equivalently, one can

AMAP / 5\ _ 1, iff’iPCL(TA’l,...,f’ifl,l/f’i,...,f‘n)<0,
x(F) = .
-1, otherwise.

4.44 (IsoTropPIC CODES — BOUTROS AND VIALLE [89, 90]). Call a linear binary
code C isotropic if the density of ®@;, the extrinsic information defined in (4.30),
is independent of the position i, assuming that the all-one codeword is transmitted
through a fixed BMS channel. Show that (i) repetition codes, (ii) single-parity check
codes, (iii) Hamming codes, and (iv) binary BCH codes are isotropic.

Hint: Express the extrinsic output as a function obtained from the weight enu-
merators of the subcode associated with i. Show that, if an isotropic code has as
many codewords of weight 2w with 1 at a given position as it has codewords of
weight 2w — 1 with 0 at the same position, then the extended code is also isotropic
(v). This property can be used to show that the extension of a binary primitive BCH
code is isotropic.

4.45 (STABILITY CONDITION FOR GALLAGER A). Explicitly determine the stability
condition for the (3,4) as well as the (4, 6) ensemble under decoding with Gallager

A. How does the critical noise value given by the stability condition compare to the
threshold?

4.46 (GEOMETRIC CONVERGENCE CLOSE TO FIXED POINT). Consider a degree dis-
tribution pair (A, p), transmission over the BSC(¢), and decoding via the Gallager
algorithm A. Assume that € < €%*!(A, p). Show that P%‘il (e)/ P%‘l(e) converges to
(eA' (1) + (1 —€)A(0))p(1) as ¢ tends to infinity.

What would you expect the equivalent statement to be for the BP decoder?
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4.47 (STABILITY CONDITION FOR BLC(A)). Determine the stability condition for
{BLC(A)} (see Problem 4.4).
Hint: Compute ‘B according to the characterization given in Problem 4.20.

4.48 (STABILITY CONDITION FOR BCC(A)). Determine the stability condition for
{BCC(A)} (see Problem 4.4).

4.49 (GAUSSIAN APPROXIMATION - STABILITY). Consider the BAWGNC(02 ). Show
that the stability condition implied by the Gaussian approximation discussed in Ex-
ample 4.139 coincides with the stability condition under BP decoding, i.e., it reads
1 (0)p'(1)e /20 < 1.

Hint: Use the two expansions of the capacity function (and therefore also of the
function y(m)) discussed in Problem 4.12.

4.50 (GAUSSIAN APPROXIMATION — OPTIMIZATION). Use the Gaussian approxima-
tion to find a degree distribution pair (A(x), p(x)) of rate one-half and maximum
degree 10 with as large a threshold for the BAWGNC( o) as possible.

4.51 (GALLAGER’s UPPER BOUND ON MAP THrREsSHOLD). Consider (1, r)-regular
codes. Starting with Gallager’s inequality given in Theorem 4.144, show that for
transmission over the BEC(¢) the MAP threshold for the (1, r)-regular ensemble
is upper bounded by the unique positive solution of the equation 1 —re =1(1-¢)*.
How does this compare to the result that you get if you start with (3.95)?

In the same manner show that for transmission over the BSC(¢), Gallager’s in-
equality implies the upper bound on the MAP threshold which is the unique positive
solution of the equation rh;(e) = 1hy((1 - (1 -2¢)%)/2).

Hint: Explicitly evaluate ©,; in both cases and then evaluate (4.145) using (4.149).

4.52 (BAD NEws ABOUT CyCLE-FREE CODES). Let C be a binary linear code of rate r
that admits a binary Tanner graph which is a tree. Assume we use this code for trans-
mission over a BMS channel characterized by its L-density a. Let P}'*”(C) denote
the bit error probability of this code under MAP decoding. Prove that

(4.185) P > (2r-1)€(a®a).

4.53 (BAD NEws ABouT CobpEs WITH FEw CycLEs). The bound stated in Prob-
lem 4.52 is non-trivial only for rates above one-half. Let us discuss an information-
theoretic bound which is non-trivial for all rates and that applies more generally to
the case of codes with cycles.

Recall from Definition 3.91 the notion of the density of a parity-check matrix H.
Consider a parity-check matrix H whose Tanner graph is a tree. As mentioned in
the preceding proof, if the code has length # and rate r then there are (2-r)n-1<
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(2 — r)n edges in the graph. From this follows that the density of the graph is (at
most) 2—;’ Denote this particular density corresponding to a tree by A*. Let C be
a binary linear code of rate r which admits a binary Tanner graph of density A.
Assume that the codewords of C are used equally likely and that transmission takes
place over a BMS channel with capacity Cpysc and L-density a.

Prove that, under any decoding algorithm, the bit error probability P, satisfies

the lower bound
1-r A 2-r

h P > —C —QA*lr,
2(Py) >r BMSC+21n(2) 2

where @2 = Qz(aBMSC)-

4.54 (INEQUALITY ON MOMENTS OF L-DENsITY). Show the inequality

1 - R(©2k) Tav,
>C.8
2In(2) ,; k(2k —1) = PMsC

which is used in the proof of Theorem 4.150. Follow your own path or justify the
following steps

L Dok’
2In(2) & k(2k - 1)
© 1

(:i)zlnl(Z) 2 Kk 1) ([0+°° amusc(y)(1+e7) tanhzk(y/z)dy)

k=1

Tav;

(i)

> (/0 apmsc () (1 +e7) Z 21n(2) k(Zk 0 tanth(y/Z)dy)ravg
@(fom aBMsc(y)(l+e_y)[1—hZ(g(l‘tanh(y/z)))]dy)rwg
(i;’)(/owo apmsc(y)(1 +e_y)[1_h2(1+1e}’)]dy) h

(v)

Tavg
CBMSC'

4.55 (UPPER BOUND ON THE DECODING ERROR PROBABILITY OF BP). Consider
transmission over a BMS channel. Assume that we perform a hard decision at the
receiver. This means that we map the observation Y taking on real values to the set
{1} according to the sign of Y. The channel seen by the decoder therefore corre-
sponds to a BSC(e).

In the case of a BAWGNC with variance o2, what is the corresponding cross-
over probability € after hard decision? Show that the channel after hard decision is
a degraded version of the original channel.
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4.56 (UPPER BOUND ON THRESHOLD FOR GALLAGER ALGORITHM A). For a given
degree distribution pair (A, p), let 7 denote the smallest positive real root of the
polynomial p(x) = xp™(x) + (x — 1)p~(x). Show that

Gal . 1—/12P/(1)
0P < mind T e

4.57 (UNIVERSAL LOWER BOUND ON CAPACITY FOR RELIABLE TRANSMISSION). In
Section 4.10.2 we have used the least informative intermediate densities in the EXIT
chart methodology to derive an upper bound on the required capacity for reliable
transmission under BP decoding. Now use instead the most informative interme-
diate densities to derive in this way a lower bound. For the (3, 6)-regular ensemble
what is the required capacity? Is this bound useful for this concrete example?

4.58 (LOWER BOUND ON CAPACITY FOR RELIABLE TRANSMISSION). In Section 4.10.2
we have used the least informative densities in the EXIT chart methodology not
only for the intermediate densities but also for the input density. This gives rise to
an universal bound on the threshold which only depends on the capacity of the in-
put distribution (and the degree distribution of course). We get tighter bounds if
we take into account the specific input distribution. Consider transmission over the
channel BAWGNC( o). Replace the intermediate densities by their least informa-
tive counterparts but explicitly compute the effect of the input density. What is the
lower bound on the critical noise value 6" according to this method when using
the (3, 6)-regular ensemble?

4.59 (ALTERNATIVE REPRESENTATION OF COMMON FUNCTIONALS). Show that the
functionals H(+), (+), and B (-) can be expressed in terms of the | D|-density |a| and
in terms of the densities w,(x) discussed in the proof of Theorem 4.141 as

‘B(|a|)=f01|a|(w)\/1—w2dw :/Olwa(x)z\/hz‘l(x)(l—hz‘l(x))dx,
elal) = [ lal(n) (- widw = [ we)hs’ (x)a,
H(|a|)=f01|a|(w)h2(l_w)dw =[01wa(x)xdx.

Use the preceding expressions to rederive (4.65).

4.60 (EXTREMAL DENSITIES OF FIXED H(+)). Let a denote a symmetric L-density.
Show that for a fixed H(a) the symmetric density which minimizes/maximizes €(a)
(maximize/minimize) B(a)) is from the family {BSC(¢) }/{BEC(e)}.

Hint: Use the (right) representation of the functionals H(-), &(-), and B(-)
given in Problem 4.59.
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4.61 (EXTREMAL DENSITIES OF FIXED &(-)). Let a denote a symmetric L-density.
Show that for a fixed &(a) the symmetric density that minimizes/maximizes H(a)
(maximize/minimize) B(a)) is from the family {BSC(¢) }/{BEC(e)}.

Hint: Use the (left) representation of the functionals H(-), &(-), and B(-) given
in Problem 4.59.

Conclude from this and Problem 4.60 that for a fixed 8 (a) the symmetric den-
sity that minimizes/maximizes H(a) (maximize/minimize &(a)) is from the family

{BSC(e) }/{BEC(e)}.

4.62 (MORE ON EXTREMAL DENSITIES). In the following we write a ® b to denote
the convolution of two symmetric L-densities (variable node) and a & b to denote
the convolution of two symmetric G-densities (check node).

(i) Letaand b denote two symmetric L-densities and assume each of the follow-
ing three cases: €(a) = ¢, and €(b) = ¢, or B(a) = B, and B(b) = ; or
H(a) =h, and H(b) = h;,. Determine for each case bounds on B(a ®b) and
the corresponding extremal densities.

(ii) Let a and b denote two symmetric G-densities and assume each of the fol-
lowing three cases: €(a) = ¢, and &(b) = ¢, or H(a) = h, and H(b) = h;, or
B(a) = B, and B(b) = ;. Determine for each case bounds on &(a @ b) and
the corresponding extremal densities.

(iii) Letaand b denote two symmetric L-densities with &(a) = ¢, and &(b) = €.
Show that

€s€p < E(a®b) <minfe,, €}

and determine the corresponding extremal densities.

Hint: Start by showing that if a and b are from the family {BSC(¢)} then
¢(a®b) =min{e, €},
and that this function, for a fixed ¢;, is convex-n and non-decreasing in €,,.

(iv) Let a and b denote two symmetric G-densities with B(a) = , and B(b) =

Bp. Show that
B2+ B2 — P22 < B(a® b) < Ba+ Py — PaPs

and determine the corresponding extremal densities. More generally, show
that if p is the edge-perspective degree distribution at the check nodes and if
a is a symmetric G-density then B(p(a)) <1 - p(1-B(a)).
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Hint: Start by showing that if a and b are from the family {BSC(¢) } then

B(a@b) =/ B+ B, — B
and that this function, for a fixed f3;, is convex-U and increasing in f3,.

(v) Letaand b denote two symmetric L-densities with®(a) = d, and D (b) = d,.
Show that

da + db - 2dadb

dy+dy —2d,dy <
T b 1—d,d,

<®(a®b)<d,+d,—-d,d,

and determine the corresponding extremal densities.

4.63 (CRAIG’S FORMULA — SIMON AND DIVSALAR [77]). Show that for x >0

g 2 g 2

1 3 X 1 T X
Q(x) ==~ [2 e 2n2(0) 4, Q*(x)=— f t e 25m2(0) 46,
mJo T Jo

Hint: Let X and Y be two independent Gaussian random variables distributed
according to A/ (0, 1) and compute P{X > 0,Y > y} = Q(0)Q(y). Explicitly evalu-
ate the left-hand side using polar coordinates. The second identity can be proved in
a similar way.
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